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Foreword

We’re pleased to present the fifth edition of Precalculus: A Right Triangle Approach. Our experi-
ence in teaching this material has been exceptionally rewarding. Because students are accustomed
to information being delivered by electronic media, the introduction of MyLab™ Math into our
courses was, and remains, seamless. With the addition of Jessica Bernards and Wendy Fresh to the
author team, the MyLab course has been given a fresh redesign that aligns with the Ratti philoso-
phy. You will now find author created videos over every objective as well as author created assign-
ments, quizzes, and exams. Additionally, we have included interactive figures in both the print and
electronic version of the text that will allow students to get a hands on exploration of the topics.

Today’s precalculus students and instructors face many challenges. Students arrive with vari-
ous levels of comprehension from their previous courses. Instead of really learning the concepts
presented, students often resort to memorization to pass the course. As a result, a course needs to
establish a common starting point for students and engage them in becoming active learners,
without sacrificing the solid mathematics essential for conceptual understanding. Instructors in
this course must take on the task of providing students with an understanding of precalculus, pre-
paring them for the next step, and ensuring that they find mathematics useful and interesting. Our
efforts in this direction have been aided considerably by the many suggestions we have received
from users of the previous editions of this text.

Mathematics owes it current identity to contributions from diverse cultures across the world and
throughout the ages. In this text we provide references to significant improvements and achieve-
ments in mathematics and related areas from sources both ancient and modern. We place a strong
emphasis on both concept development and real-life applications. Topics such as functions, graph-
ing, the difference quotient, and limiting processes provide thorough preparation for the study of
calculus and will improve students’ comprehension of algebra. Just-in-time review throughout the
text ensures that all students are brought to the same level before being introduced to new concepts.
Numerous applications motivate students to apply the concepts and skills they learn in precalculus
to other courses, including the physical and biological sciences, engineering, and economics, and to
on-the-job and everyday problem solving. Students are given ample opportunities in this course to
think about important mathematical ideas and to practice and apply algebraic skills.

Throughout the text, we emphasize why the material being covered is important and how it can
be applied. By thoroughly developing mathematical concepts with clearly defined terminology, stu-
dents see the “why”” behind those concepts, paving the way for a deeper understanding, better reten-
tion, less reliance on rote memorization, and ultimately more success. The level of exposition was
selected so that the material is accessible to students and provides them with an opportunity to grow.

It is our hope that once you have read through our text, you will see that we were able to
fulfill the initial goals of writing for today’s students and for you, the instructor.
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Preface

Students begin precalculus classes with widely varying
backgrounds. Some haven’t taken a math course in several
years and may need to spend time reviewing prerequisite
topics, while others are ready to jump right into new and
challenging material. In Chapter P and in some of the early
sections of other chapters, we have provided review material
in such a way that it can be used or omitted as appropriate
for your course. In addition, students may follow several
paths after completing a precalculus course. Many will con-
tinue their study of mathematics in courses such as finite
mathematics, statistics, and calculus. For others, precalculus
may be their last mathematics course.

Responding to the current and future needs of all these
students was essential in creating this text. We introduce each
exercise set with several concept and vocabulary exercises,
consisting of fill-in-the-blank and true-false exercises. They
are not computation-reliant, but rather test whether students
have absorbed the basic concepts and vocabulary of the sec-
tion. Exercises asking students to extrapolate information
from a given graph now appear in much greater number and
depth throughout the course. We continue to present our con-
tent in a systematic way that illustrates how to study and what
to review. We believe that if students use this material well,
they will succeed in this course. The changes in this edition
result from the thoughtful feedback we have received from
students and instructors who have used previous editions of
the text. This feedback crucially enhances our own experi-
ences, and we are extremely grateful to the many contributors
whose insights are reflected in this new edition.

Key Content Changes

New! Authors. We would like to welcome two new co-
authors to the author team, Jessica Bernards and Wendy
Fresh! Both Jessica and Wendy are instructors at Portland
Community College and have provided wonderful additions
to the text and the accompanying MyLab Math course. Jessica
and Wendy have had national recognition as instructors and
have received several awards for excellence in teaching math-
ematics.

Revised! Getting Ready for the Next Section. This feature
combines two features of previous editions, “Getting Ready
for the Next Section” exercises and “Before Starting This
Section, Review” objectives. The new structure lists Review
Concepts and Review Skills for students to brush up on before
beginning the next section. Both the Review Concepts and
Review Skills contain section and page number references to
make looking up these topics easy. The Review Concepts are
meant to be broader topics that students should understand,
while Review Skills give exercises from objectives that stu-
dents will need in the upcoming section.

New! Key Ideas at a Glance. A new feature added to the text
for this edition is a single page at the end of each chapter
designed to highlight some key concepts for the chapter. In
some chapters, this will serve as a comparison between two
similar or parallel topics. In other chapters, this will sum up
many of the ideas presented in the chapter. This page can
serve as a reference to students to look back on when studying
or doing exercises. There are also exercises to accompany this
feature so that students may test their understanding of the
ideas summarized there.

New and Revised! Exercises. We continue to improve the
balance of exercises, providing a smooth transition from the
less challenging to the more challenging exercises.

Overall, approximately 20% of the exercises have been
updated, and more than 500 brand-new exercises have been
added. These new exercises primarily consist of applications
that connect with students’ everyday experiences and enhance
students’ understanding of graphing.

Revised! Application Exercises. Every section opens with
discussion of an application that relates to the topics intro-
duced in that section. This edition continues the trend of pair-
ing an example with this application, but we have also made
an effort to include problems in the exercise sets that also tie
to this application so that students have an opportunity to
apply the mathematics to a real world problem. The section
opening, example, and these exercises are easily identified by
an accompanying icon 7.

New! Active Learning Exercises. In many sections through-
out the text, exercise sets will end with an Active Learning
exercise. This exercise is accompanied by an Interactive Fig-
ure powered by GeoGebra, which is accessed through a bit.ly
link or by scanning the given QR code. Students will manipu-
late the figure to explore mathematics in a new way and will
use the figure to answer the accompanying exercises.

New! Videos. Videos in the MyLab course have been com-
pletely re-made by the authors. Videos can be found at the
section and objective level. The videos are available in the
MyLab course within the Video & Resource Library, but can
also be accessed directly from the text. QR codes can be found
at the beginning of each section, and users can use their phone
to scan the QR codes and watch the videos.

We have also created videos for select exercises in each
section. The text has QR codes next to the beginning of each
exercise set, and users can scan the code to find the videos for
exercises in that section.

Revised! Diversity, Equity, and Inclusion. We conducted an
external review of the text’s content to determine how it could
be improved to address issues related to diversity, equity, and
inclusion. The results of that review informed the revision.
X
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Xiv Preface

Chapter 1.

e Added a graphic to detail the process of factoring a trinomial.

e Added more Procedure by Action type examples which
carefully breakdown factoring trinomials.

e Created a new section opener for section 1.5 highlighting
female NASA engineers’ current Mars Exploration Program

Chapter 2.

e Updated several examples and with newer application context.

» Expanded step by step transformation of functions procedure.

* Split a Procedure in Action example into two parts to give indi-
vidual attention to finding a parallel line vs a perpendicular line
to a given line.

¢ Included new Active Learning Exercises.

Chapter 3.

* Added more visual aid to the examples on graphing a poly-
nomial, giving a more complete picture of the behavior of
graphs of polynomials.

e Added more visual aid to the examples on graphing a ratio-
nal function, giving a more complete picture of the behav-
ior of graphs of rational functions.

e Included new Active Learning Exercises.

Chapter 4.

e Expanded on the basic properties of logarithms to give
some derivations of these properties.

e Added color to the table of logarithmic functions to make
it easier to see how changes in the function change the
graph itself.

e Included new Active Learning Exercises.

Chapter 5.

* Updated graphs for sine and cosine functions to give addi-
tional detail around key points.

e Created new graphics to show the symmetries of the sine
and cosine functions.

» Updated graphics showing stretch and compression of sine
and cosine graphs.

* Updated graphics showing phase shifts and vertical shifts
of sine and cosine graphs.

e Added additional graphics for the inverse sine, cosine, and
tangent functions.

* Included new Active Learning Exercises.

Chapter 6.

* Added a graphic to demonstrate one of the Pythagorean
identities.

e Added graphics to support trigonometric identities using
the symmetries of the sine and cosine functions.

e Included new Active Learning Exercises.

Chapter 7

e Updated and added graphics and explanation for the
ambiguous case of SSA triangles.

e Updated solution process for SSA triangles.

e Included new Active Learning Exercises.

Chapter 8.

* Wrote all new section opener discussions for sections 8.1
and 8.5.

* Added a new example in section 8.5 showing an application
involving cell tower triangulation.

e Included new Active Learning Exercises.

Chapter 9.

e Added a link between the section opener discussion and an
example in section 9.4.
e Included new Active Learning Exercises.

Chapter 10.

* Added many examples of conics seen and used in the real
world.
e Included new Active Learning Exercises.

Chapter 11.

e Changed terms used in the sum of the first n terms of an arith-
metic sequence so that the derivation of the formula is clearer.
e Added graphics to demonstrate the derivation of the sum
of the first n terms of arithmetic and geometric sequences.
e Included new Active Learning Exercises.

Features

Chapter Opener. Each chapter opener includes a descrip-
tion of applications (one of them illustrated) relevant to the
content of the chapter and the list of topics that will be cov-
ered. In one page, students see what they are going to learn
and why they are learning it.

Getting Ready for the Next Section. Each section is imme-
diately preceded by a set of concepts and skills that serve as a
transition from one section to the next. These sets of problems
provide a review of concepts and skills that will be used in the
upcoming section.

Section Opener With Application. Each section opens
with a list of clearly stated and numbered Objectives defined
for the section. These objectives are then referenced again in
the margin of the lesson at the point where the objective’s topic
is taught. An Application containing a motivating anecdote or
an interesting problem then follows. An example later in the
section relating to this application and identified by the same
icon (£2) is then solved using the mathematics covered in the
section. These applications utilize material from a variety of
fields: the physical and biological sciences (including health
sciences), economics, art and architecture, history, and more.

Examples and Practice Problems. Examples include a
wide range of computational, conceptual, and modern applied
problems carefully selected to build confidence, competency,
and understanding. Every example has a title indicating its
purpose and presents a detailed solution containing annotated
steps. All examples are followed by a Practice Problem for



students to try so that they can check their understanding of
the concept covered. Answers to the Practice Problems are
provided in the back of the book.

Procedure in Action Examples. These types of examples,
interspersed throughout the text, present important procedures
in numbered steps. Special Procedure in Action examples
present important multistep procedures, such as the steps for
doing synthetic division, in a two-column format. The steps
of the procedure are given in the left column, and an example
is worked, following these steps, in the right column. This
approach provides students with a clear model with which
they can compare when encountering difficulty in their work.

Additional Pedagogical Features
Definitions, Theorems, Properties, and Rules are all boxed
and titled for emphasis and ease of reference.

Warnings appear as appropriate throughout the text to apprise
students of common errors and pitfalls that can trip them up in
their thinking or calculations.

Summary of Main Facts boxes summarize information
related to equations and their graphs, such as those of the
conic sections.

A Calculus Symbol i appears next to information in the text
that is essential for the study of calculus.

Margin Notes
Side Notes provide hints for handling newly introduced concepts.

Recall notes remind students of a key idea learned earlier in
the text that will help them work through a current problem.

Technology Connections give students tips on using calcula-
tors to solve problems, check answers, and reinforce concepts.
Note that the use of graphing calculators is optional in this text.

Do You Know? Features provide students with additional
interesting information on topics to keep them engaged in the
mathematics presented.

Exercises. The heart of any textbook is its exercises, so we
have tried to ensure that the quantity, quality, and variety of
exercises meet the needs of all students. Exercises are carefully
graded to strengthen the skills developed in the section and are
organized using the following categories.

Concepts and Vocabulary exercises begin each exercise set
with problems that assess the student’s grasp of the definitions
and ideas introduced in that section. These true-false and
fill-in-the-blank exercises help to rapidly identify gaps in
comprehension of the material in that section.

Building Skills exercises develop fundamental skills—each
odd-numbered exercise is closely paired with its consecutive
even-numbered exercise.
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Applying the Concepts exercises use the section’s material
to solve real-world problems—all are titled and relevant to the
topics of the section.

Beyond the Basics exercises provide more challenging
problems that give students an opportunity to reach beyond
the material covered in the section—these are generally more
theoretical in nature and are suitable for honors students,
special assignments, or extra credit.

Critical Thinking/Discussion/Writing exercises, appearing
as appropriate, are designed to develop students’ higher-level
thinking skills. Calculator problems, identified by =5, are
included where needed.

Active Learning exercises allow students to explore
mathematical concepts in new ways. Students have the chance
to manipulate Interactive Figures and answer accompanying
questions.

Key Ideas at a Glance. This one page feature found at
the end of each chapter highlights some key concepts in each
chapter. In some chapters, this will serve as a comparison
between two similar or parallel topics. In other chapters,
this will sum up many of the ideas presented in the chapter.
This page can serve as a reference to students to look back
on when studying or doing exercises. There are also exercises
to accompany this feature so that students may test their
understanding of the ideas summarized there.

Chapter Review and Tests. The chapter-ending material
begins with an extensive Review featuring a two-column,
section-by-section summary of the definitions, concepts,
and formulas covered in that chapter, with corresponding
examples. This review provides a description and examples
of key topics indicating where the material occurs in the
text, and encourages students to reread sections rather than
memorize definitions out of context. Review Exercises
provide students with an opportunity to practice what they
have learned in the chapter. Then students are given two
chapter test options. They can take Practice Test A in the
usual open-ended format and/or Practice Test B, covering
the same topics, in a multiple-choice format. Practice Test
B has been moved online for this edition, and can be found
in the eText. All tests are designed to increase student
comprehension and verify that students have mastered the
skills and concepts in the chapter. Mastery of these materials
should indicate a true comprehension of the chapter and the
likelihood of success on the associated in-class examination.
Cumulative Review Exercises appear at the end of every
chapter, starting with Chapter 2, to remind students that
mathematics is not modular and that what is learned in the
first part of the book will be useful in later parts of the book
and on the final examination.
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MyLab Math Resources for Success

MyLab Math is available to accompany Pearson’s market-
leading text options, including Precalculus: A Right Triangle
Approach, 5th Edition (access code required).

MyLab™ is the teaching and learning platform that empow-
ers you to reach every student. MyLab Math combines trusted
author content—including full eText and assessment with
immediate feedback—with digital tools and a flexible plat-
form to personalize the learning experience and improve
results for each student.

MyLab Math supports all learners, regardless of their
ability and background, in order to provide an equal oppor-
tunity for success. Accessible resources support learners for
a more equitable experience no matter their abilities. And
options to personalize learning and address individual gaps
help to provide each learner with the specific resources they
need in order to achieve success.

Student Resources

Motivate Your Students—Students are motivated to succeed
when they’re engaged in the learning experience and understand
the relevance and power of math.

V ( NEW!  Section Lecture Videos—Co-authors Jessica
Bernards and Wendy Fresh (Portland Community College)
have created all new Section videos, segmented and assignable
by objective, using their years of teaching experience for
online courses and flipped classrooms. Instructors can assign
a full objective or only the segment that is needed. The videos
allow students an opportunity to learn from experienced
master teachers breaking down complex topics in an easy-to-
understand manner.

learning. The Video Notebook is available as PDFs and
customizable Word files in MyLab Math. Instructors can
also use the video notebook as a guide when creating
their own lecture notes in a traditional lecture class. This
way an instructor has pre-built lecture notes ready to go,
or an easily adaptable set of lecture notes ready to be
modified for the needs of their students.

V¥V (_NEW! ) Mathematical study skills videos, created by
co-authors Jessica Bernards and Wendy Fresh, motivate
students to stick with their math course and offer practical tips
to succeed. The animated character, Polly Nomial, guides stu-
dents through topics such as How Learning Math is Different
and Having a Growth Mindset in Math that any math student
could benefit from watching. These ten study skills videos
have pre-built assignments that include assessment questions
that test students’ understanding of the content.

Have a
dedicated

math notebook.

e (_NEW! ) Personal Inventory Assessments are a
collection of online exercises designed to promote self-
reflection and metacognition in students. These 33
assessments include topics such as a Stress Management
Assessment, Diagnosing Poor Performance and Enhancing

Example: Find the Distance Between Cities

Indianapolis, Indiana, is due north of Montgomery, Alabama. Find the distance
between Indianapolis (latitude 39°44’ N) and Montgomery (latitude 32°23' N).
§=¥-6 , ¢ =30omiles

© = 24°44' - 22723’

Motivation, and Time Management Assessment.

Address Underpreparedness—Each student learns at a dif-
ferent pace. Personalized learning pinpoints the precise areas

The latitude of L
=% where each student needs practice, giving all students the support

5 iy they need—when and where they need it—to be successful.

=1 +a1)! S73%0 miles -0.128 . ..

= 1-*”[;\’)- g NEW! Integrated Review can be used in corequisite
1F - 1.35° courses, or simply to help students who enter Precalculus

=1.35-1° without a full understanding of prerequisite skills and concepts.

13503, * Integrated Review at the chapter level provides a Skills

= 0128 auduns Check assessment to pinpoint which prerequisites topics, if

any, students need to review.

. NEW!
gives students a structured place to take notes and work
the example problems as they watch the videos.
Definitions and important concepts are highlighted,
helpful tips are pointed out along the way. Jessica

Video Notebook is a note-taking guide that o gydents who require additional review proceed to a

personalized homework assignment to remediate.

* Integrated Review videos and worksheets provide
additional instruction.

Bernards and Wendy Fresh author this supplement to
make sure students are actively engaged with their

Instructors who prefer to review at the section level can assign
the Enhanced Assignments instead.

Learn more at pearson.com/mylab/math
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Personalized Homework—With Personalized Homework,
students take a quiz or test and receive a subsequent homework
assignment that is personalized based on their performance.
This way, students can focus on just the topics they have not
yet mastered.

Other student resources include the following:

e ( NEW! Interactive Figures bring mathematical concepts
to life, helping students see the concepts through directed
explorations and purposeful manipulation. For this revision,
we added many more interactive figures (in editable GeoGebra
format) to the Video & Resource Library. The instructional
videos that accompany the text now include Interactive
Figures to teach key concepts. These figures are assignable in
MyLab Math and encourage active learning, critical thinking,
and conceptual understanding.

* Solution Manual—Written by Beverly Fusfield, the
Student’s Solution Manual provides detailed worked-out
solutions to the odd-numbered end-of-section and Chapter
Review exercises as well as solutions to all the Practice
Problems, Practice Tests, and Cumulative Review problems.
Available in MyLab Math.

Instructor Resources

Your course is unique. So whether you’d like to build your
own assignments, teach multiple sections, or set prerequisites,
MyLab gives you the flexibility to easily create your course to
fit your needs.

Pre-Built Assignments are designed to maximize students’
performance. All assignments are fully editable to make your
course your own.

e ([ NEW! Enhanced Assignments—These section-level
assignments have three unique properties:

1. They help keep skills fresh with spaced practice of
previously learned concepts.

2. Learning aids are strategically turned off for some
exercises to ensure students understand how to work
the exercises independently.

3. They contain personalized prerequisite skills
exercises for gaps identified in the chapter-level Skills
Check Quiz.

e ( NEW! Learning Assignments—Section-level assign-
ments are especially helpful for online classes or flipped
classes, where some or all learning takes place indepen-
dently. These assignments include objective-level videos
and interactive figures for student exploration followed by
corresponding MyLab questions to ensure engagement and
understanding. Instructors can assign the video notebook for
students to fill out as they complete these video assignments.
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MyLab Math Question Library is correlated to the exercises in
the text, reflecting each author’s approach and learning style.
They regenerate algorithmically to give students unlimited
opportunity for practice and mastery. Below are a few exercise
types available to assign:

V ( NEW! GeoGebra Exercises are gradable graphing and
computational exercises that help students demonstrate
their understanding. They enable students to interact
directly with the graph in a manner that reflects how
students would graph on paper.

y Position the five points A, B, C,
18 D and FE,so they do not coincide
and so they all lie on the graph of
16
flz)=+v9z.
14
Correct!
: e - hd Substitute square numbers into
o 5 - the function f(z) =9z to
4 Lt @ find integer solutions for y.
-
-
” ’E. For example:
7 z=4 f(4)=6
4 ‘;) Therefore, the point (4,6)
e is on the graph of f(z).
o :
_0, Fiia 4 & g | fo | 2] fa] 18
& [ A GRS

* Setup & Solve Exercises require students to first describe
how they will set up and approach the problem. This
reinforces conceptual understanding of the process applied
in approaching the problem, promotes long-term retention
of the skill, and mirrors what students will be expected to
do on a test.

* Concept and Vocabulary—Each exercise section begins
with exercises that assess the student’s grasp of the
definitions and ideas introduced in that section. These true-
false and fill-in-the-blank exercises help to rapidly identify
gaps in comprehension and are assignable in MyLab Math
and Learning Catalytics.

Learning Catalytics—With Learning Cataltyics, you’ll
hear from every student when it matters most. You pose
a variety of questions in class (choosing from pre-loaded
questions or your own) that help students recall ideas, apply
concepts, and develop critical-thinking skills. Your students
respond using their own smartphones, tablets, or laptops.

Performance Analytics enable instructors to see and analyze
student performance across multiple courses. Based on their
current course progress, individuals’ performance is identified
above, at, or below expectations through a variety of graphs
and visualizations.

Learn more at pearson.com/mylab/math
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Now included with Performance Analytics, Early Alerts use
predictive analytics to identify struggling students—even if
their assignment scores are not a cause for concern. In both
Performance Analytics and Early Alerts, instructors can email
students individually or by group to provide feedback.

Accessibility—Pearson works continuously to ensure our
products are as accessible as possible to all students. Currently
we work toward achieving WCAG 2.0 AA for our existing prod-
ucts (2.1 AA for future products) and Section 508 standards, as
expressed in the Pearson Guidelines for Accessible Educational
Web Media (https://wps.pearsoned.com/accessibility/).

Other instructor resources include the following:

* Instructor Solution Manual—Written by Bevery Fusfield,
the Instructor’s Solutions Manual provides complete
solutions for all end-of-section exercises, including the
Critical Thinking/Discussion/Writing Projects, Practice
Problems, Chapter Review exercises, Practice Tests, and
Cumulative Review problems.

Acknowledgments
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P Basic Concepts
of Algebra

TOPICS

P.1 The Real Numbers and
Their Properties

P.2 Integer Exponents and
Scientific Notation

P.3 Polynomials

P.4 Factoring
Polynomials

*

P.5 Rational Expressions ";"

& 4

P.6 Rational Exponents
and Radicals

Many fascinating patterns in human and natural processes

can be described in the language of algebra. We investigate
events ranging from chirping crickets to the behavior of falling
objects.



Chapter P Basic Concepts of Algebra

P.1 The Real Numbers and
- Their Properties

Objectives
1 » Classify sets of real numbers.
2 » Use exponents.

Videos for 3 » Use the ordering of the real numbers.
this Section

4 » Specify sets of numbers in roster or set-builder notation.
5 » Use interval notation.

6 > Relate absolute value and distance on the real number line.
7 » Use the order of operations in arithmetic expressions.

8 » Identify and use properties of real numbers.

9 » Evaluate algebraic expressions.

£7) Cricket Chirps and Temperature

Crickets are sensitive to changes in air temperature; their chirps
speed up as the temperature gets warmer and slow down as it
gets cooler. It is possible to use the chirps of the male snowy tree
cricket (Oecanthus fultoni), common throughout the United
States, to gauge temperature. (The insect is found in every U.S.
state except Hawaii, Alaska, Montana, and Florida.) By counting
the chirps of this cricket, which lives in bushes a few feet from the
ground, you can gauge temperature. Snowy tree crickets are
more accurate than most cricket species; their chirps are slow
enough to count, and they synchronize their singing. To convert
cricket chirps to degrees Fahrenheit, count the number of chirps
in 14 seconds and then add 40 to get the temperature. To convert
cricket chirps to degrees Celsius, count the number of chirps in
25 seconds, divide by 3, and then add 4 to get the temperature.
In Example 12, we evaluate algebraic expressions to learn the
temperature from the number of cricket chirps.

 Objective 1> |  Classifying Numbers

In algebra, we use letters such as a, b, x, y, and so on, to represent numbers. A letter that is
used to represent one or more numbers is called a variable. A constant is a specific num-

ber such as 3 or % or a letter that represents a fixed (but not necessarily specified) number.

Physicists use the letter ¢ as a constant to represent the speed of light (¢ ~ 300,000,000
meters per second).



SIDE NOTE

Here is one difficulty with
attempting to divide by 0: If, for
exomple,g =a,then5 = a-0.
However,a - 0 = 0 for all
numbers a. So we would have

5 = 0; this contradiction
demonstrates that there is no

appropriate choice for %

Section P.1 The Real Numbers and Their Properties 3

We use two variables, a and b, to denote the results of the operations of addition (a + b),
subtraction (@ — b), multiplication (@ X b or a - b), and division (a ~ bor %) These

operations are called binary operations because each is performed on two numbers.

We frequently omit the multiplication sign when writing a product involving two vari-
ables (or a constant and a variable) so that a - b and ab indicate the same product. Both a
and b are called factors in the product a - b. This is a good time to recall that we never

divide by zero. For% to represent a real number, b cannot be zero.

Equality of Numbers

The equal sign, =, is used much like we use the word is in English. The equal sign means
that the number or expression on the left side is equal or equivalent to the number or
expression on the right side. We write a = b to indicate that a is not equal to b.

Classifying Sets of Numbers

The idea of a set is familiar to us. We regularly refer to “a set of baseball cards,” a “set of
CDs,” or “a set of dishes.” In mathematics, as in everyday life, a set is a collection of
objects. The objects in the set are called the elements, or members, of the set. Capital let-
ters are usually used to name a set. In the study of algebra, we are interested primarily in
sets of numbers.

In listing the elements of a set, it is customary to enclose the listed elements in braces,
{ }, and separate them with commas.

We distinguish among various sets of numbers.

The numbers we use to count with constitute the set N of natural numbers:
N ={1,234,...}.

The three dots . . . (called ellipsis) may be read as “and so on” and indicate that the pattern
continues indefinitely.

The set W of whole numbers is formed by including the number O with the natural
numbers to obtain the set: W = {0, 1, 2, 3,4, .. .}.

The set Z of integers consists of the set N of natural numbers together with their oppo-
sitesand 0: Z = {..., -4, -3,-2,-1,0,1,2,3,4,...}.

Rational Numbers
The rational numbers consist of all numbers that can be expressed as the quotient or ratio,

%, of two integers, where b = 0. The letter Q is often used to represent the set of rational

numbers.

Examples of rational numbers are l, é, ;4 and 0.07 = L Any integer a can be
2 3 17 100

expressed as the quotient of two integers by writinga = % Consequently, every integer is
also a rational number. In particular, O is a rational number because 0 = %

The rational number % can be written as a decimal by using long division. When any
integer a is divided by an integer b, b = 0, the result is always a terminating decimal

such as % = 0.5 or a nonterminating repeating decimal such as % = 0.666.. ..

We sometimes place a bar over the repeating digits in a nonterminating repeating

decimal. Thus,% — 0.666...= 056 and% — 12818181 ... = 1.281,
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Figure P.1»> Definition of =

1
Figure P.2

RECALL

An integer is a perfect square if
itis a product a - a, where a is
an integer. For example,

9 = 3 - 3is a perfect square.

Chapter P Basic Concepts of Algebra

SNUZERE Converting Decimal Rationals to a Quotient

Write the rational number 7.45 as the ratio of two integers in lowest terms.

Solution
Letx = 7.454545 ... .Then

100x = 745.4545 ... Multiply both sides by 100.

subtract x = 7.4545 ...
99x = 738 100x — x = 99x
X = % Divide both sides by 99.
= M Common factor

11x 9
82 .

x = 11 Reduce to lowest terms.

Practice Problem 1. Repeat Example 1 for2.132132132 . . .. ]

Irrational Numbers

An irrational number is a real number that cannot be written as a ratio of two integers.
This means that its decimal representation must be nonrepeating and nonterminating. We
can construct such a decimal using only the digits O and 1, such as 0.01001000100001. . . .
Because each group of zeros contains one more zero than the previous group, no group of
digits repeats. Other numbers such as 7 (“pi”’; see Figure P.1) and ~/2 (the square root of 2;
see Figure P.2) can also be expressed as decimals that neither terminate nor repeat; so they
are irrational numbers as well. We can obtain an approximation of an irrational number by
using an initial portion of its decimal representation. For example, we can write
7 &~ 3.14159 orv2 ~ 1.41421, where the symbol ~ is read “is approximately equal to.”

No familiar process, such as long division, is available for obtaining the decimal repre-
sentation of an irrational number. However, your calculator can provide a useful approxi-
mation for irrational numbers such as ~/2. (Try it!) Because a calculator displays a fixed
number of decimal places, it gives a rational approximation of an irrational number.

It is usually not easy to determine whether a specific number is irrational. One helpful
fact in this regard is that the square root of any natural number that is not a perfect square
is irrational. So ~/6 is irrational but ~/16 = ~/42 = 4 s rational.

Because rational numbers have decimal representations that either terminate or repeat,
whereas irrational numbers do not have such representations, no number is both rational
and irrational.

The rational numbers together with the irrational numbers form the set R of real numbers.

The diagram in Figure P.3 shows how various sets of numbers are related. For example,
every natural number is also a whole number, an integer, a rational number, and a real number.

Real Numbers

Rational numbers Irrational numbers

-3,-1.02.32 578 V2@, =V5,14V5
2°7°3°°5
Integers
.. —2,-1,0,1,2,...

‘Whole numbers
0,1,2,3,...

Natural numbers
1,2,3,4,5,...

Figure P.3 » Relationships among sets of real numbers
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S CNZE A Identifying Sets of Numbers

Let A — {—17, 58 293 L 55357, 18}.
3 3122

Identify all the elements of the set A that are

a. Natural numbers b. Whole numbers c. Integers
d. Rational numbers e. Irrational numbers f. Real numbers
Solution

a. Natural numbers: 7 and 18
b. Whole numbers: 0, 7, and 18

c. Integers: —17, —5, —g (or—2),0, 7, and 18

d. Rational numbers: —17, —5, —9, 2 0, i, l, 7,and 18

373 71272
e. Irrational numbers: \/E, m,and V35

f. Real numbers: All numbers in the set A are real numbers.

Practice Problem 2. Repeat Example 2 for the following set:

B = {—6, S S AN RV T 7}. -
70 203

[Objective 2 »] Integer Exponents

The area of a square with sides of five feet eachis 5 - 5 = 25 square feet.
The volume of a cube that has sides of 5 feeteachis5 - 5 - 5 = 125 cubic feet.

I
i
i 5 fit
I

5ft !
I

7 TTTTTT Y
‘ 5t
5 ft 5 ft
Area = 5-5 square feet Volume = 5-5-5 cubic feet

A shorter notation for 5 - 5 is 5% and for 5 - 5 - 5 is 53. The number 5 is called the
base for both 52 and 53. The number 2 is called the exponent in the expression 52 and indicates
that the base 5 appears as a factor twice.

a" Positive Integer Exponent

i If a is a real number and 7 is a positive integer, then

a =a-a-...-a
n factors
The number a” is called the nth power of a and is read “a to the nth power,” or “a to

the n.” The number a is called the base; n, the exponent. We adopt the convention
thata! = a.
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TECHNOLOGY CONNECTION
Type 573 for 53 on a graphing
calculator. Any expression

on a calculator enclosed in
parentheses and followed by *n
is raised to the nth power.

A common error is to forget
parentheses when computing
an expression such as (—3)2,
with the result being —32. Newer
graphing calculators, such as
the TI-84 series, provide display
options called and
[MATHPRINT]. The MATHPRINT
option displays 543 as 53 but
still requires you to type 5, then
~, then 3.

HORHAL FLOAT AUTO REAL RADIAN CL n

5~3
(-3)~2
.................................................. 2.
=372
................................................. 2.
CLASSIC| Mode
53
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 125,
(-3)°
.................................................. 2.
-32
_________________________________________________ 2
MATHPRINT| Mode
In this text we will display
screens in MATHPRINT mode.

[ Objective 3 » ]

SONZESR Evaluating Expressions That Use Exponents

Evaluate each expression.

a. 53 b. (=3)? c. —32 d. (-2)3

Solution

a. 53 =5.5.5=125

b. (=3)* = (-3)(-3) =9
c. —32=-3.3=-9

d. (-2)° = (=2)(—-2)(-2) = -8

Practice Problem 3. Evaluate the following.
1 4

(1) .
2

In Example 3, pay careful attention to the fact (from parts b and ¢) that (—3)> = —32
In (—3)?, the parentheses indicate that the exponent 2 applies to the base —3, whereas in —32,
the absence of parentheses indicates that the exponent applies only to the base 3. When 7 is
even, (—a)" = —a"fora = 0.

5 is the base, and 3 is the exponent.

(—3)? is the opposite of 3, squared.

a. 23 b. (3a)?

The Real Number Line

We associate the real numbers with points on a geometric line (imagined to be extended
indefinitely in both directions) in such a way that each real number corresponds to exactly
one point and each point corresponds to exactly one real number. The point is called the
graph of the corresponding real number, and the real number is called the coordinate of
the point. By agreement, positive numbers lie to the right of the point corresponding to 0
and negative numbers lie to the left of 0. See Figure P.4.

Notice that% and — %, 2 and —2, and 7 and —7 correspond to pairs of points exactly the
same distance from 0 but on opposite sides of 0.
it >

1 V2 2

—2.25
ol Y L1

-2 -V2 -1

2.25

[
¢

1 u
|
0

= o5
w

STE

Figure P.4»> The real number line

When coordinates have been assigned to points on a line in the manner just described,
the line is called a real number line, a coordinate line, a real line, or simply a number
line. The point corresponding to 0 is called the origin.

Inequalities

The real numbers are ordered by their size. We say that a is less than b and write ¢ < b,
provided that b = a + c¢ for some positive number c. We also write b > a, meaning the
same thing as a < b, and say that b is greater than a. On the real line, the numbers
increase from left to right. Consequently, a is to the left of b on the number line when
a < b. Similarly, a is to the right of » on the number line when a > b. We sometimes
want to indicate that at least one of two conditions is correct: Eithera < b ora = b.
In this case, we write a < b or b > a. The four symbols <, >, <, and > are called
inequality symbols.

Multiplication of 3 -3 occurs first. (—32is the opposite of 32.)



SIDE NOTE
Notice that the inequality sign
always points to the smaller
number.

2 < 7, 2is smaller.

5 > 1, lis smaller.

 Objective 4 » |
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SONILENR [dentifying Inequalities

Decide whether each of the following is true or false from their position on a number line.

a. 5>0 b. -2 < -3 c. 2<3 d 4<4

Solution
a. 5 > 0 istrue because 5 is to the right of O on the number line. See Figure P.5.
b. —2 < —3is false because —2 is to the right of —3 on the number line.

¢. 2 < 3istrue because 2 is to the left of 3 on the number line. (Recall that 2 < 3is
true if either2 < 3or2 = 3.)

d. 4 < 4istrue because 4 < 4istrueifeither4 < 4or4d = 4.

—2is right of —3 2 is left of 3 4 =4 Sisrightof 0
. . ! . ! . . . .
-3 -2 -1 0 1 2 3 4 5
Figure P.5

Practice Problem 4. Decide whether each of the following is true or false.

a. -2 <0 b. 5 <7 c. 4 > —1 |

The following properties of inequalities for real numbers are used throughout this text.
Here a, b, and c represent real numbers.

Trichotomy Property: Exactly one of the following is true:

a < b,a = b,ora > b.

Transitive Property: Ifa < bandb < ¢, thena < c.

The trichotomy property says that if two real numbers are not equal, then one is larger
than the other. The transitive property says that “less than” works like “smaller than” or
“lighter than.” Frequently, we read a > 0 as “a is positive” instead of “a is greater than 0.”
We can alsoread a < 0 as “a is negative.” [f a > 0, then eithera > 0 ora = 0, and we
may say that “a is nonnegative.”

Sets

To specify a set, we do one of the following:

1. List the elements of the set (roster method).

2. Describe the elements of the set (often using set-builder notation).

Variables are helpful in describing sets when we use set-builder notation. The notation
{x|xis a natural number less than 6} is in set-builder notation and describes the set
{1, 2, 3, 4, 5} using the roster method.

We read { x|x is a natural number less than 6} as “the set of all x such that x is a
natural number less than six.” Generally, { x|x has property P } designates the set of all x
such that (the vertical bar is read “such that”) x has property P.

It may happen that a description fails to describe any number. For example, consider
{x|]x < 2 and x > 7}. Of course, no number can be simultaneously less than 2 and
greater than 7, so this set has no members. We refer to a set with no elements as the empty
set, or null set, and use the special symbol &, or sometimes { }, to denote it.
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9
9

Figure P.6 > Picturing union
and intersection

(a)AUB

(B)ANB

[ Objective 5» ]
£ )
a b

(a,b) = {x|a<x<b}

Figure P.7 » An open interval

I Q-
N

{(x|a=x=b)}

Figure P.8 > A closed interval

a b
Open interval (a, b)
(a)

a b
Closed interval [a, b]
(b)
Figure P.9 » Endpoint inclusion
and exclusion

L
\

2
Interval (2, )

Figure P.10> An unbounded
interval

Definition of Union and Intersection

The union of two sets A and B, denoted A U B, is the set consisting of all elements that are
in A or B (or both). See Figure P.6a. The intersection of A and B, denoted A N B, is the set
consisting of all elements that are in both A and B. In other words, A N B consists of the
elements common to A and B. See Figure P.6b.

SINUZESR Forming Set Unions and Intersections
FindAN B AUB,andANC,ifA ={-2-1,0,1,2},B ={-4,-2,0,2,4},and
C = {-3,3}.
Solution
AN B = {-2,0, 2}, the set of elements common to both A and B.
AUB = {-4,-2,-1,0, 1, 2, 4}, the set of elements that are in A or B (or both).
ANC = o

Practice Problem 5. Find ANB and AUB, if A= {-3-1,0,1,3} and
B ={-4,-2 024} =
Intervals

We now turn our attention to graphing certain sets of numbers. That is, we graph each
number in a given set. We are particularly interested in sets of real numbers, called intervals,
whose graphs correspond to special sections of the number line.

Ifa < b, then the set of real numbers between a and b, but not including either a or b,
is called the open interval from a to b and is denoted by (a, b). See Figure P.7. Using
set-builder notation, we can write

(a,b) = {x]a < x < b}.

We indicate graphically that the endpoints a and b are excluded from the open interval by
drawing a left parenthesis at a and a right parenthesis at b. These parentheses enclose the
numbers between a and b.

The closed interval from a to b is the set

la, b] = {x|la < x < b}.

The closed interval includes both endpoints a and b. We replace the parentheses with
square brackets in the interval notation and on the graph. See Figure P.§8. Sometimes we
want to include only one endpoint of an interval and exclude the other. Table P.1 below
shows how this is done.

An alternative notation for indicating whether endpoints are included uses open circles
to show exclusion and closed circles to show inclusion. See Figure P.9.

If an interval extends indefinitely in one or both directions, it is called an unbounded
interval. For example, the set of all numbers to the right of 2,

{x|x > 2},

is an unbounded interval denoted by (2, co). See Figure P.10.

The symbol co (“infinity”) is not a number, but is used to indicate all numbers to the
right of 2.

The symbol —oo is another symbol that does not represent a number. The notation
(—o00, a) is used to indicate the set of all real numbers that are less than a. The notation
(—o00, 00) represents the set of all real numbers.

Table P.1 lists various types of intervals that we use in this text. In the table, when two
points a and b are given, we assume that @ < b. This is because if @ > b, then (a, b) is
the empty set.



SIDE NOTE

The symbols co and —oco are
always used with parentheses,
not square brackets. Also note
that < and > are used with
parentheses and that < and >
are used with square brackets.

[Objective 6» ]
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TABLE P.1
( . . )
Interval Notation Set Notation Graph
)
(a, D) {x]a < x < b} ) A
L 1
la, b] {xla < x < b} I !
( ]
(a, b] {xla < x < b} s T
)
la, b) {xla < x < b} I A
(
(a, 00) {x]x > a} Y
E
la, 00) {x]x > a} I
b b )
(—o0, b) {x]x < b} A
|
(—o0, b] {x[x < b} b
(—00, 00) {x|x is a real number }
& J
DCNZEX A Union and Intersection of Intervals
Consider the two intervals I, = (=3, 4)and/, = [2, 6].
Find: a. I, U I,. b. I, N 1,.
Solution Use the to ( exclude —3. %Use the | to include 6. |

a. From Figure P.11, we see that/, U I, = (—3, 6]. We note that every number in the
interval (=3, 6]is in either /, or /, or in both 7, and I,.

b. We see in Figure P.11 that/, N I, = [2, 4). Every number in the interval [2, 4)is in
both /, and /,. Notice that while 4isinI,,4isnotinI,.

Il | ( | | | | | | ) | |
-4 -3 -2 -1 0 1 2 3 4 5 6
1, | | | | | I [ | | L]
-4 -3 -2 -1 0 1 2 3 4 5 6
Figure P.11
Practice Problem 6. Let/, = (—o0, 5)and I, = [—2, c0). Find the following.
a. [, Ul, b. 1, NI, ]

Absolute Value

The absolute value of a number a, denoted by al, is the distance between the origin and the
point on the number line with coordinate a. The point with coordinate —3 is 3 units from the
origin, so we write —3| = 3 and say that the absolute value of —3 is 3. See Figure P.12.

} 3 units |
_ ! ! h !
-3 -2 —1 0 1

Figure P.12» Absolute value
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SIDE NOTE

Finding the absolute value
requires knowing whether the
number or expression inside
the absolute value bars is
positive, zero, or negative. If it is
positive or zero, you can simply
remove the absolute value
bars. If it is negative, you
remove the bars and change
the sign of the number or
expression inside the absolute
value bars.

Chapter P Basic Concepts of Algebra

Absolute Value

For any real number a, the absolute value of a, denoted | al, is defined by

lal = a ifa >0 and lal = —a ifa < 0.
Determining Absolute Value
Find the value of each of the following expressions.
a. |4] b. |—4| c. 0] d. [(=3)+1]
Solution
a. |4 =4 Because the number inside the absolute value bars is 4 and 4 > 0,

just remove the absolute value bars.

b. |—4] = —(—4) = 4 Because the number inside the absolute value bars is —4
and —4 < 0, remove the bars and change the sign.
c. 100=20 Because the number inside the absolute value bars is 0 and 0 > 0,

just remove the absolute value bars.
d. [(=3)+ 1= 2|

Because the expression inside the absolute value
barsis (—=3) + 1 = —2 and —2 < 0, remove the
bars and change the sign.

Practice Problem 7. Find the value of each of the following.

a. |—10| b. |3 — 4| c. 12(=3)+ 7] ]

WARNING

TECHNOLOGY CONNECTION

The absolute value function on
your graphing calculator will
find the value of the expression
entered and then compute its
absolute value. The first screen
is in CLASSIC mode.

HORHAL FLOAT AUTO REAL RADIAN HP n
1-31

The absolute value of a number represents a distance. Because distance can never be negative,
the absolute value of a number a is never negative. So, |al > 0. However, if a is not 0, —| al is always
negative. Thus, —5.3] = —5.3, — |-4] = —4, and —|1.18| = —1.18.

Distance Between Two Points on a Real Number Line

The absolute value is used to define the distance between two points on a number line.

Distance Formula on a Number Line

If a and b are the coordinates of two points on a number line, then the distance
between a and b, denoted by d(a, b), is |a — b|. In symbols, d(a, b) = |a — b|.

SNUZER: B Finding the Distance Between Two Points

Find the distance between —3 and 4 on the number line.

Solution

Figure P.13 shows that the distance between —3 and 4 is 7 units. The distance formula gives
the same answer.

d(=3,4)=|-3—4|=|-7 = -(-1) = T7.

3 units 4 units

~o L

I
T
|
-2 -1 0 1 2 3

Figure P.13 » Distance on the number line



|a=b|=|b—a|~
¢ ¢

a b
Figure P.14

[Objective 7 >]

SIDE NOTE

You can remember the order of
operations by the acronym
PEMDAS (Please Excuse My
Dear Aunt Sally):

Parentheses
Exponents
Multiplication
Division
Addition
Subtraction.
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Notice that reversing the order of —3 and 4 in this computation gives the same answer. That

is, the distance between 4 and —3 is |4 —(—3)| = 14 + 3] = 171 = 7.1t is always true

that |a — b| = |b — a|. See Figure P.14.

Practice Problem 8. Find the distance between —7 and 2 on the number line. [
We summarize the properties of absolute value next.

Properties of Absolute Value

If a and b are any real numbers, the following properties apply.

Property Example

1. lal = 0 |[=5l =5and 5 > 0

2. lal = |—al 131 = -3l

3. |ab| = |al|b] [13(=5)I = 1311-5

afyl =150 =0 5=

5.|la—b| =|b— 4 12 =T7|=]7 -2

6. a < lal -2 <[-2[,3 <3|

7. la + bl < lal +|b| [=2 + 5] <|-2] +15]
(the triangle inequality)

Order of Operations

When we write numbers in a meaningful combination of the basic operations of arithmetic,
the result is called an arithmetic expression. The real number that results from perform-
ing all operations in the expression is called the value of the expression. In arithmetic and
algebra, parentheses ( ) are grouping symbols used to indicate which operations are to be
performed first. Other common grouping symbols are square brackets [ 1, braces { }, frac-
tion bars — or /, and absolute value bars | |.

Evaluating (finding the value of) arithmetic expressions requires carefully applying the
following conventions for the order in which the operations are performed.

The Order of Operations

Step 1> Whenever a fraction bar is encountered, work separately above and below it.

Step 2> When parentheses or other grouping symbols are present, start inside
the innermost pair of grouping symbols and work outward.

Step 3 » Do operations involving exponents.

Step 4 » Do multiplications and divisions in the order in which they occur,
working from left to right.

Step 5» Do additions and subtractions in the order in which they occur, working
from left to right.

SVNUZERA Evaluating Arithmetic Expressions

Use order of operations to evaluate each of the following.

a. 3-25+4 b. 5—(3—1)?
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TECHNOLOGY CONNECTION Solution

The order of operations is built a 3.251+4=3.324+4

Do operations involving exponents first, 25 = 32.
into your graphing calculator.

=96+ 4 Multiplication is done next, 3 - 32 = 96.

— 100 Addition is done next, 96 + 4 = 100.

3%2+4 ) ) .. .
________________________________________________ 18] b. 5-CB-D"=5-(2) Work inside the parentheses first, 3 — 1 = 2.
3x(2+4)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 18, =5-—-4 Next, do operations involving exponents, 2> =
(4-8),2+10x%5 ) )

________________________________________________ 48 =1 Subtraction is done next, 5 — 4 = 1.

Practice Problem 9. Evaluate.

a. (=3)-5+20 b 5-12-6-2 e %—5-7

d. -3+ (x —4)forx =6 [ |

| Objective 8> |  Properties of the Real Numbers

When doing arithmetic, we intuitively use important properties of the real numbers. We
know, for example, that if we add or multiply two real numbers, the result is a real number.
This fact is known as the closure property of real numbers. For each property listed below,
a, b, and c represent real numbers.

Properties of the Real Numbers

Name Addition (A) Multiplication (M) Examples
Closure a + bis areal number a - b is areal number A: 1 + <2 is a real number.
M: 2 - 7 is areal number.
Commutative | g + b = b + a a-b=>b-a Ard4+7=T+4
M:3.-8=28-3
Associative (a+b)+c=a+b+c)|(a-b)y-c=a-(b-c) AAQ+D+7=2+ A+7)
M:(5-9)-13=5-(9-13)
Identity There is a unique real There is a unique real number 1, | A: 34+ 0 = 3and0 + 3 = 3
number 0, called the additive | called the multiplicative M:7-1=7andl-7 =7
identity, such thata + 0 = a | identity, such thata - 1 = a
and0 + a = a. andl-a = a.
Inverse There is a unique real number | Ifa = 0, there is a unique real | A: 5 + (—5) = 0 and
—a, called the opposite of a, number 1 called the reciprocal (=5 +5=0
such thata 4+ (—a) = 0 and a | M: 4 1_1 dl 41
(—a) +a = 0. of a, such thata - = = land Chry T Ayt =
a
L a=1
a
Distributive Multiplication distributes m ¢)=a-b+a-c 3-.(24+5 =3-2+3-5
over addition. (a+b)-c=a-c+b-c (245)-3=2-34+5-3

Two other useful properties of 0 involve multiplication rather than addition.

Zero-Product Properties

0O-a=0anda-0=0
Ifa-b = 0,thena =0 or b = 0.



TECHNOLOGY CONNECTION

On your graphing calculator,
the opposite of a is denoted
with a shorter horizontal
hyphen than that used to
denote subtraction. It is also
placed somewhat higher than
the subtraction symbol.

HORHMAL FLOAT AUTO REAL RADIAN MF n
-3
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Subtraction and Division of Real Numbers

You may have noticed that all of the properties discussed to this point apply to the opera-
tions of addition and multiplication. What about subtraction and division? We see next that
subtraction and division can be defined in terms of addition and multiplication.

Subtraction of the number b from the number a is defined with the use of a and —b; to
subtract b from a, add the opposite of b to a.

Subtraction

a—b =a+ (-b)

If a and b are real numbers and b = 0, division of a by b is defined with the use of a

and %; to divide a by b, multiply a by the reciprocal of b.
Division

a
a+b==-=a-

Itb = 0, 1
b b

% is undefined.

Forb = 0, % is called the quotient, “the ratio of a to b,” or the fraction with numerator

a and denominator b. Here are some useful properties involving opposites, subtraction,
and division.

Throughout, we assume that the denominator of each fraction is nonzero.

Properties of Opposites

(—Da =

—a —(-a)=a (—a)b = a(—b) = —(ab)
(—a)(=b) = ab —(a+b)=-a—b —(a—b)=b—a
—a_4a _ _4a —a _ a a(b —¢) = ab — ac
b —b b —b b

To combine real numbers by means of the division operation, we use the following proper-
ties. We write “x £ y” as shorthand for “x + y or x — y.”

Properties of Fractions

All denominators are assumed to be nonzero.

a b_axb a c_ad = be

c c c b d bd

a ¢ _ ac a.c_a/d

b d bd b d b ¢

ac _ a 42— % meansa-d =b-c
bc b b d

The property % = %, equivalently% =
c

when adding or subtracting fractions.

ac .
e’ can be used to produce a common denominator
c
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NN Adding, Subtracting, Multiplying, and Dividing Fractions

Perform the indicated operations.

2
5,3 5 2 4 15 5
R b. = - = . == d —
373 6 3 “ 373 9
25
SIDE NOTE Solution
Part a of Example 10 can also 5,3 _5:2 -3 . a _ ac
be done as follows: a 3+2_3~2+2 3 Using b bc
5,3_52+3.3 _5.243.3 1 . b _a+b
3 2 3.2 - 32 - USlng__‘_;_ c
..a ¢ ad + bc . .
directly. Part b can be done ¢
similarly. :572'221 Using_fézafb
6 6 C c C
. 3.15_4-15 Usingg-—:a'c
3 8 3-8 b d b-d
A 3.5 5 .a- a
= = — U‘ —_— -
A2 2 LT
2
9 59 b d b c
25
:2~25 Usingg-iza‘c
5-9 b d b-d
2-58.5 10 .. a-c a
= — Usin = —
5.9 9 b ¢ b
Practice Problem 10. Perform the indicated operations.
5
7,3 8 2 9 7 8
.-+ = b. - — = . == d 5% [
a3t 375 “ 1273 15
16

| Objective 9> |  Algebraic Expressions

In algebra, any number, constant, variable, or parenthetical group (or any product of them)
is called a term. A combination of terms using the ordinary operations of addition, sub-
traction, multiplication, and division (as well as exponentiation and roots, which are dis-
cussed later in this chapter) is called an algebraic expression, or simply an expression. If
we replace each variable in an expression with a specific number and get a real number, the
resulting number is called the value of the algebraic expression. Of course, this value
depends on the numbers we use to replace the variables in the expression. Here are some
examples of algebraic expressions:

-2 Loy A9 mayss
X y+3

WARNING Incorrect Correct

S5(x+1)=5%+15

) - 4o

xX—(4y+3)=x—-4y -3
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SOVIZERRER Evaluating an Algebraic Expression

Evaluate the following expressions for the given values of the variables.
a [((94+x)+7]1-3—x forx =5

b. xl—z forx = 2andy = -2
y

Solution

al(9+x)+-71-3—x=[1(9+5)+7]-3-5 Replace x with 5.
=014 +71-3-=5 Work inside the parentheses.
=2-3-5 Work inside the brackets.
=6-5 Multiply.
=1 The value of the expression

b. 1xI — 2 121 — % Replace x with 2 and y with —2.
y

=2 - = Eliminate the absolute value, [2|] = 2.
=2 (=D % —1; division occurs before subtraction.
=2+1 —(—1) =1

= The value of the expression

Practice Problem 11. Evaluate.

I
w
|

a (x—2)=3+4x forx =3 b.7—ﬁ forx = —1,y
y

7] Finding the Temperature from Cricket Chirps

Write an algebraic expression for converting cricket chirps to degrees Celsius. Assuming
that you count 48 chirps in 25 seconds, what is the Celsius temperature?

Solution

Recall from the introduction to this section that to convert cricket chirps to degrees
Celsius, you count the chirps in 25 seconds, divide by 3, and then add 4 to get the
temperature.

Temperature in Number of chirps in 25 seconds
. = + 4
degrees Celsius 3

If we let C = temperature in degrees Celsius and N = number of chirps in 25 seconds,
we get the expression

N
C =—+4.
3
Suppose we count 48 chirps in 25 seconds. The Celsius temperature is
48
C=—+14
3

16 + 4 = 20 degrees.

Practice Problem 12. Use the temperature expression in Example 12 to find the Celsius
temperature, assuming that 39 chirps are counted in 25 seconds. [
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P.1 Exercises

Concepts and Vocabulary
1. Whole numbers are formed by adding the number
to the set of natural numbers.
2. The number —3 is an integer, but it is also a(n)
anda(n)

3. If a < b, then a is to the
number line.

of b on the

4. If a real number is not a rational number, it isa(n)
number.

5. True or False. If —x is positive, then —x > 0.

6. True or False. =2 < =2 1
2 2
7. True or False. The sum of two rational numbers is a rational

number.

8. True or False. The sum of two irrational numbers is
always an irrational number.

Building Skills

In Exercises 9-16, write each of the following rational num-
bers as a decimal and state whether the decimal is repeating
or terminating.

9.1 10. 2
3 3
11. _4 12. _3
5 2
13. 2 14. 1
1 33
15. 2 16. 1
30 15

In Exercises 17-24, convert each decimal to a quotient of two
integers in lowest terms.

17. 3.75 18. —2.35
19. -5.3 20. 9.6
21. 213 22.3.23
23. 4.523 24.1.4235

In Exercises 25-32, classify each of the following numbers as
rational or irrational.

25. —207 26. —114
27. V81 28. —/25
29. 7 30. - 12
2 12
31. V12 32.V3

In Exercises 33-38, list all the elements of the set
A={-19.- % 0, ~/3, 2, V10, %, )

that are

33. natural numbers 34. whole numbers

35. integers 36. rational numbers

37. irrational numbers 38. real numbers

In Exercises 39-50, each expression contains a base with an
exponent greater than 1. Name the exponent and the base and
evaluate the expression.

39. 10 40. 5¢ 41. (%)3
4. (%)4 43, (~2)° 4. (—%)4
1 3
45.2 .34 46.5~<§) 47. —2 . 3¢
48. -3 . (-2)* 49. -3 .(-2)° 50. —5 - (=3)?

In Exercises 51-60, use inequality symbols to write the given
statements symbolically.
51. 3 is greater than —2.

52. —3 is less than —2.
53. % is greater than or equal to %

54. x is less than x + 1.

55. 5 is less than or equal to 2x.

56. x — 1 is greater than 2.

57. —x is positive.

58. x is negative.

59. 2x + 7 is less than or equal to 14.
60. 2x + 3 is not greater than 5.

In Exercises 61-64, fill in the blank with one of the symbols
=, <, or > to produce a true statement.

61. 4 24 62. -5 )
. 6 -
63. —4 0 64. —2 4k
_— —

In Exercises 65-72, find each setif A = {—4, —2,0, 2,4},
B=1{-301234}andC = {—4, -3, -2, —1,0,2}.
65. AUB 66. AN B

67. ANC 68. BUC

69. BNC)UA 70. AUC)N B
71.(AUB)NC 72.(AUB)UC

In Exercises 73-80, find the union and the intersection of the
given pairs of intervals.
73.1, = (=2,35; 1, = [, 5)

4.0, = (L7 1, = (3,5)

75,1, = (—6,2); 1, = [2,10)

76. 1, = (—oo, —=3]; I, = (=3, c0)
771, = (—00,5) I, = [2, 00)
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78. I, = (=2,00); I, = (0, 0)
79. I, = (=00,3)U[5,00) [, = [—1,7]
80. I, = (—00,2)U(6,00); [, = [-3,0]

126. x(2 + y)+ 0 = x(2 + y)
127. (x +5)+ 2y = x + (5 + 2y)
128. 3+ x)+5=x+3+5)

In Exercises 81-92, rewrite each expression without absolute In Exercises 129-150, perform the indicated operations.

value bars. 3 4 7 3
129. = + — 130. — + =
81. |4 82. —1-17) 573 ST
5 -3 6 5 9 5
83. —’ 84. ’—‘ B %y2 132. 2+ 2
-7 5 5 * 7 2 12
85. |5 — V2| 86. |[V2 — 5 B3 3.3 B34 3.2
87. |V3 — 2| 88. 13 — 7l 6 10 59
5 9 7 1
8 —8 135. = — = 136. - — —
9., — 90. —
-8l 18 8 10 8 5
91 [5— | ~7 Il 92. 114117 137. 2 - L 138. 2 - L
9 11 8 12
In Exercises 93-100, use the absolute value to express the 139 2 1 140 L
distance between the points with coordinates a and b on 502 ‘4 06
the number line. Then determine this distance by evaluating 3 8 9 14
the absolute value expression. 141. 4 27 142. 727
93. a = 3andb = 8 94. a = 2 and b = 14 ] 5
95. a = —6andb = 9 96. « = —12andb = 3 143.% 144.%
97. a = —20andb = -6 98. a = —1l4andb = —1 s C
99. a = Zandb = -2 100.a = O andp = -3 ; 3
7 7 5 5 L 2
145, S 146. 10
In Exercises 101-108, graph each of the given intervals on a = —
number line and write the inequality notation for each. 16 15
101. (-3, 1] 102. [—6, —2) 147. 5.2 _ 1 148.2.1_3
10 2 2 2
103. [—3, c0) 104. [0, c0) ) : s 3
- —00, — 149. 3 - = — = 150. 2 - = — =
105. (—o0, 5] 106. (—oo, —1] 5 3 372
107. (-2, 2] 108. (-3, 1) .
4 4 2 In Exercises 151-160, evaluate each expression for x = 3 and
y = —5.
In Exercises .109—1.12, use the distributive property to write 151. 2(x + y) — 3y 152. —2(x + y) + 5y
each expression without parentheses. 153. 3 ) 154. 7
109. 4(x + 1) 110. (=3)(2 — x) = 3l =20 < Tl
1L 5(x —y + 1) 112. 2(3x + 5 — ) 155. x*23y + xy 156. 23 _ 4y
X
In Exercises 113-116, find the additive inverse and reciprocal 157. 2d = 2x) (—=x)y 158.3(2 x) (1 — xy)
of each number. y y
. . 14 1 4 + 8
Number Additive Inverse Reciprocal — + 5 —y ' x
159. £—= 160.
113. 5 Y 4
4 2
114. -2
3 In Exercises 161-170, correct the error in each formula.
115. 0 161 X+ X — X
116. 1.7 y 3 o+ 3)
N 162. (x + 2)(x +3) = x +2x + 3

163. 5(x +3) = 5x + 3

In Exercises 117-128, name the property of real numbers that
164. (25x)(4x) = 100x

justifies the given equality. All variables represent real numbers.

17. (-=1H)+7=0 118. 5+ (=5 =0 165. x — 3y +2)=x -3y +2
119. (x+2)=1-(x+2) 120.3a =1-3a 166. 2x — (4y —5) = 2x — 4y — 5
121. 7(xy) = (7x)y 122. 3 - (6x) = (3-6)x 167. Xty _ 1+

3(2 1 x
123. (=) =1 124. 2 |- | =1

2(3) (2) 168. Y 142

125. 34+ x)+0 =3+ x X+ z Z



18 Chapter P Basic Concepts of Algebra
169. (x + D(y + 1) = xy +1
1
X 1
170. T~ =
- Xy
y
171. Let P and Q be two points on a number line with coordi-
nates a and b, respectively. Show that the point M on the
number line with coordinate < +b is the midpoint of the
line segment PQ. [Hint: Show thatd (P, M) = d(Q, M).]
172. Find 100 rational numbers between —% and %
(Hint:—i = _40 andl = ﬂ;
13 130 13 130
—40 < 31 <-30<...<0<1<...<69)
Applying the Concepts
173. Media players. Let A = the set of people who own MP3
players and B = the set of people who own DVD players.
a. Describe the set A U B.
b. Describe the set A N B.
174. Optional car features. The table below indicates whether

certain features are offered for each of three types of 2021 cars.

Android Manual Apple
Auto Transmission CarPlay
Ford Bronco yes yes yes
Honda Accord yes no yes
Audi A4 no no yes

Source: http://motortrend.com

175.

176.

177.

Use the roster method to describe each of the following sets.
a. A = cars which offer Android Auto

b. B = cars which offer manual transmission

¢. C = cars which offer Apple CarPlay

d. ANB

e. ANC

f. AUB

g AUC

Blood pressure. A group of college students had systolic
blood pressure readings that ranged from a low value of
119.5 to a high value of 134.5 inclusive. Let x represent the
value of the systolic-blood pressure readings. Use inequali-
ties to describe this range of values and graph the corre-
sponding interval on a number line.

Population projections. Population projections suggest
that by 2060, the number of people 65 years and older in
the United States will be about 95 million. In 2020, the
number of people 65 years and older in the United States
was 49 million. Let x represent the number (in millions) of
people in the United States who are 65 years and older. Use
inequalities to describe this population range from 2020

to 2060 and graph the corresponding interval on a number
line. (Source: U.S. Census Bureau)

Heart rate. For exercise to be most beneficial, the opti-
mum heart rate for a 20-year-old person is 120 beats per
minute. Use absolute value notation to write an expression
that describes the difference between the heart rate achieved

178.

& 179.

& 180.

by each of the following 20-year-old people and the ideal
exercise heart rate. Then evaluate that expression.

a. Latasha: 124 beats per minute

b. Frances: 137 beats per minute

c. Ignacio: 114 beats per minute

Streaming music and video. Normal-quality music
streaming uses 72MB per hour on average, and standard
definition video uses about 700MB per hour on average. Use
absolute value notation to write an expression that describes
the difference between this average time and the actual time
Dewayne used to stream some music and video. Then evalu-
ate that expression. (Source: https://www.androidcentral.com)
a. The music used 56MB per hour.

b. The video used 380MB per hour.

Use the formula from Example 12 for finding the tempera-
ture in degrees Celsius from the number of cricket chirps
counted in 25 seconds to find the Celsius temperature if you
count 42 chirps in 25 seconds.

Use the formula from Example 12 for finding the tempera-
ture in degrees Celsius from the number of cricket chirps
counted in 25 seconds to find number of chirps that would be
counted if the Celsius temperature is 22 degrees.

Negative calories. In Exercises 181 and 182, use the fact that
eating 100 grams of broccoli (a negative calorie food) actually
results in a net loss of 55 calories.

181.

182.

If a cheeseburger has 522.5 calories, how many grams of
broccoli would a person have to consume to have a net gain
of zero calories?

Maria ate 600 grams of broccoli and now wants to eat just
enough French fries to get a net calorie intake of zero. If a small
order of fries has 165 calories, how many orders are required?

Beyond the Basics

In Exercises 183-190, state whether each statement is true or
false. Justify your assertion.

183.

184.

185.

186.
187.

188.
189.
190.

The opposite of an irrational number is also an irrational
number.

The sum of a rational number and an irrational number is
an irrational number.

a. The product of a rational number and an irrational number
is an irrational number.

b. If your answer to part(a) is “false,” modify the statement
to make it a true statement.

The product of two irrational numbers is an irrational number.

The difference of two irrational numbers is an irrational
number.

The quotient of two irrational numbers is an irrational number.
The product of two rational numbers is a rational number.

The quotient of two rational numbers is a rational number.

In Exercises 191 and 192, use the following definition: An
integer p is even if p = 2n for some integer n; an integer ¢ is
odd if ¢ = 2k + 1, for some integer k.

191.

192.

a. Show that if an integer a is odd, then a? is also an odd integer.

b. Show that if 52 is an even integer, then b is also an even
integer.

Show that if p?2 = 242 for two integers p and ¢, then ¢ is

an even integer.


http://motortrend.com/
https://www.androidcentral.com/
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GETTING READY » for the Next Section

REVIEW CONCEPTS GR3. a. (a2)° b. (a*)>
Variables (Section P.1, page 2) ¢ (am)"
Properties of opposites (Section P.1, page 13) GR4. a. (ab)? b. (ab)*
REVIEW SKILLS ¢ (ab)"
Integer exponents (Section P.1, page 5) Arithmetic of fractions (Section P.1, pages 13 and 14)
In Exercises GR1-GR4, use the rules of exponents to simplify In Exercises GR5-GRS, perform the indicated operation.
each expression. Here @, b, m, and n are natural numbers. GRS. 7.3 GR6. 3 2
GRI1. a. a? - a? b. a* - a’ 32 6 3
N ‘;3% b7 GR7-%~% GRS.%+%
GR2. a. — b. —
% b3
bm
c. —
bn

P2 Integer Exponents and
- Scientific Notation

Objectives
1 » Use integer exponents.
2 » Use the rules of exponents.

_E] [=] 3 » Simplify exponential expressions.

Videos for
this Section 4 » Use scientific notation.

£# Coffee and Candy Consumption in America

In 2020, Americans drank about 146 billion s &
cups of coffee and spent more than $21 billion |
on candy and snacks. The American popula-
tion at that time was about 328 million. Because
our day-to-day activities bring us into contact
with more manageable quantities, most
people find large numbers like those just cited
a bit difficult to understand. Using exponents,
the method of scientific notation allows us to
write large and small quantities in a manner
that makes comparing such quantities fairly
easy. In turn, these comparisons help us get a
better perspective on these quantities. In
Example 9 of this section, without relying on
a calculator, we see that if we distribute the
cost of the candy and snacks used in 2020
evenly among all individuals in the United
States, each person will spend over $64. Dis-
tributing the coffee used in 2020 evenly
among all individuals in the United States
gives each person about 445 cups of coffee.
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| Objective 1> |  Integer Exponents
In Section P.1, we introduced the following notation:
If a is a real number and 7 is a positive integer, then
a = a-a-... a.
Nl
n factors
We now define a” when the exponent is O or a negative integer.
SIDE NOTE
The laws of exponents suggest Zero and Negative Integer Exponents

why, fora = 0, a® = 1.

20 — 2I-1 — 9.

For any nonzero number a and any positive integer n,

1 =

=2 a® = landa— = .

9
5. 1
2 2 a”

m Negative exponents indicate the reciprocal of a number. Zero cannot be used as a base with a
negative exponent because zero does not have a reciprocal. Furthermore, 0° is not defined.
We assume throughout this text that the base is not equal to zero if any of the exponents are

negative or zero.

DONZER A Evaluating Expressions That Use Zero or Negative Exponents

Evaluate.
a. (=57 b. —5°2 c. 8°
Solution
_ 1 1 .
a. (=57 = =— Th t —2 applies to the base —5.
(=5) 52 23 € exponen applies to the base
b. —572 = —5—12 = _ZLS The exponent —2 applies to the base 5.
c. 80 =1 By definition
(Z)’SZL:LZZ (2)3:222:&
3 (@)3 8 8 3 333 27
3 27
Practice Problem 1. Evaluate.
4 0 3 -2
a. 27! b. (—) c. (—)
5 2

In Example 1, we see that parts a and b give different results. In part a, the base is —5
and the exponent is —2, whereas in part b, we evaluate the opposite of the expression with

base 5 and exponent —2.

| Objective 2> |  Rules of Exponents

We now review the rules of exponents.
Let’s see what happens when we multiply a° by a3. We have

a’d

.a3:(a.a.a.a.a).(a.a.a):a.a.a.a.a.a.a.a

5 factors 3 factors 5+ 3 =8 factors



RECALL

When using the product rule,
remember that a must be
nonzero if the exponent is zero
or negative.

SIDE NOTE

Remember that ifa = 0, then
a’ = 1; soitis okay for a
denominator to contain a
nonzero base with a zero
exponent. For example,

33
= =2=3
501
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Similarly, if you multiply m factors of a by n factors of a, you get m + n factors of a.

Product Rule of Exponents
If a is a real number and m and n are integers, then
am™ - q" = am+n‘

To multiply exponential expressions with the same base, keep the base and add
exponents.

S CYZE A Using the Product Rule of Exponents

Simplify. Use the product rule and (if necessary) the definition of a negative exponent or
reciprocal to write each answer without negative exponents.

a. 2x3 - x3 b. x7 - x77 c. (—4y2)(3y7)
Solution
a. 2x3 - x° = 2x35 = 248 Add exponents: 3 + 5 = 8.
b. x7 - x77 = x7TtCD = x0 =1 Add exponents: 7 + (=7) = 0; simplify.
c. (—4y?)(3y7) = (—4)3y%y”  Group the factors with variable bases.
= —12y2+7 Add exponents.
= —12y° 24+7=9

Practice Problem 2. Simplify. Write each answer without using negative exponents.

a. x2 - 3x’ b. (22 x3)(4 x3) ]

Look what happens when we divide a’ by a?. We have

a’ a~a~a-a-a:;{-;{-/.a~a:
a’ a-a-a d-d-d 1

So= =a’ -— = a’ a3 = a3 = a’. You subtract exponents because the three

factors in the denominator eliminate three of the factors in the numerator.

Quotient Rule for Exponents

If a is a nonzero real number and m and n are integers, then
a m
a n

— gm—n
= da .

To divide two exponential expressions with the same base, keep the base and subtract
exponents.

SONULESR Using the Quotient Rule of Exponents

Simplify. Use the quotient rule to write each answer without negative exponents.

510 2-1 x—3

a. — .
510 23 xS
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Solution

a ﬁf510710f50f1

*o§0 -
2-1 1 1

b. =— =213 =24 = — = —
23 24 16
x5 s 1

C. F = X = X = F

Practice Problem 3. Simplify. Write each answer without negative exponents.
. 3 b 5 . 2
30 T 52 T 3xt

To introduce the next rule of exponents, we consider (23 ).

(23)* =23.23.23.23 4* =ag-a-a-a herea = 23
=(2-2-2)(2-2-2)(2-2-2)(2-2-2) 12 factors of 2
— 12

So(23)* = 234 = 212,
This suggests the following rule.

Power-of-a-Power Rule for Exponents
If a is a real number and m and n are integers, then
(am )" = g™,

To find the power of a power, keep the base and multiply exponents.

SINULER R Using the Power-of-a-Power Rule of Exponents

Simplify. Write each answer without negative exponents.

a. (52)° b. [(—3)%] e (x3)! d. (x2)7°

Solution

a. (52)° =520 = 50 — ]

b. [(—=3)2]® = (=3)%% = (=3)®* = 729  For (—3)°, the base is —3.
—1 _ 51

C.(x3) :x3(1):x3_x_3

d. (x2)7 = xC263 = x6

Practice Problem 4. Simplify. Write each answer without negative exponents.

a. (7-5)° b. (79)7° c. (x 1)t d. (x2)° "
We now consider the power of a product.

(2:3)° =(2-3)(2-3)(2-3)(2-3)(2:3) a’=a-a-a-a-a; herea=2-3.
=(2-2-2-2-2)(3-3-3-3-3) Use associative and commutative properties.
=25.35

So(2-3)° = 25.35
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This suggests the following rule.

Power-of-a-Product Rule
If a and b are real numbers and 7 is an integer, then

(a-b)'" = a" - b".

SNUZEER Using the Power-of-a-Product Rule

Simplify. Use the power-of-a-product rule to write each expression without negative
exponents.

a. (3x)2 b. (—3x)2 c. (=32 d. (xy)™* e. (x2y)°
Solution

a. (3x)? = 32x2 = 9x2  Note that (3x)? = 3x?2

b. (=3x)% = ! ! L Negative exponents denote reciprocals.

T (302 (-3)%x%  9x2
¢ (=32)'=(-1-32)" = (=1)*(32)* = (~=1)(3%) = —729

_ 1 1
d. 4 = =
(xy) (xy)? xiy4

e. (x2y)° = (x2)%y3 = x23y3 = x6y3 Recall that (x2)° = x2°3.

Negative exponents denote reciprocals.

Practice Problem 5. Simplify. Write each answer without negative exponents.

a. (%x)il b. (5x7')° ¢ (xy?)° d. (x72y)7° "

5
To see the last rule, we consider (%) . We have

(é)szé.é.i.é.é
2

More generally, we have the following rules.

Power-of-Quotient Rules

If a and b are nonzero real numbers and n is an integer, then

) =5 G -G -5

SINULEX- R Using the Power-of-Quotient Rules

Simplify. Use the power-of-quotient rules to write each answer without negative exponents.

(3 e 3
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Solution
(3)3 3327
a =] === —=—
5 53 125

Equation (2)
2\7? 3\2 32

b. (—) pr— (— = — =
3 2) 22

Practice Problem 6. Simplify. Write each answer without negative exponents.

o (3 (3

9
4

= Equation (3) followed by equation (2)

WARNING

[Objective 3» ]

SIDE NOTE

There are many correct

ways to simplify exponential
expressions. The order in which
you apply the rules for
exponents is a matter of
personal preference.

Incorrect

Correct
(3x)% = 32x2 = 9x2
(xz)S — x25 = xlo
3 345 — 48

x3x3 = x

Simplifying Exponential Expressions

Rules for Simplifying Exponential Expressions

An exponential expression is considered simplified when

(i) each base appears only once,
(i) each exponent is a positive number, and
(iii) no power is raised to a power.

DONZRW A Simplifying Exponential Expressions

Simplify the following.
a. (—4x?y?)(7x%y)

Solution

a. (—4x%y3)(TIx3y) = (—4)(T)x2x3y3y
= —28x2t3y3l

b.

x5 ]_3
2y~3

Group factors with the same base.
Apply the product rule to add exponents

remember that y = yl.

= —28x7y*

b. [ x5 ] _ )
2y~3 (2y=3)~°

x3(=3

x5

x—lS
2—3y9

x— 1551523
x1523273y9

23
x15y9
8

x15y9

2-3y=3-3)

The exponent —3 is applied to both the numerator

and the denominator.

Multiply exponents in the numerator; apply the
exponent —3 to each factor in the denominator.

Power rule for exponents; 5(—3) = —15.

(=3)(=3)=9

Multiply numerator and denominator by x'323,

xBxld = x0 =1;2323 =20 =1

23 =8

s
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TECHNOLOGY CONNECTION

To write numbers in scientific
notation on a graphing
calculator, you first must
change the mode to scientific.
Then on most graphing
calculators, you will see the
number displayed as a decimal
number, followed by the letter
E, followed by the exponent for
10. So 421,000 is shown as
4.21ES5 and 0.0018 is shown

as 1.8E-3. Some calculators
omit the E.

421000

0.0018
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Practice Problem 7. Simplify each expression.
2(_ )3

b, L)
(xy?)

Scientific Notation

a. (2x4)7?

Scientific measurements and calculations often involve very large or very small positive
numbers. For example, 1 gram of oxygen contains approximately

37,600,000,000,000,000,000,000 atoms
and the mass of one oxygen atom is approximately
0.0000000000000000000000266 gram.

Such numbers contain so many zeros that they are awkward to work with in calculations.
Fortunately, scientific notation provides a better way to write and work with such large and
small numbers.

Scientific notation consists of the product of a number less than 10, and greater than or
equal to 1, and an integer power of 10. That is, scientific notation of a number has the form

c x 107,

where c is a real number in decimal notation with 1 < ¢ < 10 and #n is an integer.

Converting a Decimal Number to Scientific Notation

1. Count the number, n, of places the decimal point in the given number must be
moved to obtain a number ¢ with1 < ¢ < 10.

2. If the decimal point is moved n places to the left, the scientific notationisc x 10"
If the decimal point is moved n places to the right, the scientific notation is
cx 107",

3. If the decimal point does not need to be moved, the scientific notation is ¢ x 10°.

SONULER: B Converting a Decimal Number to Scientific Notation

Write each decimal number in scientific notation.

a. 421,000 b. 10 c. 3.621 d. 0.000561

Solution

a. Because 421,000 = 421000.0, count five spaces to move the decimal point between
the 4 and the 2 and produce the number 4.21.

421,000 = 421000.
K_/
5 places

Because the decimal point is moved five places to the left, the exponent is positive and
we write

421,000 = 4.21 x 103,

b. The decimal point for 10 is to the right of the units digit. Count one place to move the

decimal point between the 1 and the 0 and produce the number 1.0.
10=10.0
J
1 places

Because the decimal point is moved one place to the left, the exponent is positive and
we write

10 = 1.0 x 10"
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SIDE NOTE

Note that in scientific notation,
“small” numbers (positive
numbers less than 1) have

negative exponents and “large”

numbers (numbers greater
than 10) have positive
exponents.

¢. The number 3.621 is already between 1 and 10, so the decimal does not need to be
moved. We write

3.621 = 3.621 x 10°.

d. The decimal point in 0.000561 must be moved between the 5 and the 6 to produce the
number 5.61. We count four places as follows:

0.000561.
\_j
4 places

Because the decimal point is moved four places to the right, the exponent is negative
and we write

0.000561 = 5.61 x 10~

Practice Problem 8. Write 732,000 in scientific notation. (]

7 B2NLELA Distributing Coffee and Candy in America

At the beginning of this section, we mentioned that in 2020, Americans drank about
146 billion cups of coffee and spent more than $21 billion on candy and snacks. To see
how these products would be evenly distributed among the population, we first convert
those numbers to scientific notation.

146 billion is 146,000,000,000 = 1.46 x 10!
21 billion is 21,000,000,000 = 2.1 x 1010,

The U.S. population in 2020 was about 328 million, and 328 million is
328,000,000 =3.28 x 108

To distribute the coffee evenly among the population, we divide:
1.46 x 10" 1.46 y 101" 146

= = — x 10'"-8% ~ 0.445 x 103 = 445 cups per person.
3.28 x 108 3.28 10% 328

To distribute the cost of the candy evenly among the population, we divide:

10 10
21100 2.10 100 _ 210 505 ~ .64 x 102 = 64,
328 % 105 328 105 328

or about $64 per person.
Practice Problem 9. If the amount spent on candy and snacks consumption remains

unchanged when the U.S. population reaches 350 million, what is the cost per person when
cost is distributed evenly throughout the population? [

Main Facts about Exponents

1
a" =a-a...afora=0, a° =1 and a" = —
n factors a
. a™
Product Rule: a™ - a" = a™*" Quotient Rule: — =a""
a

Power-of-a-Power Rule: (a™)" = a™ Power-of-a-Product Rule: (ab)" = a™b™

Power-of-Quotient Rules:(g) = ﬂ; (g)_ = (é) = E, b=+0
b b" b a a”



P.2

Exercises

Concepts and Vocabulary

1
2

3.

5. True or False. (—11)"°

The number 4%2 simplifies to the positive integer

. In the expression 72, the number —2 is called the

. In the expression —37, the base is

. The power-of-a-product rule allows us to rewrite (5a )3 as

= —110,

6. True or False. The exponential expression ( x? )* is consid-
ered simplified.

7. True or False. (ab)" = a"b"
8. True or False. (a + b)" = a" + b"

Building Skills

In Exercises 9-46, evaluate each expression.

9.

11.

13.
15.
17.
19.

21

27.

29.
31.

33.

35.

37.

39.

41.

43.

45.

3—2

—4
2)
70
—(=7)°
(23)°
(32)7?

L(572)?
23,

25.

(470) - (4%)
(v3)" + 100

—

10

12.

14.
16.
18.
20.

22.
24.

26.

28.

30.
32.

34.

36.

38.

40.

42.

4.

46.

. 273

(—8)°
(\/E)O
(32)°
(7"
(5-1)°
(7°2) - (7%)
(V5)" -9

52 4 (1)2

—_— —
|

— N|WwW W=

A

wl|s

—=
5

In Exercises 47-86, simplify each expression. Write your
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answers without negative exponents. Whenever an exponent is
negative or zero, assume that the base is not zero.

47. x4y0

49. x~ly

51. x~ly=2
53, (x3)*
55. (x~11)7?
57. —3()cy)5
59. 4(xy—')?
61.3(x"'y)”’

63.
(
65. (2i)q

67. (_3;‘ y)s
(

69.

71.

73.

75, =

77 = (x2) x4

79. (—xy?)* (=2x2 y2)~*
81. (4x3y22)* (x3y2z)”"

S5a—2bc?
a*b—3c?

—3.-2\73
8- [gyjﬁ]

83.

48. x~1y0

50. x2y—2

52, x3y2

54, (x—5)°

56. (x~*) "2
58. —8(xy)°
60. 6(x'y)*
62. —5(xy~1)°
2

64
(x3)*

66. (22
X

4

—_

68.

—2xy? ]3

—4
70. (*Sy)

72.

74.

76.

78. (8a%b) " (27“)12

(2xyz)?
(x3y)* (x2)™!
(—=3)%a’(be)?
(=2)%a?b3c*
xy~2z-! -1
x*SyZ*"]

82.

84.

86.

In Exercises 87-94, write each number in scientific notation.

87. 125

89. 850,000
91. 0.007

93. 0.00000275

88. 247

90. 205,000
92. 0.0019
94. 0.0000038
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Applying the Concepts

Uniform Scaling. In Exercises 95 and 96, use the fact that
when you uniformly stretch or shrink a three-dimensional
object in every direction by a factor of a, the volume of the
resulting figure is scaled by a factor of a3. For example, when
you uniformly scale (stretch or shrink) a three-dimensional
object by a factor of 2, the volume of the resulting figure is
scaled by a factor of 23, or 8.

9s.

96.

97.

98.

99.

100.

A display in the shape of a baseball bat has a volume of
135 cubic feet. Find the volume of the display that results
by uniformly scaling the figure by a factor of 2.

A display in the shape of a football has a volume of 675
cubic inches. Find the volume of the display that results by

uniformly scaling the figure by a factor of %

The area A of a square with side of length x is given by

A = x?. Use this relationship to

a. verify that doubling the length of the side of a square
floor increases the area of the floor by a factor of 22.

b. verify that tripling the length of the side of a square floor
increases the area of the floor by a factor of 32.

The area A of a circle with diameter d is given by
2
A = 71'(%) . Use this relationship to

a. verify that doubling the length of the diameter of a
circular skating rink increases the area of the rink by a
factor of 22.

b. verify that tripling the length of the diameter of a circular
skating rink increases the area of the rink by a factor
of 32.

Weight-bearing supports. The cross section of one

type of weight-bearing rod (the surface you would get if

you sliced the rod perpendicular to its axis) used in the

Olympics is a square, as shown in the accompanying figure.

The rod can handle a stress of 25,000 pounds per square

inch (psi). The relationship between the stress S the rod

can handle, the load F the rod can carry, and the width w

of the cross section is given by the equation Sw? = F.

Assuming that w = 0.25 inch, find the load the rod can

support.

fe—w —

— = —]

Weight-bearing supports. The cross section of one

type of weight-bearing rod (the surface you would get if
you sliced the rod perpendicular to its axis) used in the
Olympics is a circle, as shown in the figure. The rod can
handle a stress of 10,000 pounds per square inch (psi). The
relationship between the stress S the rod can handle, the
load F the rod can carry, and the diameter d of the cross
section is given by the equation S7(d/2)* = F. Assuming
that d = 1.5 inches, find the load the rod can support. Use
m & 3.14 in your calculation.

&7 101.

&7 102.

103.
104.

105.

O

Pet expenditures. Assume that pet industry expenditures
in the United States is approximately 99 billion dollars and the
U.S. population is 330 million. If this expense is distributed
evenly across the population, what is the cost per person?
Sporting event costs. Assume that Americans spend

$56 billion dollars on attending sporting events and the U.S.
population is 330 million. If this expense is distributed evenly
across the population, what is the cost per person?

Unit conversion. A year has 365.25 days. Write the number
of seconds in one year in scientific notation.

Unit conversion. Repeat Exercise 103 for a leap year
(366 days).

Celestial bodies. Complete the following table.

Celestial Equatorial

Body Diameter (km) Scientific Notation
Earth 12,700

Moon 3.48 x 103 (km)
Sun 1,390,000

Jupiter 1.34 x 10° (km)
Mercury 4800

Scientific notation. In Exercises 106-112, express the number
in each statement in scientific notation.

106.

107.

108.

109.

110.

111.

112.

One gram of oxygen contains about
37,600,000,000,000,000,000,000 atoms.

One gram of hydrogen contains about
602,000,000,000,000,000,000 atoms.
One oxygen atom weighs about
0.0000000000000000000266 kilogram.
One hydrogen atom weighs about
0.00000000000000000000167 kilogram.
The distance from Earth to the moon is about

380,000,000 meters.

The mass of Earth is about

5,980,000,000,000,000,000,000,000 kilograms.

The mass of the sun is about

2,000,000,000,000,000,000,000,000,000,000 kilograms.

Beyond the Basics

113.

115.

If 2 = 32, find 114. If 3+ = 81, find

a. 2++2, a. 3¢t

b. 2+ b. 32

If 5 = 11, find 116. If a* = b, find

a. 5+l b. 52, a. a*t?, b. a*!.
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. o 32-n . 92n—2 . e 2 x(y=2) . 2y \*?
117. Simplify: BT 119. Simplify: oo T (2_") .

3 e 2m+1 . 32m7n . 5m+n+2 . 6n R 1 1 1
118. Simplify: o 10" 157 . 120. Simplify: (a_)xy ) (ﬁ)yz ) (a_z)xz.

a” at a*
[Hint: 6 = 2-3,10 = 2-5,15=3-5]
GETTING READY » for the Next Section
REVIEW CONCEPTS GR2. Simplify:
. . - a. 2x2 + 5x2. b. 3x2 — 4x2.

Definition of subtraction (Section P.1, page 13)

. . . c 3x3 — 5x3 + 11x3.
Properties of opposites (Section P.1, page 13)

Associative, commutative, and distributive properties

Rules for exponents (Section P.2, page 26) (Section P.1 12)
ection P.1, page

REVIEW SKILLS GR3. x(2x + 5) GR4. 2x(7 — 3x)
Integer exponents (Section P.1, page 5) GR5. —5x(x2 + 1)
GR1. Simf;“ﬁ’: GR6. True or False. (6x + 4)(x +9) = (x + 9)(6x + 4)
a, x2 . x3 2 3 — 8yS
b. (2x)(—5x2) GR?7. True or False. 5x% + 3x3 = 8x
¢ (2y2)(3y3)(4y5%) GRS. Use the distributive property to simplify:

2x2(5x3 — 3x + 4).

P.3 Polynomials

Objectives

1 » Learn polynomial vocabulary.
2 » Add and subtract polynomials.
3 » Multiply polynomials.

Videos for 4 » Use special-product formulas.
this Section

£7) Galileo and Free-Falling Objects

At one time, it was widely believed that heavy
objects should fall faster than lighter objects,
or, more exactly, that the speed of falling
objects ought to be proportional to their
weights. So if one object is four times as heavy
as another, the heavier object should fall four
times as fast as the lighter one. Legend has it
that Galileo Galilei (1564-1642) disproved
this theory by dropping two balls of equal size,
one made of lead and the other of balsa
wood, from the top of Italy’s Leaning Tower of
Pisa. Both balls are said to have reached the
ground at the same instant after they were
released simultaneously from the top of the
tower. Leaning Tower of Pisa
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[ Objective 1 » ]

In fact, such experiments “work” properly only in a vacuum, where objects of different mass do
fall at the same rate. In the absence of a vacuum, air resistance may greatly affect the rate at which
different objects fall. Whether Galileo’s experiment was actually performed is unknown, but astro-
naut David R. Scott successfully performed a version of Galileo’s experiment (using a feather and a
hammer) on the surface of the moon on August 2, 1971. It turns out that on Earth (ignoring air
resistance), regardless of the weight of the object we hold at rest and then drop, the expression 16¢2
gives the distance in feet the object falls in 7 seconds. If we throw the object down with an initial
velocity of v, feet per second, the distance the object travels in 7 seconds is given by the expression

1612 4 v, t.

In Example 1, we evaluate such expressions.

Polynomial Vocabulary

The height (in feet) of a golf ball above a driving range ¢ seconds after being driven from
the tee (at 70 feet per second) is given by the polynomial 707 — 2. After two seconds
(t = 2), the ball is 70(2) — (2)> = 136 feet above the ground. Polynomials such as
70t — t? appear frequently in applications.

We begin by reviewing the basic vocabulary of polynomials. A monomial is the simplest
polynomial; it contains one term. In the variable x it has the form ax*, where a is a constant and
k is either a positive integer or zero. The constant « is called the coefficient of the monomial.
Fora = 0, the integer & is called the degree of the monomial. Ifa = 0, the monomial is 0 and
has no degree. Any variable may be used in place of x to form a monomial in that variable.

The following are examples of monomials.

2x5 The coefficient is 2, and the degree is 5.

—3x2 The coefficient is —3, and the degree is 2.

—7 —7 = =7(1) = =7x°. The coefficient is —7, and the degree is 0.
8x The coefficient is 8, and the degree is 1(x = x!).

x!2 The coefficientis 1 (x!2 = 1 - x!2), and the degree is 12.

—x* The coefficientis —1(—x* = (—1) - x*), and the degree is 4.

The expression 5x 3 is not a monomial because the exponent on x is negative.

Two monomials in the same variable with the same degree can be combined into
one monomial using the distributive property. For example, —3x° and 9x° can be
added: —3x> + 9x° = (=3 + 9)x> = 6x°. Or —3x> and 9x° can be subtracted:
—3x% — 9x° = (=3 — 9)x> = —12x°. Monomials in the same variable with the same
degree are called like terms.

Polynomials in One Variable

A polynomial in x is any sum of monomials in x. By combining like terms, we can
write any polynomial in the form

n n—1 2
a,x" + a, |x + -+ axt + ax + ay,

where n is either a positive integer or zero and a,, a,_,, ... a,, a, are constants,
called the coefficients of the polynomial. If a,, = 0, then n, the largest exponent on x,
is called the degree and a,, is called the leading coefficient of the polynomial. The
monomials a,x", a, x"', ... ,a,x?, a,;x, and a, are the terms of the polynomial.
The monomial a,x" is the leading term of the polynomial, and a, is the constant term.

The symbols a, a,, a,, ... a,inthe general notation for a polynomial
a,x" 4+ a, x"'+ -+ a,x* + ax + a,
are just constants; the numbers to the lower right of a are called subscripts. The notation a,
isread “a sub 2”, a, isread “a sub 17, and a, is read “a sub 0”. This type of notation is used

when a large or indefinite number of constants are required. The terms of the polynomial
5x2 + 3x + lare 5x2, 3x, and 1; the coefficients are 5, 3, and 1; and its degree is 2.
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Note that the terms in the general form for a polynomial are connected by the addition
symbol 4. How do we handle 5x2 — 3x + 1? Because subtraction is defined in terms of
addition, we rewrite

5x2 —3x +1 =5x2 4+ (-3)x +1

and see that the terms of 5x2 — 3x + lare 5x2, —3x, and 1 and that the coefficients are 5, —3,
and 1. (The degree is 2.) Once we recognize this fact, we no longer rewrite the polynomial with
the + sign separating terms; we just remember that the “sign” is part of both the term and the
coefficient. Polynomials and their properties will be discussed in more detail in Chapter 3.

Polynomials can be classified according to the number of terms they have. Polynomials
with one term are called monomials, polynomials with two unlike terms are called bino-
mials, and polynomials with three unlike terms are called trinomials. Polynomials with
more than three unlike terms do not have special names.

By agreement, the only polynomial that has no degree is the zero polynomial, which
results when all of the coefficients are 0. It is easiest to find the degree of a polynomial
when it is written in descending order—that is, when the exponents decrease from left to
right. In this case, the degree is the exponent of the leftmost term. A polynomial written in
descending order is said to be in standard form.

&7 RRLVIZER R Examining Free-Falling Objects

In our introductory discussion about Galileo and free-falling objects, we mentioned two
well-known polynomials.
1. 16¢2 gives the distance in feet a free-falling object falls in  seconds.

2. With v, = 10, the expression 16¢> + 10¢ gives the distance an object falls in # sec-
onds when it is thrown down with an initial velocity of 10 feet per second. Use these
polynomials to
a. Find how far a wallet dropped from the 86th-floor observatory of the Empire

State Building will fall in 5 seconds.
b. Find how far a quarter thrown down with an initial velocity of 10 feet per second
from a hot air balloon will travel after 5 seconds.

Solution

a. The value of 16¢2 fort = 5is16(5)> = 400. The wallet falls 400 feet.

b. The value of 16¢2 + 10¢ fort = 5is16(5)> + 10(5) = 450. The quarter travels
450 feet on its downward path after five seconds.

Practice Problem 1. If 1672 4 157 gives the distance an object falls in ¢ seconds when
it is thrown down at an initial velocity of 15 feet per second, find how far a quarter thrown
down with an initial velocity of 15 feet per second from a hot air balloon has traveled after
7 seconds. ]

Adding and Subtracting Polynomials

Like monomials, polynomials are added and subtracted by combining like terms. By con-
vention, we write polynomials in standard form.

SINUZES A Adding Polynomials

Find the sum of the polynomials

—4x3 + 5x2 +Tx — 2 and 6x3 — 2x2 — 8x — 5.
Horizontal Method: Group like terms and then combine them.

(—4x3 +5x2 +Tx —2) + (6x3 —2x2 —8x — 5)
= (—4x3 + 6x3) + (5x% — 2x%) + (Tx — 8x) + (=2 — 5)  Group like terms.

= 2x3 +3x2 —x -7 Combine like terms.



