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We embrace the many dimensions of diversity, including but not limited to race, ethnicity, gender, 

sex, sexual orientation, socioeconomic status, ability, age, and religious or political beliefs.

Education is a powerful force for equity and change in our world. It has the potential to deliver 

opportunities that improve lives and enable economic mobility. As we work with authors to create 

content for every product and service, we acknowledge our responsibility to demonstrate inclusivity 

and incorporate diverse scholarship so that everyone can achieve their potential through learning. 

As the world’s leading learning company, we have a duty to help drive change and live up to our 

purpose to help more people create a better life for themselves and to create a better world.

Our ambition is to purposefully contribute to a world where:

Accessibility

We are also committed to providing products that  

are fully accessible to all learners. As per Pearson’s 

guidelines for accessible educational Web media,  

we test and retest the capabilities of our products 

against the highest standards for every release,  

following the WCAG guidelines in developing new 

products for copyright year 2022 and beyond.

You can learn more about Pearson’s  

commitment to accessibility at 

https://www.pearson.com/us/accessibility.html

Contact Us

While we work hard to present unbiased, fully accessible 

content, we want to hear from you about any concerns 

or needs with this Pearson product so that we can 

investigate and address them.

Please contact us with concerns about any  

potential bias at 

https://www.pearson.com/report-bias.html

For accessibility-related issues, such as using 

assistive technology with Pearson products, 

alternative text requests, or accessibility 

documentation, email the Pearson Disability Support 

team at disability.support@pearson.com

Pearson is dedicated to creating bias-free content that reflects the diversity,  

depth, and breadth of all learners’ lived experiences.

Pearson’s Commitment 
to Diversity, Equity,  
and Inclusion

•  Everyone has an equitable and lifelong opportunity  

to succeed through learning.

•  Our educational content accurately reflects the 

histories and lived experiences of the learners  

we serve.

•  Our educational products and services are inclusive 

and represent the rich diversity of learners.

•  Our educational content prompts deeper discussions 

with students and motivates them to expand their  

own learning (and worldview).

https://www.pearson.com/us/accessibility.html
https://www.pearson.com/report-bias.html
mailto:disability.support@pearson.com
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All students can learn mathematics with understanding. It is through the teacher’s actions 
that every student can have this experience. We believe that teachers must create a classroom 
environment in which students are given opportunities to solve problems and work together, 
using their ideas and strategies to solve them. Effective mathematics instruction involves posing 
tasks that engage students in the mathematics they are expected to learn. Then, by allowing 
students to interact with and productively struggle with their own mathematical ideas and their 
own strategies, they will learn to see the connections among mathematical topics and the real 
world. Students value mathematics and feel empowered to use it.

Creating a classroom in which students design solution pathways, engage in productive 
struggle, and connect one mathematical idea to another is complex. Questions arise, such as, 
“How do I get students to wrestle with problems if they just want me to show them how to 
do it? What kinds of tasks lend themselves to this type of engagement? Where can I learn the 
mathematics content I need to be able to teach in this way?” With these and other questions 
firmly in mind, the goals of this resource are to:

1. Illustrate what it means to teach mathematics by using a problem-based approach.
2. Focus attention on student thinking, including the ways students might reason about num-

bers and possible challenges and misconceptions they might have.
3. Serve as a go-to reference for teaching pre-K–8 mathematics content, with useful 

learning progressions and research-based instructional strategies to guide instructional 
decision-making.

4. Present a robust collection of high-quality tasks and problem-based activities that can 
engage students in learning significant mathematical concepts and skills while developing 
positive mathematics identities.

New to This Edition

The following are highlights of the most significant changes in the eleventh edition.

Learning Progressions

This book has always focused on teaching mathematics developmentally. In this edition, every 
chapter has learning progressions. In many cases, these are visuals at the start of the chapter 
to serve as an advanced organizer of how we approach the content in the book. In other cases, 
specific ideas within a chapter have a specific learning progression. These progressions can be 
useful for planning units, understanding prior knowledge and future directions, and can inform 
assessment development.

Focus on Reasoning Strategy Instruction

As described in Chapters 2 and 3, developing procedural f luency is important and requires 
that students learn reasoning strategies. We have increased attention to what real f luency looks 
like in these early chapters, and then increased attention to teaching reasoning strategies to  
students across the number chapters, beginning with basic fact reasoning strategies in  
Chapter 9, whole-number reasoning strategies in Chapters 11 and 12, and reasoning strategies 
for fractions in Chapter 15.
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Less Talk, More Action

In every revision, we receive wonderful suggestions on what we can add and rarely a suggestion 
on what to cut. We have continued the tradition of having this book serve as a reference for 
teaching all mathematics concepts in K–8. But it is a lot, so in this edition, we worked hard to 
pare down on narrative, in particular in Part II. The overall pages may not be too different, 
because we have added more activities and tasks, new figures, and ref lection questions. In the 
end, we believe these changes make this edition more accessible to our readers, whether they are 
just getting started, looking for ideas for their 20th year of teaching, or preparing a professional 
learning workshop for their colleagues.

Technology Turnover

Over four years’ time, in particular time that included significant online learning, the tech-
nology used to support mathematics instruction has changed, so many new apps and more 
graphing tools are available. Throughout Part II of the book, the suggestions in the activities 
and the Technology Notes have been significantly revised.

Writing to Learn

Back by popular demand! Each chapter closes with discussion questions focused on the big ideas 
of the chapter. These prompts can be used for discussions, assignments, or break-out rooms.

Children’s Literature

Children’s literature that is perfect for integrating into mathematics lessons is peppered 
throughout the book. For example, in Chapter 6 you will find a collection of children’s books 
that can form the beginning of a culturally diverse mathematics literature library. Additionally, 
every chapter in Part II includes an updated selection of children’s literature. This includes two 
new extensive listings of children’s books at different reading levels on a variety of measurement 
(103 choices) and geometry topics (62 books).

New Activities and Activity Pages

We have responded to the many requests to have more student recording pages to go with the 
activities in the book. This edition has more than 40 new activities and many new and revised 
activity pages, blackline masters, and teacher resource pages.

Major Changes to Chapters

Every chapter in the eleventh edition has been revised to ref lect the most current research, 
standards, and exemplars. This is evident in the approximately 360 new references in the elev-
enth edition! This represents our ongoing commitment to synthesize and present the most 
current evidence of effective mathematics teaching. First, we set out to make each chapter 
more accessible to all teachers. That means we cut some discussion, reorganized a number of 
chapters, and revised many figures. As we noted in the acknowledgements, we are grateful to 
reviewers and colleagues for their ideas in making these improvements. Here we share changes 
not already described earlier.

Chapter 1: Developing Confident and Competent Mathematics 

Learners

The introduction to teaching developmentally has dramatically shifted to emphasize the purpose 
and focus of teaching mathematics well. Added to this chapter is a strengths-based approach 
(readers identify their strengths too!), the addition of ideas from the Catalyzing Change: Initi-
ating Critical Conversations series, and myths in teaching mathematics.
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Chapter 2: Exploring What It Means to Know and Do 

Mathematics

This chapter is now sequenced like the title; the chapter begins with a focus on mathematical 
proficiency, now addressing each of the five strands. Then readers have the opportunity to 
explore three tasks. (The probability task has been moved to the probability chapter.) And this 
chapter is 1000 words shorter, providing the reader more time to really do the math!

Chapter 3: Teaching Problem-Based Mathematics

Although the teaching practices were an important part of Chapter 3 in the 10th edition, they 
now provide the organizational structure for this completely revamped chapter, based on the 
Mathematics Teaching Framework (Huinker & Bill, 2017). And there is a new section describing 
learning progressions, because that was a priority to include in all Part II chapters. Much of 
the discussions have been updated, and a new table lists all of the problem-solving strategies.

Chapter 4: Planning in the Problem-Based Classroom

This much leaner chapter (3000 fewer words!) has revised, concise sections on families and dif-
ferentiation. The family section includes a family newsletter, bookmarks to support homework, 
and ideas for developing a strong relationship with families. The section on differentiation 
zooms in on tasks and how to make them accessible and challenging to a range of learners. The 
elements within the before-during-after lesson model were revised.

What grew, in this chapter, was the collection of instructional routines, which now includes 
Three Reads, Number Strings, Splat!, WODB, and Estimation 180.

Chapter 5: Creating Assessments for Learning

Newly revised to ref lect the most effective assessment approaches, Chapter 5 has a focus on 
peer and self-assessments, including a new self-assessment tool to capture students’ disposi-
tions toward math. A mathematical practices rubric is also shared as are many new figures and 
updated resources.

Chapter 6: Teaching Mathematics Equitably to All Students

Chapter 6 is completely redesigned, with a new beginning that connects the Mathematics 
Teaching Framework (Huinker & Bill, 2017) to equitable mathematics teaching, attending to 
three domains. Included in this new discussion is attention to developing mathematics identity, 
developing agency, avoiding implicit bias, and recognizing structural barriers. Each section on 
specific groups of learners (e.g., students with special needs in math, multilingual learners, etc.) 
was revised significantly, based on major work that has emerged in the past four years (more 
than 50 new references). Also, there is a new table providing a list of wonderful culturally 
diverse children’s literature.

Chapter 7: Developing Early Number Concepts and Number Sense

This important first chapter in Part II begins with a look at mathematics content for the 
youngest learners by including a new learning progression for early numeracy. Added too are 
discussions of both perceptual and conceptual subitizing and more explicit conversations about 
linking counting on and counting back to addition and subtraction. There are also more virtual 
manipulatives and other web-based materials to respond to shifts to online learning options.

Chapter 8: Developing Meaning for the Operations

Every student can develop an understanding of each operation when addition, subtraction, 
multiplication, and division are learned through a concrete, semi-concrete, abstract (CSA) 
approach. This chapter has been reorganized to emphasize the importance of CSA. New fea-
tures in this chapter include a list of attributes of effective contexts, a table of interpretations 
for remainders, new activities with related activity pages, and more children’s literature.
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Chapter 9: Developing Basic Fact Fluency

This chapter has a lot of changes. There are two new learning progressions that focus on fact 
sets and strategies, along with expanded attention to assessment, addressing the problem with 
timed tests and providing more guidance on effective assessment tools. Enjoy the many new 
games and activities that are there not for the fun of them (though they are fun), but to provide 
better ways for students to learn their facts meaningfully. There are also several new figures 
and tables.

Chapter 10: Developing Whole-Number Place-Value Concepts

There is a major reorganization of the chapter into progressions, including two from Roger 
Howe on the five stages of place-value notation and the historical evolution of notation. There 
is also a structuring of the content to ref lect the CSA representations. One representation has 
been enhanced through the addition of the bottom-up hundred chart! Notice the addition of 
new children’s literature for possible integration.

Chapter 11: Developing Strategies for Addition and Subtraction 

Computation

In this chapter, we added a progression on general computational strategy development that 
aligns with other computation discussed throughout the book. Importantly, we changed the 
language from invented strategies to reasoning strategies to ref lect current literature in the 
field. Logically, we also increased attention to teaching reasoning strategies. Many figures were 
added or reconstructed, and the organization is based again on CSA.

Chapter 12: Developing Strategies for Multiplication and  

Division Computation

Chapter 12 is reorganized around CSA and focused on strategy use. As such, there are two 
new tables for reasoning strategy progressions, one for multiplication and one for division. 
There is also a new table that shows the four steps in the process of using an open array with 
partial products. The computational estimation section includes a revised table and new 
activities.

Chapter 13: Algebraic Thinking

Beyond the title change, this chapter has much new content as well as a redesign. Overall, this 
increases the focus on algebraic thinking in elementary school, building the strong foundation 
for algebraic thinking and mathematical modeling across K–8. There is an increased focus on 
generalizations, in particular an expanded section on the properties of the operations. More 
activity pages are provided to facilitate the presentation of the activities.

Chapter 14: Developing Fraction Concepts

New additions to this chapter include an expanded section on equal-sharing that connects to 
the related learning progression, an increased use of fraction strips and number lines through-
out, and more attention to the unit. The “Fractions as Numbers” section was also adapted to 
be more concise.

Chapter 15: Developing Fraction Operations

Just as Chapters 11 and 12 increased attention to reasoning strategies, so has this chapter on 
operations with fractions. Furthermore, there is an expanded focus on estimating sums/differ-
ences (based on research findings that this improves student success). This chapter also has 
many new figures to support understanding.
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Chapter 16: Developing Decimal and Percent Concepts and 

Decimal Computation

It is sometimes challenging to come up with realistic contexts for tenths, hundredths, and thou-
sandths, so we’ve added a table that shares real-world options. Similar to the other chapters on 
computation, we are focusing on reasoning strategies for addition and subtraction of decimals 
through a new table. There is also a new progression for percent problem types.

Chapter 17: Ratios and Proportional Reasoning

This chapter had several major changes. First, we increased attention to social justice and real-
life contexts throughout the chapter (6 new activities in this chapter alone). Additionally, the 
proportional reasoning representations and strategies were completely revised. The chapter 
was reorganized to focus on comparing ratios early in the chapter and to emphasize making 
connections to other mathematics at the end of the chapter.

Chapter 18: Developing Measurement Concepts

Because it spans K–8, measurement is a large chapter filled with new figures, activities, and 
activity pages. To begin, you will find a new progression for the measurement process and, 
later in the chapter, a new progression for learning about money. As in several other chapters, 
we have added new online manipulatives as options for instruction. There is also an exciting 
addition of a children’s literature resource of 103 measurement books sorted by topic, such as 
length, area, volume, and time.

Chapter 19: Developing Geometric Thinking and Geometric 

Concepts

Similar to Chapter 18, this chapter covers grades K–8 and includes a new table with the van 
Hieles’ Levels of Geometric Thought. The van Hiele progression is one of the most import-
ant progressions in mathematics, and we’ve added research about the importance of teachers 
studying these levels. Not surprisingly, the chapter is reorganized to ref lect the van Hiele 
levels. A new table shares sites for virtual geometry tools so they can be integrated with online 
learning if needed. In response to a reviewer’s suggestion, there is increased attention to the 
Pythagorean theorem.

Chapter 20: Developing Concepts of Data and Statistics

This leaner chapter has numerous changes throughout the chapter to ref lect the new GAISE II 
recommendations. In addition, there is an increased focus on culturally responsive mathematics 
instruction and many new and updated figures.

Chapter 21: Exploring Concepts of Probability

One of the significant changes in this chapter was connecting qualitative and quantitative 
probability descriptions to support student understanding. The probability ladder is new and 
provides a strong visual to support this connection and explore the probability continuum. 
There is also more attention to selecting models (tree diagrams or area models) to determine 
probabilities.

Chapter 22: Exploring Exponents, Negative Numbers, and Real 

Numbers

This chapter has an expanded, clearer discussion of the challenges of using the mnemonic PEM-
DAS. Adding and subtracting negative numbers has been revised in various ways, including in a 
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hot-air balloon context. Like other chapters focusing on the operations, this chapter also turns 
more attention to f luency and f lexibility with rational numbers.

An Introduction to Teaching Developmentally

If you look at the table of contents, you will see that the chapters are separated into two distinct 
sections. Part I (Chapters 1–6) addresses important ideas about mathematics teaching that 
apply across concepts. Among the ideas in Part I, we focus mathematics learning on students’ 
strengths, knowing what it means to do mathematics, determining effective ways to get your 
students actively engaged through intentional planning and implementing effective teaching and 
assessing strategies. Throughout Part I and especially in Chapter 6, you learn how to ensure 
that each and every student develops mathematical proficiency and a positive mathematics 
identity.

Part II (Chapters 7–22) offers specific guidance for teaching every major mathematics topic 
in the pre-K–8 curriculum. Each chapter begins with big ideas for that content, along with 
learning outcomes. Each section provides guidance on how to teach that content through and 
illustrative examples through many figures and problem-based activities. Each of these chapters 
concludes with a list of challenges (and ways to support students with those challenges). The 
support found in each chapter can guide your planning and assessing as you work to ensure 
that every student develops competence and confidence in mathematics.

Hundreds of tasks and activities are embedded in the text. Take out a pencil and paper, 
or use technology, and try the problems, thinking about how you might solve them and how 
students at the intended grades might solve them. This is one way to engage actively in your 
learning about how students learn mathematics. In so doing, this book will increase your own 
understanding of mathematics, the students you teach, and how to teach them effectively.

Pedagogical Features

By f lipping through the book, you will notice many section headings, a large number of figures, 
and various special features. All are designed to support your teaching, now and into the future. 
Here are a few features to enhance your reading and support your teaching.

Learning Outcomes

To help readers know what they should expect to learn, each chapter begins with learning 
outcomes. Numbered self-checks are interspersed along the way to align with each learning 
outcome.
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 Big Ideas   

 Much of the research and literature on effective teaching of mathematics suggests that teachers 
plan their instruction around big ideas rather than on isolated skills or concepts. At the begin-
ning of each chapter in Part II, you will find a list of the big mathematical ideas associated with 
the chapter. Teachers find these lists helpful to envision quickly the mathematics they are to 
teach.           

14 
C H A P T E R Developing Fraction Concepts   

     LEARNING OUTCOMES   

 After reading this chapter and engaging in the embedded activities and re
ections, you should be 

able to: 

14. 1    .snoitatneserper noitcarf dna stcurtsnoc noitcarf rof selpmaxe evig dna ebircseD  

14. 2    Describe three types of fraction representations, and what situations and manipulatives 

�t within each.  

14. 3    Explain foundational concepts of fractional parts, including equal sharing, iterating, and 

partitioning.  

14. 4    Illustrate the concept of equivalence across fraction models.  

14. 5      .yllautpecnoc cipot siht hcaet ot syaw dna snoitcarf gnirapmoc rof seigetarts ebircseD  

BIG IDEAS   
◆    Fractions can and should be represented across different interpretations (e.g., part-whole 

and division) and different representations: area (e.g.,   1
3
 of a garden), length (e.g.,   3

4
 of an 

inch), and set (e.g.,   1
2
 of the marbles).  

◆   The number line is a critical representation in developing fraction concepts.  

◆   Fractions are equal shares of a whole or a unit. Therefore, equal sharing activities (e.g., 2 

sandwiches shared with 4 friends) build on whole-number knowledge to introduce fractional 

quantities.  

◆   Partitioning and iterating are strategies students can use to understand the meaning of 

fractions. Partitioning can be thought of as splitting the whole equally (e.g., splitting a 

whole into fourths), and iterating can be thought of as making a copy of each piece and 

counting them all (e.g., one-fourth, two-fourths, etc.).  
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Activities

The numerous activities found in every chapter of Part II have always been rated by readers as 
one of the most valuable parts of the book. Some activity ideas are described directly in the text 
and in the illustrations. Others are presented in the numbered activity boxes. Every activity is 
a problem-based task (as described in Chapter 3) and is designed to engage students in doing 
mathematics.

Fair or Unfair Coin Games

CCSS-M: 7.SP.C.6; 7.SP.C.7a

For each of these games, ask students 
rst to predict whether they believe the game is fair and then play the game, 

considering whether the game is fair or unfair (and why). You can play these games within one lesson or on different days.

Coin Game 1: Three students form a group and are given two like coins (e.g., two pennies). For each �ip of both coins, 

one player gets a point, based on the following rules:

The game is over after 20 tosses. The player who has the most points wins. Have students play the game two or three 

times.

Coin Game 2: Partners compete in this game, �ipping two like coins (e.g., two pennies). For each �ip of both coins, one 

player gets a point, based on the following rules:

After playing the game, ask students to create data displays of their group’s data. Pool the class data and examine their 

results. Two-coin experiments lend themselves to many representations (e.g., tables, lists, various versions of tree diagrams), 

and these representations help students understand theoretical probability (English & Watson, 2016). When the full class has 

played the game several times, conduct a discussion on the fairness of each game. Challenge students to make an argument 

based on the data and game rules as to whether the game is fair. For multilingual learners, discuss the meaning of fair prior 

to beginning the game and review the term when asking students to create an argument. As another challenge, have students 

design their own fair game (see Expanded Lesson: Design a Fair Game for details).

Expanded Lesson: Design a Fair Game

Activity 21.9 

Player A: Two heads; Player B: Two tails; Player C: One of each

Player A: Same face (e.g., both heads); Player B: One of each

Adaptations to Challenge and Support Students

Many Part II Activities have one or more icons (challenging students, supporting multilingual 
learners, supporting students with special needs in math). When you see these icons, it means 
that suggestions are embedded in the activity to differentiate the task so that it is accessible and 
meaningful to every student.

How Many Feet in the Bed?

CCSS-M: 1.OA.A.1; 1.OA.C.6; 2.OA.B.2

Read How Many Feet in the Bed? by Diane Johnston Hamm (1991). On the second time reading the book, ask students how 

many more feet are in the bed each time a new person gets in. Ask students to record the equation (e.g., +6 2) and tell 

how many feet in total. Two less can be considered as family members get out of the bed. Find opportunities to make the 

connection between counting on and adding using a number line. For multilingual learners, be sure that they know what the 

phrases “two more” and “two less” mean (and clarify the meaning of foot, which is also used for measuring). Acting out this 

situation with students in the classroom can be a great illustration for both multilingual learners and students with special 

needs in math.

Activity 9.2
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 Formative Assessment Notes   

 Assessment is an integral process within instruction. Similarly, it makes sense to think about 
what to be listening for (assessing) as you read about different areas of content development. 
Throughout the Part II chapters, there are formative assessment notes with brief descriptions 
of ways to assess a topic in that section. Reading these assessment notes as you read the text can 
help you understand how best to assist students to grow in their mathematics understanding.      

FORMATIVE ASSESSMENT Notes. Any of the preceding problems can be used as a formative 
assessment with an observation look-for tool. On the look-for tool would be such concepts as: 
(1) determines a reasonable estimate; (2) models the problem with manipulative or picture; 
(3) solves using an e�cient method; (4) writes an accurate equation. Students may be able to 
illustrate but then not find fraction equivalences to solve the problem; or they may represent 
and solve but struggle to write an equation. A look-for tool provides guidance for what future 
instruction is needed. ■

   Technology Notes  

 Like assessment, technology is infused into instruction. Thus, also in Part II, we include tech-
nology notes (updated significantly in this edition!). Descriptions include open-source (free) 
software, apps, and other Web-based resources.      

TECHNOLOGY Note. Dreambox (www.dreambox.com) Teacher Tools o�ers a bar (length) 
model for exploring addition and subtraction. Students solve problems visually, trading out 
equivalent fractions and recording their answers. Other sites o�er various virtual manipulatives 
by which a student can build a problem and solve it. Those sites include Toy Theater 
Teacher Tools (toytheatre.com), Math Learning Center free apps (mathlearningcenter.
org), and Brainingcamp (brainingcamp.com). On each site, you or the student can select the 
manipulative you will use to represent the problems. ■

   Standards for Mathematical Practice Margin Notes  

 The Standards for Mathematical Practice continue to be an important component of many 
state standards. They describe what it means to do math! There are eight of them, as described 
in   Chapter    1   . In Part II, we use margin notes to showcase where an instructional suggestion 
connects to a particular mathematical practice.      

www.dreambox.com
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Tables of Common Challenges

Found in every chapter of Part II are tables of common challenges that students might experi-
ence related to each topic. Each challenge has been identified in the research literature. Notice 
that suggestions for every case list how to support students as they navigate through these 
potentially difficult areas.

 COMMON CHALLENGES IN MEASUREMENT AND HOW TO HELP

Common Challenge What It Looks Like How to Help

1. Focus on the ending 

point of a ruler rather than 

the length.

Students read the number on the ruler that aligns with 

the object’s right edge.

 ●

 ●

 ●

Move items along a ruler and ask students if they 

believe the item has changed size.

Iterate units to show how long the item is and 

then show how those units match the units on 

the ruler.

Give students experiences with the Broken Ruler.

1 2 3 4 5 6 7 8 9 10 11 120

How to Help

2. Place multiple individual 

units with gaps between 

the units or with some of 

the units overlapping; or 

students use unequal units.

Students have gaps between units or use unequal 

units when measuring length:

Students overlap units when measuring area:

 ●

 ●

 ●

 ●

Ask students to estimate the measure before 

measuring the object and explain why it is a 

reasonable estimate.

If students use unequal units, ask what the 

number refers to (e.g., the number of white rods 

or brown rods).

If students overlap length units, have them use 

linking cubes to measure length.

If students overlap area units, use a unit with 

some thickness, making it dif�cult to overlap the 

pieces (e.g., square tiles or pattern blocks).

End-of-Chapter Resources

At the end of each chapter are Resources, which include “Writing to Learn” assessments,  
“Literature Connections” (found in all Part II chapters), and “Recommended Readings.”

Writing to Learn. These exercises provide teacher candidates or teachers with a 
variety of opportunities to articulate, in their own words, the concepts they are learning. 
Prompts and questions have been designed to emphasize analysis and comprehension.

Literature Connections. Here you will find examples of children’s literature for 
launching into the mathematics concepts in the chapter just read. For each title 
suggested, there is a brief description of how the mathematics concepts in the chapter 
can be connected to the story.

Recommended Readings. In this section, you will find an annotated list of articles 
and books to augment the information found in the chapter. These recommendations 
include NCTM articles and books and other professional resources designed for the 
classroom teacher.
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WRITING TO LEARN

1. Describe the benefits of using equal sharing tasks.
2. Give examples of representations and contexts that fall 
into each of the three categories of fraction models (area, 
length, and set).
3. What does partitioning mean? Explain and illustrate.
4. What does iterating mean? Explain and illustrate.
5. What are two ways to build the conceptual relationship 
between 11

4
 and 2 3

4
?

6. Explain why the number line is so important to developing 
fraction concepts.
7. Describe two ways to compare 5

12
 and 5

8
 mentally.

LITERATURE CONNECTIONS

Apple Fractions

Pallotta (2002)

Interesting facts about apples are connected to fractions as fair 
shares. Words for fractions are used and connected to frac-
tion symbols, making it a good connection for fractions in 
grades 1–3.

Halfsy: A Math Adventure

Deitelbaum (2020)

Halfsy is on a journey from 0 to 1 (a length context for frac-
tions), and on the way notices half of other things: the 
moon (area), birds (quantity).

The Doorbell Rang

Hutchins (1986)

The story is about sharing cookies, a changing situation as 
more and more children arrive. A great connection to 
sharing tasks.

The Lion’s Share

McElligott (2009)

 The story involves halving a rectangular cake over and over again, 
and provides a visual opportunity to explore unit fractions.

The Man Who Counted: A Collection of 

Mathematical Adventures

Tahan (1993)

This book contains a story, “Beasts of Burden,” about a wise 
mathematician, Beremiz, and the narrator, who are trav-
eling together on one camel. They are asked to figure out 
how to give each brother his share of 35 camels: one-half to 
one, one-third to one, and one-ninth to one (a set context). See 
Bresser (1995) for three days of activities with this book.

RECOMMENDED READINGS

Articles

Clarke, D. M., Roche, A., & Mitchell, A. (2008). Ten practi-
cal tips for making fractions come alive and make sense. 
Mathematics Teaching in the Middle School, 13(7), 373–380.

Ten excellent tips for teaching fractions are discussed and 
favorite activities are shared. An excellent overview of teach-
ing fractions.

Monson, D., Cramer, K., & Ahrendt, S. (2020). Using mod-
els to build fraction understanding. Mathematics Teacher: 
Learning & Teaching PreK-12, 113(2), 117–123.

This article provides excellent tasks and visuals to develop a strong 
understanding of fractions, including fractions on the number line.

Freeman, D. W., & Jorgensen, T. A. (2015). Moving beyond 
brownies and pizzas. Teaching Children Mathematics, 21(7), 
412–420.

This article describes students’ thinking as they compare frac-
tions. In the more4U pages, they o�er excellent sets of tasks with 
a range of contexts, each set focusing on a di�erent reasoning 
strategy for comparing fractions.

Books

Empson, S. B., & Levi, L. (2011). Extending children’s mathemat-
ics: Fractions and decimals. Portsmouth, NH: Heinemann.

With many tasks and examples of student work, this book is a 
must-have for supporting students’ emerging concepts of frac-
tions and decimals.
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LMS-Compatible Assessment Bank

With this new edition, all assessment types—quizzes and application exercises—are included 
in LMS-compatible banks for the following learning management systems: Blackboard 
(9780136818380), Canvas (9780136818281), D2L (9780136818540), and Moodle 
(9780136818151). These packaged files allow maximum f lexibility for instructors when it 
comes to importing, assigning, and grading. Assessment types include:

• Learning Outcome Quizzes: Each chapter Learning Outcome is the focus of a 
Learning Outcome Quiz that is available for instructors to assign through their Learning 
Management System. The Learning Outcomes identify chapter content that is most 
important for learners and serve as the organizational framework for each chapter.

• Application Exercises: Each chapter provides opportunities for pre-service teachers 
or teachers to apply what they have learned through Application Exercises. Two to three 
Application Exercises are available for each chapter, aligned with the stated Learning 
Outcomes. The exercises require pre-service teachers to watch short videos, read scenarios, 
or think about situations and then answer open-ended questions. When used in the LMS 
environment, a model response written by experts is provided after teachers submit the 
exercise. This feedback helps guide teachers’ learning and can assist the instructor in grading.

• Chapter Tests: Suggested test items are provided for each chapter and include 
questions in multiple choice and short answer/essay. When used in the LMS 
environment, the multiple-choice questions are automatically graded, and model 
responses are provided for short-answer and essay questions.

Instructor’s Resource Manual (9780136818144)

The Instructor’s Resource Manual for the eleventh edition includes a wealth of resources 
designed to help instructors teach the course, including chapter notes, activity suggestions, 
and suggested assessment questions.

https://www.pearson.com/pearson-etext
https://media.pearsoncmg.com/ab/vandewalle/vdw.html
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PowerPoint® Slides (9780136818335)

Ideal for instructors to use for lecture presentations or student handouts, the PowerPoint pre-
sentation slides provide ready-to-use graphics and text images tied to the individual chapters 
and content development of the text.

Note: All instructor resources—LMS-compatible assessment bank, instructor’s manual, 
and PowerPoint slides—are available for download at www.pearsonhighered.com. Use one of 
the following methods:

• From the main page, use the search function to look up either the lead author (Van de 
Walle) or the title (Elementary and Middle School Mathematics: Teaching Developmentally). 
Select the desired search result and then click the Resources tab to view and download 
all available resources.

• From the main page, use the search function to look up the ISBN (provided earlier) of 
the specific instructor resource you would like to download. When the product page 
loads, click the Downloadable Resources tab.
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PART I  Teaching Mathematics Developmentally: Big Ideas  

and Research-Based Practices 

The fundamental core of effective teaching of mathematics combines an understanding of how students learn, how to pro-
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 1 
C H A P T E R  Developing Confident and 

Competent Mathematics 

Learners   

         LEARNING OUTCOMES  

 After reading this chapter and engaging in the embedded activities and reflections, you should be 

able to: 

1. 1    Summarize the factors that influence the teaching of mathematics.  

1. 2    Describe the importance of content standards, process standards, and standards of 

mathematical practice.  

1. 3    Explore the qualities needed to learn and grow as a professional teacher of 

mathematics.    

 Did you know that the most important factor in a student’s learning of mathematics is their 
teacher? You can ensure that every student becomes confident and competent in mathe-

matics. You likely have many questions about how to make this vision a reality: What direction 
is there for what mathematics you will teach? What guidance is there for how you should 
teach? What can you achieve in your teaching to help students feel like they are good at 
math? How will you know whether students are learning? These questions and many more 
are addressed in this book. These three things—your knowledge of mathematics, how to teach 
mathematics, and how to focus on each learner—are the most important tools you can acquire 
to be a successful teacher of mathematics. We are here to help you hone those skills! 

 In this chapter, we begin this journey by addressing the big picture of teaching mathe-
matics in K–8. We begin with some big ideas that are important about teaching mathematics 
developmentally, brief ly describe the most significant inf luences on mathematics learning, 
and, finally, offer suggestions to you as a  teacher  of mathematics.    

      Learning How to Teach Mathematics Developmentally  

 As part of your desire to build successful learners of mathematics, you might recognize the 
challenge that mathematics is sometimes seen as the subject people love to hate. At social 
events—even at parent–teacher conferences—other adults may hear that you are a teacher of 
mathematics and share comments such as, “I could never do math,” or, “I can’t calculate the 
tip at a restaurant—I just hope they have suggestions for tips at the bottom of my receipt.” 
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Instead of ignoring these disclosures, consider what positive action you can take. Would peo-
ple confide that they don’t read and hadn’t read a book in years? Not likely. Families’ and 
teachers’ attitudes toward mathematics may enhance or detract from students’ ability to think 
they can do math. Teaching mathematics developmentally can transform this positioning of 
mathematics into a positive experience for all students. Here we share some global ways to 
address misunderstandings and negative feelings about mathematics.

Math Is Important

Learning mathematics is essential to being productive at work and in our communities. It 
also facilitates curiosity in science and technology and enhances personal activities—not to 
mention that it’s fun! While all students have many reasons to learn mathematics, the National 
Council of Teachers of Mathematics (NCTM) Catalyzing Change series (2018-2020) identifies 
several key purposes for early childhood and elementary and middle school students’ learning 
mathematics. They are:

• Develop deep mathematical understanding as confident and capable learners.
• Understand and critique the world through mathematics.
• Experience the wonder, joy, and beauty of mathematics (p. 11 and p. 7).

These purposes of learning mathematics express what underlies the most effective ways 
to teach mathematics K–8. In alignment, the goal of this book is to help you learn these effec-
tive instructional methods that are often unique to mathematics. We base this book on the 
collective wisdom of an organization of mathematics teacher educators and mathematicians 
from across the United States who developed a set of standards that established what knowl-
edge, skills, and dispositions are important in cultivating a well-prepared beginning teacher 
of mathematics, the Standards for Preparing Teachers of Mathematics (AMTE, 2020). As you dig 
into the information in the chapters ahead, your vision of what is possible for all your students, 
and your confidence to explore and teach mathematics, will grow in ways endorsed by experts 
in the field.

Ultimately, your students need to think of themselves as mathematicians in the same way 
as they think of themselves as readers. As students interact with our increasingly mathemati-
cal and technological world, they need to construct, modify, communicate, or integrate new 
mathematics-related information in many forms. Solving novel problems and approaching 
new situations with a mathematical perspective should come as naturally as using reading to 
comprehend facts, insights, or the latest news. Particularly because this century is a quan-
titative one (Hacker, 2016), we must prepare students to interpret the language and power 
of numeracy. Hacker states that “decimals and ratios are now as crucial as nouns and verbs” 
(p. 2). So, for your future students, consider how important mathematics is to interpreting and 
successfully surviving in our complex economy and changing environment and find ways to 
guide them toward these goals. Learning mathematics opens up a world of important ideas.

Mathematics Is about Effort, Not Genetics and Other Myths

Mathematics ability is not inherited—anyone can learn mathematics. Some of the previously 
mentioned quotations hint at a false assumption prevalent in the United States: that mathe-
matics ability is hereditary. This just isn’t true. What leads a person to be successful is their 
perseverance and support, both in and out of the classroom. In fact, engaging students in pro-
ductive struggle is one of most effective ways to support their understanding (Baker, Jessup, 
Jacobs, Empson & Case, 2020). This speaks to the need to do a better job in schools to ensure 
that every child has access to a strong mathematics program!

The second myth that stands in the way of learning is that learning mathematics is about 
speed and memorizing facts and procedures. Have you observed a mathematician at work? 
They grapple with problems for hours, even years. Yes, they know facts and procedures to 
support their thinking, but the heart of mathematics is mathematical thinking, not being fast. 
Further, mathematics is not a bunch of isolated skills; it is a collective, interconnected whole. 
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We must help students see these connections to make sense of mathematics. There are also 
ways we were taught that didn’t help us make such connections, such as talking about bor-
rowing and carrying numbers, or that multiplication “makes numbers bigger,” which is not 
so when you consider fractions, decimals—or zero, for that matter (Karp, Bush & Dougherty, 
2014).

A third myth that interferes with learning mathematics is that people believe there is just 
one way to solve a problem. That is almost never the case. Even for a problem like +29 33,   
there are numerous ways to solve it. Many adults use the standard algorithm, because that is 
the way they were taught. Algorithms focus on performing an operation on one place value at 
a time, moving from ones to tens in this example, and the standard algorithm is not necessarily 
the best way. (Can you think of an alternative that is more efficient?) Maybe even doing this 
problem in your head?

We begin thinking about teaching developmentally by tackling the first myth. You must 
believe that all children can learn mathematics, and that happens when you focus on their 
strengths!

Strengths-Based Approach

Part of becoming an effective teacher of mathematics is recognizing mathematical strengths—
in students and in yourself. When you exude confidence and a can-do, problem-solving 
approach, you play an important role in developing the same qualities in your students. We 
know that when there is a focus on what a student doesn’t do well—such as “you didn’t pass 
that fractions test” or “I think you need more practice with your multiplication facts”—it 
affects a learner’s confidence negatively. As Skinner, Louie, and Baldinger suggest, some stu-
dents “are conditioned to see themselves as the dust of the mathematical universe and see oth-
ers as the stars” (2019, p. 339). Rather than focus on deficits, effective mathematics teaching 
shifts attention to strengths (Kobett & Karp, 2020). All students need to know they are bril-
liant and capable of learning mathematical concepts and procedures. When you acknowledge 
their strengths, you can watch them f lourish before your eyes.

This is true for teaching as well. Consider how you might react if you were told that “that 
math lesson you taught today was just not that effective.” When you connect to your own 
humanity and explore your own mathematics identity (Aguirre, Mayfield-Ingram, & Martin 
2013), the bond between you and your students grows in depth and breadth. For example, you 
can use what you know from your own experiences to add your empathy and compassion to 
new learners’ initial experiences with mathematical topics. Here are two examples:

Rather than say, “Oh, this problem is easy,” one of your strengths might be remembering how 

you heard those words as a learner and it made you feel uneasy. Instead, say, “Let’s try this 

challenge together and explore some new ideas.”

From your own past experiences, you know you have the strength of using multiple approaches 

to try to solve a problem. When you see a student who is stumped, you say, “Here’s something 

I found helpful when I was stuck on a problem.” Then you walk students down the path of 

possible solution strategies, including using manipulative materials, making drawings, creating 

tables of numbers, or even acting out a problem to find a successful solution strategy.

It’s time to identify your strengths and acknowledge that you have the knowledge and 
resources to build and celebrate your students’ superpowers (Kobett & Karp, 2020, p. 17.) We 
will help you in that process, starting right now.

Teaching Developmentally

With your strengths and your students’ strengths in mind, you are ready to focus on the way 
in which mathematics is taught. The aforementioned second myth matters. Mathematics is 
connected, and that means new knowledge builds on students’ prior knowledge. For example, 
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if you are working on sums like +29 34,  you can explore what strategies students use to 
add +9 4.  A student might use a Make 10 Strategy, rethinking the problem as +10 3.  
You explicitly connect their understanding by asking questions like, “Can you use the Make 
10 Strategy for +29 34 ? Try it!” One part of teaching developmentally is to be sure you 
are purposeful in connecting the topic you are teaching now to related topics students have 
already learned.

So, let’s find ways of countering negative statements about mathematics, especially if they 
are declared in the presence of students. Point out that, actually, it is a myth that only some 
people can be successful at learning mathematics. We all can! Only in that way can the chain 
of passing apprehension from adult to child be broken. There is much joy in solving math-
ematical problems, and it is essential that you demonstrate an excitement for learning and 
nurture a passion for mathematics in your students.

What Influences the Mathematics We Teach?

Learning Outcome 1.1 Summarize the factors that inf luence the teaching  

of mathematics.

How you are teaching mathematics should not look anything like the teaching of mathematics 
50 years ago or even 20 years ago. Many factors inf luence these changes. Here we brief ly 
discuss four major reasons.

The World Is Changing

In The World Is Flat (2007), Thomas Friedman discusses how globalization has created the 
need for people to have skills that are long-lasting and will survive the ever-changing land-
scape of available jobs. Friedman emphasizes that in a world that is digitized and surrounded 
by algorithms, math lovers will always have career opportunities and choices. Yet, there is a 
skills gap of qualified people; reports reveal that the United States will need to fill 3.5 million 
science, technology, engineering, and mathematics (STEM) jobs by 2025 (Radu, 2018).

Every teacher of mathematics has the job of preparing students with career skills while 
developing a love of math in students. The mathematician Stefan Banach stated, “Mathematics 
is the most beautiful and most powerful creation of the human spirit” (as cited in Kaluźa, 
1996, n.p.). So, as you can see, there is an array of compelling reasons why children will bene-
fit from the study of mathematics, using the approaches you will learn in this book. Help your 
students acquire the mental tools to make sense of mathematics—in some cases for mathemat-
ical applications that might not yet be known! This knowledge serves as a lens for interpreting 
the world.

Our changing world inf luences what should be taught in pre-K–8 mathematics class-
rooms, because there is a relationship between early mathematics performance and success in 
middle school (Bailey, Siegler, & Geary, 2014) and high school mathematics (Watts, Duncan, 
Siegler, & Davis-Kean, 2014), with third-grade mathematics scores pinpointed as a strong 
predictor of high school AP pass rates (Clark, Yu, Yi & Shi, 2018). As we prepare pre-K–8 
students for jobs that possibly do not currently exist, we can predict that there will be few jobs 
in which just knowing simple computation is enough to be successful. We can also predict that 
many jobs and much of life will require interpreting complex data, designing algorithms to 
make predictions, and using multiple strategies to approach new problems.

As you prepare to help students learn mathematics for the future, you will need some per-
spective on the forces that effect change in the mathematics classroom. This chapter addresses 
the leadership that you, the teacher, will develop as you shape mathematics experiences for your 
students. Your beliefs about what it means to know and do mathematics and about how students 
make sense of mathematics will affect how you approach instruction and the understandings and 
skills your students take from the classroom. The enthusiasm you demonstrate about mathemat-
ical ideas will transform your students’ interest in this amazing and beautiful discipline.
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International Comparisons

One factor shaping what mathematics education looks like is the public or political pressure 
for change, due largely to student performance results in national and international studies. 
These large-scale comparisons of student performance continue to make headlines, provoke 
public opinion, and pressure legislatures to call for tougher standards backed by testing. These 
assessments provide strong evidence that mathematics teaching must change if U.S. students 
are to be competitive in the global market and understand the complex issues they will con-
front as responsible citizens of the world (Green, 2014).

National Assessment of Education Progress (NAEP). Since the 1960s, 
the United States has used the NAEP test to gather data on how fourth-, eighth-, and 
 twelfth-grade students are doing in mathematics in what is known as the Nation’s Report 
Card (https://nces.ed.gov/nationsreportcard). These data provide a tool for policy makers and 
educators to measure students’ overall improvement over time, using four achievement levels: 
below basic, basic, proficient, and advanced, with proficient and advanced representing the 
desired  grade-level achievement. In the most recent NAEP mathematics assessment in 2019, 
41 percent of all U.S. students in grade 4 and 34 percent of students in grade 8 performed 
at the desirable levels of proficient and advanced (National Center for Education Statistics, 
2019). Despite encouraging gains over the past 30 years, due to shifts in instructional practices 
(particularly at the elementary level) (Kloosterman, Rutledge, & Kenney, 2009a), students’ 
performance in 2019 still shows room for improvement. We have work to do!

Trends in International Mathematics and Science Study (TIMSS). In 2019, 
64 nations, at fourth grade and 46 at eighth grade, participated in TIMSS (TIMSS, 2019), the 
largest international comparative study of students’ mathematics and science achievement—
given seven times since it started in 1995. Data were gathered from a randomly selected group 
of 580,000 students, with approximately 20,000 from the United States. American students 
performed above the international average but were outperformed at fourth grade by 14 coun-
tries, headed by Singapore and including other countries such as Chinese Taipei, Japan, the 
Russian Federation, Northern Ireland, and Norway, and at eighth grade by 15 countries, also 
headed by Singapore and including the Republic of Korea, Hong Kong, Ireland, Israel, and 
Hungary. These data provide valuable benchmarks that allow the United States to ref lect 
on our teaching practices and our overall competitiveness in preparing students for a global 
economy. If you’ve heard people talk about how mathematics is taught in Singapore—these 
rankings are why. We learn a common theme from these examples: These high-performing 
nations focus on teaching that emphasizes conceptual understanding and procedural f luency, 
both of which are critically important to the long-term growth of problem-solving skills 
(OECD, 2016; Rittle-Johnson, Schneider, & Star, 2015). In fact, teaching in these high-per-
forming countries more closely resembles the long-standing recommendations of the National 
Council of Teachers of Mathematics, the major professional organization for mathematics 
teachers, discussed in the following section.

Research on Learning and Teaching

Over the years, there have been significant reforms in mathematics education that ref lect 
research on how students learn mathematics. Just as we would not expect doctors to be using 
exactly the same techniques and medicines that were prevalent when you were a child, teach-
ers’ methods are evolving and transforming via a powerful collection of expert knowledge 
about how the mind functions and how to design effective instruction (Wiggins, 2013). The 
field of mathematics education actually knows a lot about how students learn (e.g., Cai, 2017; 
English & Kirshner, 2015; NRC, 2001). Earlier, we shared some of those ideas, and each 
chapter ref lects the most current research in the field (hence all the citations!)

National Council of Teachers of Mathematics (NCTM). One transfor-
mative factor in the teaching of mathematics is the leadership of NCTM. The NCTM, 
with more than 60,000 members, is the world’s largest organization of mathematics 

https://nces.ed.gov/nationsreportcard
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educators and, as such, holds an inf luential role in both supporting teachers and empha-
sizing what’s best for learners. NCTM’s guidance in the creation and dissemination of 
standards for curriculum, assessment, and teaching led the way for other disciplines to 
create standards and for the eventual development of the mathematics standards used in 
your state today. For example, Principles to Actions (NCTM, 2014b) identifies eight effec-
tive teaching practices. This book, along with the Catalyzing Change series (2019–2020), 
provides strong support to all teachers. The premiere research journal is housed within  
NCTM, and the teacher journals, including the Mathematics Teacher: Learning and 
Teaching PK-12, is full of high-quality teaching ideas. Visit the NCTM website at www.
nctm.org.

How Do We Use the Standards to Teach?

Learning Outcome 1.2 Describe the importance of content standards, process 

standards, and standards of mathematical practice.

What you teach is based on standards, but where did the standards come from? What we 
know about mathematics is the result of many thinkers of all races, ethnicities, and gen-
der identities, beginning well before modern times. The heritage of these powerful ideas is 
diverse, and the legacy of many giants comes before what your state or school chose as the 
standards for your classroom. For that reason, it is helpful to think about how we came to 
teach what we teach and why.

In 1989, NCTM published the very first standards document of any discipline: 
“Curriculum and Evaluation Standards for School Mathematics.” In 2010, the National 
Governors Association (NGA) Center for Best Practices and the Council of Chief State School 
Officers (CCSSO) presented the Common Core State Standards (http://www.corestandards.org/
math), which incorporated ideas from many documents from the NCTM, including Principles 
and Standards for School Mathematics (2000) and Curriculum Focal Points (2006), as well as 
international curriculum documents. A large majority of U.S. states adopted these standards, 
and other states used these standards for reference while creating their own, similar version. 
(Check your state’s website.) At this time, approximately 42 states, Washington, D.C., four 
territories, and the Department of Defense Schools have adopted standards similar to the 
CCSS-M. The movement that NCTM started in 1989 transformed the country from having 
little to no coherent vision on what school mathematics should be taught and when to a widely 
shared understanding of what students should know and be able to do across the grades.

Mathematics Content Standards

Standards articulate the critical, essential, or emphasized areas of mathematics content for 
each grade to provide a coherent curriculum built around big mathematical ideas. These 
larger groups of related standards are commonly called domains. These domains range from 
Counting and Cardinality, to Number and Operations in Base Ten, to Measurement and Data. 
Topics are sequenced based on what is known from research and practice about learning pro-
gressions, which are sometimes referred to as learning trajectories (Clements & Sarama, 2021; 
Clements, Sarama, Baroody, & Joswick, 2020).

Deconstructing and Understanding Standards. One important task you need to 
think about is learning about the standards you will teach. The actual statements are not often 
as easily communicated as, “Third graders will learn perimeter.” Instead, you may find some-
thing like, “Represent a fraction b

1  on a number line diagram by defining the interval from 0 
to 1 as the whole and partitioning it into b equal parts. Recognize that each part has size b

1  and 
that the endpoint of the part based at 0 locates the number b

1  on the number line.” You can 
reread that multiple times, but the best way to learn more about the standards incorporates 
what we know about brain-targeted teaching (Hardiman, 2012). First, consider drawing what 
each standard means as a way to delve into the topic (Strand & Bailey, 2020).

http://www.corestandards.org/math
http://www.corestandards.org/math
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Work with a colleague and divide and conquer as you unpack the ideas. See 
Figure 1.1 for a way to think about the preceding standard. As you draw, you will focus 
on the meaning and how you can link a group of standards through their connections and 
relationships.

Vertical Alignment of Standards. In addition to making sense of the standard at 
your grade, you need to know what students were taught the previous year (so you can assess 
whether they currently have that prior knowledge and then build on it), and you need to know 
where they are headed next year. Learning progressions help teachers know the sequence 
of what came before a particular concept as well as what to expect next as students reach 
key points along a pathway to desired learning targets (Corcoran, Mosher, & Rogat, 2009). 
Although these paths are not identical for all students, they can inform the order of instruc-
tional experiences that supports movement toward understanding and application of math-
ematics concepts. In other words, these progressions help teachers to teach mathematics 
developmentally! Bookmark the website for Achieve the Core (https://achievethecore.org/
page/254/ progressions-documents-for-the-common-core-state-standards-for-mathematics), 
where many helpful resources, including the Progression Documents, can be found. We also 
share numerous learning progressions in Part II!

Remember that standards set what students need to learn at a given grade but not how to 
teach that content. Instead, districts and schools make the final decisions about which curric-
ulum to use or if they want to develop their own curriculum. Standards are not a curriculum. 
In fact, teachers are the essential piece in selecting and presenting the content standards into 
a coherent and engaging package.

 Mathematical Practices

Beyond what mathematics is to be learned, standards describe the skills students need to have 
to do mathematics. For example, students need to be able to justify or explain their strat-
egy. The vision for such actions was first described by NCTM as Process Standards (see, for 
example, Principles and Standards for School NCTM, 2000). The five process standards are: 
problem solving, reasoning and proof, communication, connections, and representations. 
Mathematical Practices were also captured in Adding It Up (National Research Council, 2001) 
(see Chapter 2 in this book).

The NCTM Process Standards (https://www.nctm.org/Standards-and-Positions/
Principles-and-Standards/Process/) and the Strands of Mathematical Proficiency (https://
www.nap.edu/read/9822/chapter/6) were blended into the Standards for Mathematical Practice. 
These are described in Table 1.1 and in Appendix A. Teachers must attend to these practices 
in the same way they attend to content, identifying particular practices to develop within les-
sons and units. These practices are blended with content. You will see that in Part II, we place 
Mathematical Practice notes in the margin to illustrate how these practices can emerge when 
you are engaging students in doing mathematics.

0 1
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FIGURE 1.1 Decomposing a fraction standard in a drawing

https://achievethecore.org/page/254/ progressions-documents-for-the-common-core-state-standards-for-mathematics
https://www.nctm.org/Standards-and-Positions/Principles-and-Standards/Process/
https://www.nap.edu/read/9822/chapter/6
https://achievethecore.org/page/254/ progressions-documents-for-the-common-core-state-standards-for-mathematics
https://www.nctm.org/Standards-and-Positions/Principles-and-Standards/Process/
https://www.nap.edu/read/9822/chapter/6) were
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TABLE 1.1 THE STANDARDS FOR MATHEMATICAL PRACTICE

Mathematical Practice K–8 Students Should Be Able To:

Make sense of problems 

and persevere in solving 

them.

	● Explain what the problem is asking.

	● Describe possible approaches to a solution.

	● Consider similar problems to gain insights.

	● Use concrete objects or drawings to think about and solve problems.

	● Monitor and evaluate their progress and change strategies if needed.

	● Check their answers by using a different method.

	● Try again with another approach if one attempt is not successful or when 

they feel stuck.

Reason abstractly and 

quantitatively.

	● Explain the relationship between quantities in problem situations.

	● Represent situations using symbols (e.g., writing expressions or 

equations).

	● Create representations that fit the word problem.

	● Use flexibly the different properties of operations and objects.

Construct viable arguments 

and critique the reasoning 

of others.

	● Understand and use assumptions, definitions, and previous results to 

explain or justify solutions.

	● Make conjectures by building a logical set of statements.

	● Analyze situations and use examples and counterexamples.

	● Explain their thinking and justify conclusions in ways that are 

understandable to teachers and peers.

	● Compare two possible arguments for strengths and weaknesses to 

enhance the final argument.

Model with mathematics. 	● Apply mathematics to solve problems in everyday life.

	● Make assumptions and approximations to simplify a problem.

	● Identify important quantities and use tools or representations to connect 

their relationships.

	● Reflect on the reasonableness of their answer based on the context of 

the problem.

Use appropriate tools 

strategically.

	● Consider a variety of tools, choose the most appropriate tool, and use 

the tool correctly (e.g., manipulative, ruler, technology) to support their 

problem solving.

	● Use estimation to detect possible errors and establish a reasonable 

range of answers.

	● Use technology to help visualize, explore, and compare information.

Attend to precision. 	● Communicate precisely, using clear definitions and appropriate 

mathematical language.

	● State accurately the meanings of symbols.

	● Specify appropriate units of measure and labels of axes.

	● Use a level of precision suitable for the problem context.

Look for and make use of 

structure.

	● Identify and explain mathematical patterns or structures.

	● Shift viewpoints and see things as single objects or as composed of 

multiple objects or see expressions in many equivalent forms.

	● Explain why and when properties of operations are true in a particular 

context.

Look for and express 

 regularity in repeated 

reasoning.

	● Notice if patterns in calculations are repeated and use that information 

to solve other problems.

	● Use and justify the use of general methods or shortcuts by identifying 

generalizations.

	● Self-assess as they work to see whether a strategy makes sense, 

checking for reasonableness prior to finalizing their answer.

Source: Based on Council of Chief State School Officers. (2010). Common Core State Standards. Copyright © 

2010 National Governors Association Center for Best Practices and Council of Chief State School Officers. All 

rights reserved.

How to Teach the Standards Effectively

NCTM also developed a publication that explores the specific learning conditions, school 
structures, and teaching practices that will be important for a high-quality education for all 
students. The book Principles to Actions (NCTM, 2014b) uses classroom stories and samples of 
student work to illustrate the careful, ref lective work required of effective teachers of mathe-
matics through six guiding principles (see Table 1.2 and Appendix B). A series of presentations 
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TABLE 1.2 THE SIX GUIDING PRINCIPLES FROM PRINCIPLES TO ACTIONS

Guiding Principle Suggestions for Classroom Actions That Align with the Principles

Teaching and learning 	● Select focused mathematics goals.

	● Use meaningful instructional tasks that develop reasoning, sense 

making, and problem-solving strategies.

	● Present and encourage a variety of mathematical representations that 

connect the same ideas or concepts.

	● Facilitate student discussions and conversations about important 

mathematical ideas.

	● Ask essential questions that are planned to be a catalyst for deeper 

levels of thinking.

	● Use a strong foundation of conceptual understanding as a foundation 

for procedural fluency.

	● Encourage productive struggle—it is a way to deepen understanding 

and move toward student application of their learning.

	● Generate ways for students to provide evidence of their thinking through 

discussions, illustrations, and written responses.

Access and equity 	● Establish high expectations for all students.

	● Provide supports targeted to student needs (equity not equality).

	● Provide instructional opportunities for students to demonstrate their 

competence in different ways—creating tasks with easy entry points 

for students who struggle and extension options for those who finish 

quickly.

	● Identify obstacles to students’ success and find ways to bridge or 

eliminate those barriers.

	● Develop all students’ confidence that they can do mathematics.

	● Enhance the learning of all by celebrating students’ diversity.

Curriculum 	● Build connections across mathematics topics to capitalize on broad 

themes and big ideas.

	● Look for both horizontal and vertical alignment to build coherence.

	● Avoid thinking of a curriculum as a look-for tool or disconnected set of 

daily lessons.

Tools and technology 	● Include an array of technological tools and manipulatives to support the 

exploration of mathematical concepts, structures, and relationships.

	● Think beyond computation when considering the integration of 

technology.

	● Explore connections to how technology use for problem solving links to 

career readiness.

Assessment 	● Incorporate a continuous assessment plan to follow how students are 

performing and how instruction can be modified and thereby improved.

	● Move beyond test results that just look at overall increases and 

decreases to pinpoint specific student needs.

	● Consider the use of multiple assessments to capture a variety of 

student performance.

	● Encourage students to self-assess sometimes by evaluating the work of 

others to enhance their own performance.

	● Teach students how to check their work.

Professionalism 	● Develop a long-term plan for building your expertise.

	● Build collaborations that will enhance the work of the group of 

collaborators as you enhance the performance of the students in the 

school.

	● Take advantage of all coaching, mentoring, and professional 

development opportunities and be a life-long learner.

	● Structure in time to reflect on and analyze your instructional practices.

(webcasts), led by the authors of the publication, explore several of the guiding principles and 
are available on the Principles to Actions portion of NCTM’s website (www.nctm.org).

Pause & Reflect

Take a moment to think about which of these six guiding principles seem the biggest change since you 

were in school. Why do you think these changes to teaching were necessary? ●
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An Invitation to Learn and Grow

Learning Outcome 1.3 Explore the qualities needed to learn and grow as a 

professional teacher of mathematics.

Think back to when you were a student in pre-K–8 classrooms. What are your remembrances 
of learning mathematics? Here are some thoughts from in-service and pre-service teachers of 
whom we asked the same question. Which description resonates with your thinking?

I was really good at math in lower elementary grades, but because I never understood 
why math works, it made it very difficult to embrace the concepts as I moved into higher 
grades. I started believing I wasn’t good at math so I didn’t get too upset when my grades 
ref lected that. Kathryn

As a student, I always felt lost during mathematics instruction. It was as if everyone 
around me had a magic key or code that I missed out on getting. Tracy

I consider myself to be really good at math and I enjoy mathematics-related activities, 
but I often wonder if I would have been GREAT at math and had a completely different 
career if I cared about math as much as I do now. Sometimes I feel robbed. April

Math went from engaging, interactive instruction that I excelled at and loved, to 
 lecture-style instruction that I struggled with. I could not seek outside help, even though 
I tried, because the teacher’s way was so different from the way of the people trying to 
help me. I went from getting all As to getting low Bs and Cs without knowing how the 
change happened. Janelle

Math class was full of elimination games where students were pitted against each other 
to see who could answer a math fact the fastest. Because I have a good memory I did 
well, but I hated every moment. It was such a nerve-wracking experience and for the 
longest time that is what I thought math was. Lawrence

Math was never a problem because it was logical; everything made sense. Tova

As you can see, these memories run the gamut with an array of emotions and experiences. 
The question now becomes: What do you hope your former students will say as they think 
back to your mathematics instruction? The challenge is for each and every student to learn 
mathematics with understanding and enthusiasm. Would you relish hearing your students, 
15 years after leaving your classroom, state that you encouraged them to be mathematically 
minded, curious about solving new problems, self-motivated, able to think critically about 
both correct and incorrect strategies, and that you nurtured them to be risk takers willing to 
persevere on challenging tasks? That is our expectation!

The mathematics education described in this book may not be the same as the mathemat-
ics content and the mathematics teaching you experienced in your grade K–8 experience. As 
a practicing or prospective teacher preparing to teach mathematics using a problem-solving 
approach, this book may require you to confront some of your personal beliefs—beliefs about 
what it means to do mathematics, how one goes about learning mathematics, how to teach math-
ematics, and what it means to assess mathematics. Success in mathematics isn’t merely about 
speed or the notion that there is one right answer. Thinking and talking about mathematics 
as a means to sense making is a strategy that will serve us well in becoming a society where all 
individuals are confident in their ability to do math.

 Becoming a Teacher of Mathematics

As we said at the start of this chapter, you bring many strengths to the teaching of mathemat-
ics, including your willingness to try new things, a fresh perspective on how technology can be 
integrated into instruction, and your stance as a lifelong learner. Here we describe character-
istics, habits of thought, skills, and dispositions you will continue to cultivate to reach success 
as an effective teacher of mathematics and, we hope, will embrace as you read this book. This 
book is about increasing the quality of instruction. We are not about fixing children; we are 
instead engaged in fixing structures.
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Knowledgeable. You will need to have a profound, f lexible, and adaptive knowledge of mathe-
matics content (Ma, 1999). This statement is not intended to intimidate if you feel that mathematics 
is not your strong suit, but it is meant to help you prepare for a serious semester of learning about 
mathematics and how to teach it. You cannot teach what you do not know. Teachers are the driv-
ing factors in students’ school performance (Colvin & Edwards, 2018). An absence of high-quality 
opportunities for students to gain mathematics knowledge can result in students having economic 
challenges and little potential for social mobility (OECD, 2016). These findings add to the gravity 
of your responsibility, because a student’s learning for the year in mathematics will likely come from 
you. If you are not sure of a fractional concept or other aspect of mathematics content knowledge, 
now is the time to make changes in your depth of content understanding to prepare best for your 
role as an instructional leader. You don’t want to work on the brink of your knowledge base—
instead you need to soak up the knowledge so you will feel more confident and can speak with added 
passion and enthusiasm. This book and your instructor will help you in that process.

Persistent. You need the ability to stave off frustration and demonstrate persistence. 
Dweck (2007) describes the brain as similar to a muscle—one that can be strengthened with 
a good workout! People are not just wired for learning mathematics; they must perform hard 
work and persevere to understand new ideas. As you move through this book and work the 
problems yourself, you will learn methods and strategies that will help you anticipate the expe-
riences and strategies to get students past any stumbling blocks. It is likely that what works for 
you as a learner might work for some of your students. As you conduct these mental workouts, 
if you ponder, struggle, talk about your thinking, and ref lect on how these new ideas fit or 
don’t fit with your prior knowledge, you will enhance your teaching repertoire. Remember as 
you model these characteristics for your students, they too will value perseverance more than 
speed. In fact, Einstein did not describe himself as intelligent. Instead, he stated that he was 
just someone who continued to work on problems longer than others did. Creating opportu-
nities for your students to engage in productive struggle is part of the learning process (Stigler 
& Hiebert, 2009; Warshauer, 2015) and will be discussed in greater depth in Chapter 2.

Positive Disposition. Prepare yourself by developing a positive attitude toward the subject 
of mathematics. Research shows that teachers with positive attitudes teach math in more success-
ful ways that result in their students liking math more (Karp, 1991), performing at higher levels 
(Palardy & Rumberger, 2008), and developing confidence and skill that are personally meaningful 
and support the community in which they live. If you have ever thought, “I don’t like math,” that 
mindset will be evident in your instruction (Ramirez, Hooper, Kersting, Ferguson, & Yeager, 
2018). The good news is that research shows that changing attitudes toward mathematics is rel-
atively easy (Tobias, 1995) and that attitude changes are  long-lasting (Dweck, 2007). In addition, 
math methods courses are found to be effective in increasing positive attitudes, more so than 
student teaching experiences (Jong & Hodges, 2015). Also, pre-service teachers who studied key 
concepts in mathematics methods classes were more effective in planning lessons on those big 
ideas—even years after taking the course (Morris & Hiebert, 2017). Not only can you acquire a 
more positive attitude toward mathematics, as a professional educator it is essential that you do.

To explore your students’ attitudes toward mathematics, consider using this interview 
protocol. Here you can explore how the classroom environment may affect their attitudes.

 Ready for Change. Demonstrate a readiness for change, even for change so radical that 
it may cause you disequilibrium. You may find that what is familiar will become unfamiliar 
and, conversely, what is unfamiliar will become familiar. For example, you may have always 
referred to “reducing fractions” as the process of changing 2

4  to ,1
2  but this language is mis-

leading, because the fractions are not getting smaller. Such terminology can lead children to 
mistaken connections when they ask, “Did the reduced fraction go on a diet?” A careful look 
will point out that reducing is not the term to use; rather, you are writing an equivalent fraction 
that is simplified or in lowest terms. Even though you may have used the language reducing for 
years, you need to become familiar with more precise language, such as simplifying fractions.
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On the other hand, what is unfamiliar will become more comfortable. It may initially feel 
uncomfortable for you to ask students, “Did anyone solve it differently?” especially if you are 
worried that you might not understand their approach. Yet this question is essential to effec-
tive mathematics teaching. As you bravely use this strategy, it will become comfortable (and 
you will learn many new strategies!).

Another potentially new shift in practice is toward a mixed emphasis on teaching concepts and 
procedures. What happens in a procedure-focused classroom when a student doesn’t understand 
division of fractions? A teacher with only procedural knowledge may say, “Just change the division 
sign to multiplication, f lip over the second fraction, and multiply.” We know the use of a memo-
rized approach doesn’t work well if we want students to understand fully the process of dividing 
fractions, so let’s consider an example using ÷ =3 .1

2
1
2 Start by relating this division prob-

lem to students’ prior knowledge of a whole-number division problem such as 25 5 ,÷ =  
using a corresponding situation: “How many servings of 5 pizza slices are there in 25 slices?” Then 
ask students to put these same words to use in the original fraction division problem, such as, “You 
plan to serve each guest 1

2  a pizza. If you have 31
2  pizzas, how many guests can you serve?” Yes, 

there are seven halves in 3 ;1
2  therefore, seven guests can be served. Are you surprised that you can 

do this division of fractions problem in your head once you learn this connection?
To respond to students’ challenges, uncertainties, and frustrations, you may need to 

unlearn and relearn mathematical concepts, developing comprehensive conceptual under-
standing and a variety of representations along the way. Unearthing these ideas through 
looking at student work samples, even including errors, and discussing them is an important 
approach (McLaren, van Gog, Ganoe, Karabinos, & Yaron, 2016). Supporting your math-
ematics content knowledge on solid, well-supported terrain is important in making a last-
ing difference in your students’ learning of mathematics—so be ready for change. What you 
already understand will provide you with many Aha moments as you read this book and con-
nect new information to your current mathematics knowledge.

A Team Player. Your school should work as a unit where all teachers are supporting chil-
dren not just for the one grade they teach but in a coherent manner across the grades. When 
this idea of a team is implemented, teachers agree to use the same mathematical language, 
symbols, models, and notation to give students a familiar thread that ties the concepts and 
procedures together year after year. This established understanding is called a Mathematics 
Whole School Agreement (Karp, Dougherty, & Bush, 2021), and your eager collaboration is 
essential in making this approach work well. These collaborative professional development 
efforts promote your school’s capacity in terms of students’ mathematics achievement and the 
ability to support your ongoing professional learning (Donaldson, 2018).

Self-Aware and Reflective. Maya Angelou said, “Do the best you can until you know better. 
Then when you know better, do better.” No matter whether you are a pre-service teacher or an expe-
rienced teacher, there is always more to learn about the content and methodology of teaching math-
ematics. The ability to examine oneself for strengths or areas that need improvement or to reflect on 
successes and challenges is critical for growth and development. The best teachers are always trying 
to improve their practice through reading the latest article, attending the webinar or podcast with the 
most up-to-date information, or signing up for the next series of professional development opportu-
nities. These teachers don’t say, “Oh, that’s what I am already doing”; instead, they identify and cele-
brate each new insight and idea they gain. Highly effective teachers never finish learning or exhaust the 
number of new mental connections they make, and, as a result, they never burn out. Sherman (1982) 
suggests, “You can’t go back and make a new start, but you can start right now and make a brand new  
ending” (p.  45). Explore the following self-reflection Professional Growth Chart to list your 
strengths and indicate areas you wish to target for continued growth.

Think back to the quotations from the teachers at the beginning of this section. Again, 
what memories will you create for your students?

As you begin this adventure, let’s be reminded of what John Van de Walle said with every 
new edition of the book: “Enjoy the journey!”
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RESOURCES FOR CHAPTER 1

WRITING TO LEARN

At the end of each chapter of this book, you will find a 
series of questions under this same heading. The questions 
are designed to help you ref lect on important ideas of the 
chapter. Writing (or talking with a peer) is an excellent way 
to explore new ideas and incorporate them into your own 
knowledge base.
1. What are the eight Standards for Mathematical Practice? 
How do they relate to the Mathematics Content Standards?
2. What are three purposes for learning mathematics as sug-
gested by the NCTM Catalyzing Change document? How do 
these purposes align with your own mathematics instruction 
when you were a student?

RECOMMENDED READINGS

Articles

Buckheister, K., Jackson, C., & Taylor, C. (2015). An inside 
track: Fostering mathematical practices. Teaching Children 
Mathematics, 22(1), 28–35.

The authors share a game used with early elementary students, 
and through teacher–student dialogue, they describe how the 
several mathematical practices can be developed.

Karp, K., Bush, S., & Dougherty, B. (2014). 13 rules that 
expire. Teaching Children Mathematics, 21(1) 18–25.

This article helps students move away from overgeneralizations 
and rules that cause confusion while considering developing ter-
minology and notation that enhances student understanding.

Books

Kobett, B., & Karp, K. (2020). Strengths-based teaching and 
learning in mathematics: 5 teaching turnarounds for grades 
K–6. Thousand Oaks, CA: Corwin: A Sage Publication; 
and Reston, VA: NCTM.

If you want to focus on students’ mathematics strengths rather 
than identify their deficits, this book is the perfect read.

National Council of Teachers of Mathematics. (2020). 
Catalyzing change in early childhood and elementary mathe-
matics: Initiating critical conversations. Reston, VA: National 
Council of Teachers of Mathematics.

National Council of Teachers of Mathematics. (2020). 
Catalyzing change in middle mathematics: Initiating critical 
conversations. Reston, VA: NCTM.

The Catalyzing Change series explores important conversations 
about the policies, practices, and issues that are factors in influ-
encing mathematics education.
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 2 
C H A P T E R  Exploring What It Means to 

Know and Do Mathematics   

     LEARNING OUTCOMES   

 After reading this chapter and engaging in the embedded activities and reflections, you should be 

able to: 

2. 1    Describe essential components of mathematical proficiency.  

2. 2    Illustrate what it means to do mathematics.  

2. 3    Connect learning theories to mathematical proficiency and to mathematics teaching.    

 To help students learn mathematics, you must know  what  is important to learn, as well as 
how  students learn. That is the focus of this chapter! Let’s look at a relatively poorly under-

stood topic, fraction division. If a student learned this topic, what will they know and what 
should they be able to do? The answer is more than being able to implement a procedure 
successfully (e.g., the invert-and-multiply algorithm). To know and understand division of 
fractions, a student can answer these questions: 

•    What does   3 1
4÷       mean conceptually?  

•   What situation might this expression represent?  
•   Will the result be greater than or less than 3 and why?  
•   What strategies can we employ to solve this problem?  
•   What illustration or manipulative might illustrate this problem?  
•   How does this expression relate to subtraction? To multiplication?   

 Wondering the answers to some of these questions? See   Chapter    15   ! The point here is 
that there is more  to  learn than procedures. This chapter focuses first on what it means to do 
mathematics, then engages you in doing mathematics, and finally explains how students learn 
mathematics.  

       What Is Mathematical Proficiency?  

     Learning Outcome    2. 1    Describe essential components of mathematical proficiency.    

 Doing mathematics means generating strategies for solving a problem, applying an efficient 
strategy, and checking to see whether the answer makes sense. As you read in   Chapter    1   , standards 
documents describe these actions as Mathematical Practices (see   Table    1. 1   and   Appendix   A)  . 
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The Mathematical Practices describe specific actions of 
mathematical proficiency, as defined by the National Research 
Council in Adding It Up (2001) (see Figure  2.1). A person 
who is mathematically proficient doesn’t just know content; 
they know how to navigate the process of solving problems. 
It is our responsibility as teachers of mathematics to help 
students develop each of these five strands of mathematical 
proficiency!

Conceptual Understanding

Conceptual understanding means having connected knowl-
edge: “mental connections among mathematical facts, 
procedures, and ideas” (Hiebert & Grouws, 2007, p. 380). 
Consider what a person might know about a fraction such 
as .6

8  Here is a partial list of what they might be able to do:

• Read the fraction.
•  Identify the 6 and 8 as the numerator and denominator, 

respectively.
• Recognize that 6

8  is equivalent to .3
4

• Notice that 6
8  is more than 1

2  (recognize relative size).
• Draw a region that is shaded in a way to show .6

8

• Locate 6
8  on a number line.

• Illustrate 6
8  of a set of 48 pennies or counters.

•  State that there are an infinitely large number of 
equivalencies to .6

8

• Recognize 6
8  as a rationale number.

• Describe 6
8  as a ratio (girls to boys, for example).

• Represent 6
8  as a decimal fraction.

At what point does a person know enough to claim they understand fractions? A num-
ber of items on this list refer to procedural knowledge (e.g., being able to find an equivalent 
fraction), and others refer to conceptual knowledge (e.g., recognizing that 6

8  is greater than 
1
2  by analyzing the relationship between the numerator and denominator). A student may 
know that 6

8  can be simplified to 3
4  but not recognize that 3

4  and 6
8  are equivalent (having 

procedural knowledge without conceptual knowledge). A student may be able to find one 
fraction between 1

2  and 6
8  but not be able to find others, meaning they have some procedural 

knowledge but insufficient connections to recognize that they could also change denomina-
tors. The point is that understanding a mathematics topic is hard to define. It is best explained 
as a measure of the quality and quantity of connections a person can make between a new idea 
and their existing ideas. In other words, conceptual understanding is a f lexible web of connec-
tions and relationships within and between ideas, interpretations, and images of mathematical 
concepts—a relational understanding.

Relational Understanding. Understanding exists along a continuum from an instru-
mental understanding—doing something without understanding (see Figure 2.2) to a relational 
understanding—knowing what to do and why (Skemp, 1978). This continuum continues to be 
a useful way to think about the depth of a student’s conceptual understanding. In the 6

8  exam-
ple, a student who only knows a procedure for simplifying 6

8  to 3
4  has an understanding near 

the instrumental end of the continuum, whereas a student who can draw diagrams, give exam-
ples, and find numerous equivalencies has an understanding moving toward the relational end 
of the continuum.

Conceptual understanding: 

comprehension of mathematical 

concepts, operations, and 

relations

Adaptive reasoning: 

capacity for logical 

thought, reflection, 

explanation, and 

justification

Strategic competence: 

ability to formulate,

represent, and solve

mathematics problems

Intertwined strands of proficiency

Procedural fluency: 

skill in carrying out 

procedures flexibly, 

accurately, efficiently, 

and appropriately

Productive disposition: 

habitual inclination to 

see mathematics as 

sensible, useful, and 

worthwhile, coupled 

with a belief in diligence 

and one’s own efficacy

FIGURE 2.1 Five strands of mathematical proficiency

Source: National Research Council. (2001). Adding It Up: Helping Children 

Learn Mathematics, p. 5. Reprinted with permission from the National 

Academy of Sciences, courtesy of the National Academies Press, 

Washington, DC.
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Relational understanding is the goal for students across all mathematics content in the 
K–8 curriculum. Figure 2.3 provides a visual of skills and concepts related to understanding 
ratios. Note how much is involved in having a relational understanding.

Procedural Fluency

Procedural f luency is built on the foundation of conceptual understanding (NCTM, 2014b). 
Procedural f luency is sometimes confused with being able to do standard algorithms correctly 
and quickly, but it requires a much more comprehensive knowledge than that. Procedural f lu-
ency includes three components: (1) efficiency, (2) f lexibility, and (3) accuracy (see Figure 2.4). 
Both efficiency and f lexibility require appropriate strategy selection. Additionally, connected 
with procedural f luency is knowing ways to check for reasonableness, including estimating 
at the beginning of the problem and looking back to see whether the answer is close to that 
estimate (addressed in Part II of this book).

To illustrate f luency, we will explore two topics: addition with whole numbers and sub-
traction with decimals.

Adding Two-Digit Numbers. Solve the problem in a way that makes sense to you.

37 28 ?+ =

Figure 2.5 illustrates four strategies that lead to a correct answer (accurate). Which of 
these strategies is efficient? A f luent student does not automatically stack the numbers and 
apply the standard algorithm (though they know how to do this); the f luent student looks at 
the problem and considers which strategy will be efficient, given the numbers in the problem. 
An efficient strategy is one that may take fewer steps than the alternatives. In this case, a stu-
dent might move 2 from the 37 to the 28 to adapt the equation to 35 30+ . This is called a 

Division: The ratio 3 to 4

is the same as 3 ÷ 4. 

Trigonometry: All trig 

functions are ratios.

Comparisons: The ratio of sunny

days to rainy days is greater in the

South than in the North.

Unit prices: 12 oz. / $1.79.

That’s about 60¢ for 4 oz.

or $2.40 for a pound.

Scale: The scale on the map 

shows 1 inch per 50 miles.

Slopes of lines (algebra) and slopes of roofs 

(carpentry): The ratio of the rise to the run is   .8
1

Business: Profit and loss are figured 

as ratios of income to total cost.

Geometry: The ratio of 

circumference to diameter is 

always   , or about 22 to 7. 

Any two similar figures have 

corresponding measurements 

that are proportional (in the 

same ratio).

RATIO

FIGURE 2.3 Connected ideas that contribute to a relational understanding of ratios

Instrumental

Understanding

Relational

Understanding

Continuum of Understanding

FIGURE 2.2 Continuum of understanding from instrumental to relational
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Procedural Fluency

COMPONENTS

Selects an 

appropriate

strategy

Trades out or

adapts strategy

Actions

Gets correct

answer

Completes steps

accurately

Solves in a

reasonable

amount of time

Reasonableness

Applies a

strategy to a new

problem type

ACCURACYFLEXIBILITYEFFICIENCY

FIGURE 2.4 Procedural fluency components and actions

Source: Bay-Williams, J. M., & San Giovanni, J. J. (2021). Figuring out fluency in mathematics teaching and learning, K-8. Corwin. 

Used with permission.

(a)

(c) (d)

37 and 20 more—47, 57, 58, 59, 60, 61, 62, 63, 64, 65

(counting on fingers)

37, 47, 57

58
59 60 61

62 63

64
65

(b)

FIGURE 2.5 Different strategies for solving +37 28
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Make Tens strategy (see Figure 2.5[b]). Or a student might add 2 to 28 to round to an easier 
number, add 37 30+  and then subtract 2 from the answer to counteract the addition. This is 
called a Compensation strategy (see Figure 2.5[c]). Either of these strategies may be done men-
tally. Which strategy or strategies are efficient? (Which strategy did you use?) Using Make 
Tens or Compensation uses fewer steps than the standard algorithm and can be done mentally, 
making them more efficient for this example.

Given different problems, a f luent student opts for different strategies, showing f lexibility. 
Practice your f luency by selecting one of these strategies (Make Tens, Compensation, stan-
dard algorithm, or another strategy) to solve these four problems.

 57 98  49 48  62 24  37 461. 2. 3. 4.+ = + = + = + =

Make Tens or Compensation strategies are a good fit for the first two problems. The 
third problem involves no regrouping, so simply adding tens and adding ones is efficient. 
The final problem is not as good of a fit for Make Tens or Compensation, so a student 
might use a Partials Sums strategy, adding tens (70) and ones (13) and then combining 
(83). Or, they may use the standard algorithm (adding the digits in the ones first and then 
in the tens). How efficient and f lexible were you in solving these four two-digit addition 
problems?

Subtracting Decimals. Solve it using an efficient method:

11.24 10.9−

Too many people only know one way to solve this problem, which is to stack the numbers 
and regroup starting with the hundredths place. But there are more efficient options that 
require understanding what subtraction means. One meaning is “take away.” For this equation, 
a take-away situation might be having $11.24 and spending $10.90. Subtraction also means to 
compare or find the difference. A compare situation might be asking the difference between 
times for running the 100-meter race for two runners.

Either interpretation (take-away or compare) can be used to find the difference. Here are 
three fourth-grade explanations:

Elisa: I started at 10.9, counted up 0.1 to 11, plus 0.24 more, so the answer is 0.34.

Monique: I added one tenth to both numbers. That makes 11.34 – 11. Then it was easy: 0.34.

Aaron: I subtracted 11 to get 0.24, then added the 0.1 back on to get 0.34.

Do any of these strategies match how you thought about it? Can you see which ones used 
take-away thinking and which ones used compare thinking? How do these strategies compare 
to the standard algorithm in terms of efficiency?

Think about the following problem and what you just read about subtraction: 
− =40,005 39,996 .  Hopefully, you see how efficient a counting-up strategy 

is here.
4 5 4 1 5 5 9

39,996 40,000 40,005

In this example, the standard algorithm for subtraction involves regrouping across zeros, 
a sometimes tedious, inefficient, and prone-to-error method.

Procedural f luency supports conceptual understanding (and vice versa), and both 
contribute to student development of procedural f lexibility (Schneider, Rittle-Johnson, & 
Star, 2011). Sadly, procedural f luency is often mistaken for learning standard algorithms 
and being able to do them quickly and accurately. An overemphasis on teaching standard 
algorithms—especially too early—can actually interfere with the development of f luency.
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Strategic Competence

This strand of proficiency is what is often called problem solving. Strategic competence includes 
reading a story problem or encountering a mathematical situation and figuring out what the 
problem is as well as determining a method for solving it. As part of strategic competence, stu-
dents are able to create useful representations to help them reason about the problem. These 
depictions might include a number line, as illustrated earlier, or a bar diagram to make sense 
of a story problem, as illustrated in Figure 2.6.

Strategic competence also means a student can solve both routine and nonroutine 
 problems. A routine problem is one that the student knows how to solve based on previous 
experiences, for example, the two-digit addition problems described earlier. A student with 
strategic competence can choose the best strategies for each problem. Nonroutine problems 
are problems the learner does not immediately know how to solve. Examples are provided in 
the next section (e.g., Two Machines, One Job). Students with strategic competence consider 
the situation, possible representations, and different approaches as they work to solve nonrou-
tine problems. Like With procedural f luency, f lexibility is the key to strategic competence. 
Some strategies fit one situation but not another. Strategic competence is knowing what fea-
tures in a problem make it a good fit for a particular strategy. You can support students’ strate-
gic competence and procedural f luency by asking these questions:

• Why does this strategy work?
• Is this an efficient strategy?
•  When does this strategy work?

Adaptive Reasoning

As described in Figure 2.1, adaptive reasoning is the capacity to think logically about the rela-
tionships among concepts and situations. It includes careful consideration at the beginning of 
solving a problem of a variety of solution approaches, the readiness to switch out for a new 
strategy in the middle of working a problem if one isn’t fruitful, and being able to justify the 
solution at the end of solving a problem. When a teacher confirms that a student’s answer 
is correct or not, they can undermine the student’s development of adaptive reasoning. As 
described in Adding It Up (NRC, 2001), “students who disagree about a mathematical answer 
need not rely on checking with the teacher . . . they need only check that their reasoning is 
valid” (p. 129). Teachers support adaptive reasoning by asking students to justify their strate-
gies and/or their answers. Doing so supports each student’s understanding of mathematics and 
develops productive dispositions and self-regulation.

Aiden’s house is 4 blocks closer to school than Martin’s house. Martin’s house is 10 blocks from 

school. How many blocks is Aiden’s house from school? 

 
Martin’s Distance = 10 Blocks 

Aiden’s Distance = ? S
c
h
o
o
l

4 blocks 

FIGURE 2.6 A story problem translated into a bar diagram
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Productive Disposition

A productive disposition is a favorable attitude about being able to do mathematics. A student 
with a productive disposition tries to make sense of mathematics and believes that putting 
effort into learning mathematics is what is needed to be successful. This outlook is called a 
growth mindset (Boaler, 2015; Dweck, 2016). A person with a productive disposition sees 
themselves as an effective learner and doer of mathematics (NRC, 2001). They have the confi-
dence to solve complex problems. In essence, they have a positive mathematics identity. A stu-
dent’s identity is a deeply held belief about themselves (Aguirre, Mayfield-Ingram, & Martin, 
2013).

Although we addressed this myth in Chapter 1, it bears repeating: Far too many people 
think that mathematical ability is inherited and thereby limited to only a few people (Grady, 
2016). This is simply not true, and such a fixed mindset leads to math anxiety (Sparks, 2020). 
Sadly, numerous studies show that anxiety specific to math (i.e., not to other areas such as 
reading) begins as early as first grade, and this anxiety negatively affects performance on 
achievement tests, on student learning of math skills and concepts, and on problem solving 
(Ramirez, Shaw, & Maloney, 2018). The truth is that there are not math people and non-
math people. There are people who persevere and solve challenging tasks and those who quit. 
Telling yourself, your colleagues, your parents, and your students that effort matters more so 
than ability can help to turn their math anxiety into a productive disposition. Because students 
(and other stakeholders) may have a fixed mindset or experience math anxiety, this fifth strand 
of mathematical proficiency must receive more attention!

A productive disposition emerges when the other strands of mathematical proficiency are 
developed, and conversely, it supports the development of these other practices.

For which of the following questions might a student with a productive disposition typi-
cally say “yes”?

• When you read a problem you don’t know how to solve, do you think, “Great, 
something challenging. I can solve this”?

• Do you consider several possible approaches before diving in to solve a problem?
• As you work, do you draw a picture or use a manipulative?
• Do you recognize a wrong path and try something else?
• When you finish a problem, do you wonder whether it is right? If there are other 

answers?

A “yes” response is evidence of mathematical proficiency and connects to at least one of 
the mathematical practices. When teachers are intentional and explicit about developing the 
mathematical practices, students’ participation and confidence improve—they develop a pro-
ductive disposition (Wilburne, Wildmann, Morret, & Stipanovic, 2014).

 An Invitation to Do Mathematics

Learning Outcome 2.2 Illustrate what it means to do mathematics.

The purpose of this section is to provide you with opportunities to engage in doing mathemat-
ics so you know better how to engage your students. Three problems (tasks) are posed. For 
each, stop and solve. Then read the “Explore” section. Continue to engage with the task. As 
you do, ref lect on your mathematical proficiency and your use of Mathematical Practices (or 
processes).

Task 1. One Up, One Down

This task has two parts, addition and multiplication. Either task can be used with students, or 
you can do one and then the other.
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Explore. If you explored both of these operations, you may have noticed that there are 
many more patterns or generalizations in the addition situation than in the multiplication 
situation. Consider:

•  What manipulative or picture might illustrate the patterns?
• How is the pattern altered if the sums/products begin as two consecutive numbers

(e.g., 8 7× )? If they differed by 2 or by 3?

• What if you instead go two up, two down (e.g., 7 7+  to 9 5+  OR 7 7×  to 9 5× )?
• In what ways is the addition situation similar to and different from the multiplication situation?

Strategies. Let’s look at the multiplication pattern, using illustrations. Draw a rectangle (or 
array) with dimensions of the original problem, 7 7×  (see Figure 2.7[a]), and then draw the new 
rectangle (an 8-by-6) and compare the two rectangles. A second option is to represent the situation 
as equal groups, using stacks of chips (see Figure 2.7[b]). How might you move the counters to 
 represent the one up, one down problem of 8 6× ? See how the stacks for each expression compare.

Have you made some mathematical connections and conjectures in exploring this prob-
lem? In doing so, you have hopefully felt a sense of accomplishment and excitement. Such a 
feeling strengthens a person’s mathematics identity and productive disposition, which is why 
we must engage students in doing mathematical explorations like this one!

Task 2. Solving the Mystery

This task engages students in looking for a pattern. For middle school students, they can also 
explore this task by using variables.

One Up, One Down: Addition

When you add +7 7,  you get 14. When you make the first number 1 more and the second number 1 less, you get the same 

answer:
↑ ↓

+ =

+ =

7 7 14

8 6 14

For what other numbers, does this one-up, one-down pattern work?

What else do you notice about this pattern?

Why is this pattern true? Explain and illustrate.

Task 1a

One Up, One Down: Multiplication

When you multiply ×7 7, you get 49. When you make the first number 1 more and the second number 1 less, you get an 

answer that is one less:
↑ ↓

× =

× =

7 7 49

8 6 48

For what other numbers does this one-up, one-down pattern work?

What else do you notice about this pattern?

Why is this pattern true? Explain and illustrate.

Task 1b
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This is 7 × 7 shown as an array of 7 rows of 7. 

(a) (b)

This is 7 × 7 as 7 sets of 7.

FIGURE 2.7 Two ways to illustrate One Up, One Down: Multiplication

Solve the Mystery

Follow these five steps:

1. Write down any whole number.

2. Add to it the number that comes after it in counting.

3. Add 9.

4. Divide by 2.

5. Subtract your original number.

Did you get 5? Wow! How did we know? Can you solve the mystery of why this works?

Task 2

Explore. Here are ways to explore this mathematical mystery:

• Try different starting numbers and look for a pattern.
• Try to explore with a variable for your number (like n).
• Work backward to see what insights you might gain.
• Explain why this series of steps always leads to the answer of 5.

Extend. This four-step mystery could be simplified or made more complex (or students 
can write their own). The result can be the start number, or a set number (like 5). Try one 
of these:

• Create a three-step mystery that ends with the starting number. A simple example: Add 
10, subtract 7, subtract 3. Be clever!

• Create a mystery puzzle that results in the answer of 0.
•  Create a mystery puzzle that uses all four operations.

Task 3. Two Machines, One Job

This task may seem like it is a complicated ratios or proportion problem, but it is really about 
reasoning.
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Old machine in

1 hour

New machine in

1 hour
Both machines

together

60 minutes 20 minutes

FIGURE 2.8 One illustration of Two Machines, One Job task

Two Machines, One Job

Sophia’s Paper Shredding Shop started with one paper-shredding machine. Business was good, so Sophia bought a new shred-

ding machine. The old machine could shred a truckload of paper in 4 hours. The new machine could shred the same truckload 

in only 2 hours. How long will it take to shred one truckload of paper if Sophia runs both shredders at the same time?

Task 3

Explore. This task may take a while to explore. As you practice perseverance, here are some 
things to try:

• Estimate how much time you think it should take the two machines. Estimating can 
sometimes lead to a new insight.

• Use a manipulative (chips, plastic cubes, pennies) to represent the size of the truckload.
• Draw a picture. For example, could you draw a rectangle or a line segment to represent 

the truckload? The time that was used or needed?

Strategies. Hopefully, you have solved this problem in some way that makes sense to you. 
Understanding other people’s strategies can deepen your own understanding. And, teachers are 
always in a position where they must try to figure out how their students are thinking about a problem.

Figure 2.8 illustrates one method for solving the problem (based on Schifter & Fosnot, 
1993). The whole paper strip represents the whole truckload. The new machine completes 1

2

of the truckload in one hour (see purple shading). The old machine completes 1
4  of the paper 

in one hour (green). Together, the machines shred 3
4  of the truckload in one hour. So, the 

remaining one-fourth will take 20 minutes.
Another solution is to reason abstractly rather than to use visuals.

4 hours: 3 Truckloads (2 truckloads from new machine + 1 truckload from old machine)

If three truckloads take 4 hours, divide by 3 to figure out how much time for 1 truckload:
4
3
 hours = 1 1

3
 hours = 1 hour and 20 minutes

Reflecting on the Three Tasks

Now that you have solved these tasks, to what extent do you feel you demonstrated mathemat-
ical proficiency? In other words, did you notice your knowledge of concepts and procedures 
working together to solve the problems? Did you try a strategy and trade it out for another 
strategy along the way, demonstrating strategic competence? Did you adapt strategies and 
justify why you selected them and/or why they work? And, importantly, did you enter the 
problem solving with a productive disposition, thinking that with enough effort you could 
figure it out? More specifically, to what extent did you engage in the mathematical practices? 
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For example, to what extent did you make sense of the problem and persevere (MP 1)? Use 
a manipulative strategically (MP 5) or draw a mathematical representation (MP 4)? Look for 
structure or a pattern (MP 7 or 8)? Reason about the quantities in the problems (MP 2)? 
These practices (actions) are what it means to do mathematics!

If your answers are yes, you demonstrated mathematical proficiency. If your answers are 
no, ref lect on why this might be the case. You may have learned mathematics by replicating 
procedures shown to you by your teachers, with the expectation that you should show all your 
steps. As a result, you may have felt uncomfortable and maybe even incapable of solving these 
problems. When we learn mathematics in a way that we are just asked to practice skills, rather 
than to figure out problems, it is more difficult to develop a positive, productive mathematics 
disposition. As a teacher, developing a productive disposition for yourself and for your stu-
dents must be a priority! Showing students how to do an algorithm does not prepare them to 
be mathematically proficient. Imagine how much more engaging and meaningful math class 
can be when the focus is on thinking! And, in developing students’ mathematical proficiency, 
you are also developing positive mathematics identity!

How Do Students Learn Mathematics?

Learning Outcome 2.3 Connect learning theories to mathematical proficiency and to 

mathematics teaching.

Given that the goal for every student is mathematical proficiency, you may be wondering how 
to ensure that they learn such things as strategic competence and reasoning. The answers to 
how you will carry this out are grounded in learning theory.

In this section, we brief ly describe two compatible major learning theories and provide 
mathematics-specific teaching ideas that stem from them (Norton & D’Ambrosio, 2008).

Constructivism

Constructivism is rooted in Jean Piaget’s work, developed in the 1930s and translated to English 
in the 1950s. At the heart of constructivism is the notion that learners are not blank slates but 

rather creators or constructors of their own learning (Fosnot, 
2005). Integrated networks, or cognitive schemas, are formed 
by constructing knowledge, and they are used to build new 
knowledge. Through reflective thought—the effort to con-
nect existing ideas to new information—people modify their 
existing schemas to incorporate new ideas (Fosnot, 2005). All 
people construct or give meaning to things they perceive or 
think about. As you read these words, you are giving meaning 
to them. Whether listening passively to a lecture or actively 
engaging in synthesizing findings in a project, your brain is 
applying prior knowledge from your existing schemas to 
make sense of the new information.

To connect to the metaphor of building construction, 
the tools we use to build understanding are our existing ideas 
and knowledge. The materials we use are things we see, 
hear, or touch, as well as our own thoughts and ideas. In 
Figure 2.9, blue and red dots are used as symbols for ideas. 
The blue dots represent existing ideas and prior knowledge. 
The lines joining the ideas represent our logical connections 
or relationships that have developed between and among 
ideas. The red dot is an emerging idea, one that is being 
constructed. When existing ideas are used to build new 
knowledge, those connections remain; when new knowledge 
is learned in isolation, connections are not formed.

FIGURE 2.9 Learning connects prior knowledge (blue 

dots) to new knowledge (red dot)
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 Sociocultural Theory

About 100 years ago, Lev Vygotsky, a Russian psychologist, began developing what is now 
called sociocultural theory. Fifty years later, it began to gain attention as a way to explain 
learning. Like constructivism, this theory assumes active meaning-seeking on the part of the 
learner. Key to this theory is the zone of proximal development (ZPD) (Vygotsky, 1978). 
Simply put, the ZPD refers to a range of knowledge that is out of reach for a person to learn 
on his or her own, but is accessible if the learner has support from more knowledgeable others. 
If a task is too easy, an individual can do it on their own, but they won’t learn from it. If it is 
out of reach, they won’t learn from it. An experience must be in the zone for learning to occur. 
That means for learning to occur, three things must be present: (1) guidance from someone 
with advanced knowledge, (2) social interaction, and (3) tasks that position the learner in their 
ZPD (Cherry, 2020). Social interaction is essential for learning! Additionally, the learner is 
inf luenced by both the classroom community and the broader social and historical culture of 
the members of the classroom (Forman, 2003).

Implications for Teaching Mathematics

Learning theories are not teaching strategies—theory informs teaching. This section outlines 
teaching strategies that are informed by constructivist and sociocultural perspectives. You will 
see these strategies revisited in more detail in Chapters 3 and 4, where a problem-based model 
for instruction is discussed, and in Part II of this book, where you learn how to apply these 
ideas to specific mathematics topics.

Use Manipulatives and Other Tools. Manipulatives are physical objects that students 
and teachers can use to illustrate and discover mathematical concepts, whether made specif-
ically for mathematics (e.g., connecting cubes) or for other purposes (e.g., buttons). A tool is 
any object, picture, or drawing that can be used to explore a concept. Choices for manipula-
tives (including virtual manipulatives) abound—from common objects such as lima beans to 
commercially produced materials such as pattern blocks. Manipulatives help students explore 
mathematical relationships concretely.

A tool, however, does not illustrate a concept. The tool is used to visualize a mathematical 
concept; only your mind can impose the mathematical relationship on the object (Suh, 2007a). 
Consider each of the concepts and the corresponding manipulative model in Figure 2.10. Try 
to separate the tool from the mathematical concept.

a. Beyond being part of a counting sequence, 6 represents a quantity. Quantities are relational. 
Adding 1 counter to a set of 6 counters means there is now one more: 7 is one more than 6.

b. The concept of “measure of length” is a comparison. The length measure of an object is a 
comparison relationship of the length of the object to the length of the unit.

c. The concept of “rectangle” includes both spatial and length relationships. The opposite 
sides are of equal length and parallel, and the adjacent sides meet at right angles.

d. The concept of “hundred” is not in the larger square but in the relationship of that square 
to the strip (“ten”) and to the little square (“one”).

e. “Chance” is a relationship between the frequency of an event and all possible outcomes. 
Spinners can represent relative frequencies with shading (e.g., 25% chance of yellow).

f. Location is based on direction and magnitude. Arrows on the number line can show 
direction (pointing) and magnitude (length).

Although tools can be used to support learning, they can be ineffective. One such misstep 
is when a teacher shows the students exactly what to do with the manipulative, and has stu-
dents imitate that process. It is just as possible to move blocks mindlessly as it is to go through 
the steps of an algorithm mindlessly. On the other extreme, giving out manipulatives with 
no purpose for their use can lead to nonproductive and unsystematic investigation (Stein & 
Bovalino, 2001). The goal is to set up tasks, using the tools as ways to explore the concept so 
that students notice important mathematical relationships that can be discussed, connecting 
the concrete representations to abstract concepts.
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Make Connections Explicit. Purposefully having students connect ideas is not only 
grounded in learning theory, it is well-established through research to improve students’ con-
ceptual understanding (Hiebert & Grouws, 2007). The teacher’s role in making mathematical 
relationships explicit is to be sure that students are making the connections that are implied in 
a task. For example, asking students to relate today’s topic to one they investigated last week, 
or by asking “How is Laila’s strategy like Marco’s strategy?” are ways to be help students be 
explicit about mathematical relationships.

Use Multiple Representations. Students need to connect ideas within a concept. 
That includes making connections across different representations. Figure 2.11 illustrates a 
web of representations showing ways to demonstrate understanding. Students who have dif-
ficulty translating a concept from one representation to another also have difficulty solving 

Countable objects can be used to model “number”

and related ideas such as “one more than.”

Base-ten concepts (ones, tens, hundreds) are

frequently modeled with base 10 blocks.

Sticks and bundles of sticks are also commonly used. 

“Length” involves a comparison of the length attribute of 

different objects. Rods can be used to measure length.

“Chance” can be modeled by comparing outcomes

of a spinner.

“Rectangles” can be modeled on a dot grid. They

involve length and spatial relationships.

“Positive” and “negative” integers can be modeled with

arrows with different lengths and directions.

(a) (d)

(b) (e)

(c) (f)

–5 0 5

+4

–7

+5

FIGURE 2.10 Examples of tools to illustrate mathematics concepts


