




Precalculus

J. S. Ratti
University of South Florida

Marcus McWaters
University of South Florida

Lesław A. Skrzypek
University of South Florida

Jessica Bernards
Portland Community College

Wendy Fresh
Portland Community College

A Unit Circle Approach

FOURTH EDITION



Content Development: Eric Gregg, Kristina Evans

Content Management: Brian Fisher, Jonathan Krebs, Jeff Weidenaar

Content Production: Tamela Ambush, Nicholas Sweeny

Product Management: Jessica Darczuk 

Product Marketing: Stacey Sveum, Jessica Szewczyk, Siby Sabu

Rights and Permissions: Anjali Singh 

Please contact https://support.pearson.com/getsupport/s/ with any queries on this content

Cover Image: Angelo Cavalli/Stone/Getty Images; Gashgeron/Shutterstock;\KRIACHKO 

OLEKSII/Shutterstock; Vladimirkarp/Shutterstock  

Screenshot from Texas Instrument website or an Image of TI calculator is a trademark of  

Texas Instruments

Microsoft and/or its respective suppliers make no representations about the suitability of the 

information contained in the documents and related graphics published as part of the services for 

any purpose. All such documents and related graphics are provided “as is” without warranty of 

any kind. Microsoft and/or its respective suppliers hereby disclaim all warranties and condi-

tions with regard to this information, including all warranties and conditions of merchantability, 

whether express, implied or statutory, fitness for a particular purpose, title and non-infringement. 

In no event shall Microsoft and/or its respective suppliers be liable for any special, indirect or 

consequential damages or any damages whatsoever resulting from loss of use, data or profits, 

whether in an action of contract, negligence or other tortious action, arising out of or in connec-

tion with the use or performance of information available from the services.

The documents and related graphics contained herein could include technical inaccuracies or 

typographical errors. Changes are periodically added to the information herein. Microsoft and/

or its respective suppliers may make improvements and/or changes in the product(s) and/or the 

program(s) described herein at any time. Partial screen shots may be viewed in full within the 

software version specified.

Microsoft® and Windows® are registered trademarks of the Microsoft Corporation in the U.S.A. 

and other countries. This book is not sponsored or endorsed by or affiliated with the Microsoft 

Corporation.

Copyright © 2023, 2018, 2014 by Pearson Education, Inc. or its affiliates, 221 River Street, 

Hoboken, NJ 07030. All Rights Reserved. Manufactured in the United States of America. This 

publication is protected by copyright, and permission should be obtained from the publisher 

prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or 

by any means, electronic, mechanical, photocopying, recording, or otherwise. For information 

regarding permissions, request forms, and the appropriate contacts within the Pearson Education 

Global Rights and Permissions department, please visit www.pearsoned.com/permissions/.

Acknowledgments of third-party content appear on page C-1, which constitutes an extension of 

this copyright page.

PEARSON and MYLAB are exclusive trademarks owned by Pearson Education, Inc. or its affili-

ates in the U.S. and/or other countries.

Unless otherwise indicated herein, any third-party trademarks, logos, or icons that may appear in 

this work are the property of their respective owners, and any references to third-party trade-

marks, logos, icons, or other trade dress are for demonstrative or descriptive purposes only. Such 

references are not intended to imply any sponsorship, endorsement, authorization, or promotion 

of Pearson’s products by the owners of such marks, or any relationship between the owner and 

Pearson Education, Inc., or its affiliates, authors, licensees, or distributors.

Library of Congress Cataloging-in-Publication Data

Library of Congress Control Number: 2022937909

Rental

ISBN-10: 0-13-755254-8

ISBN-13: 978-0-13-755254-2

ScoutAutomatedPrintCode

https://support.pearson.com/getsupport/s/
http://www.pearsoned.com/permissions/


iii

Foreword

We’re pleased to present the fourth edition of Precalculus: A Unit Circle Approach. Our experience 

in teaching this material has been exceptionally rewarding. Because students are accustomed to 

information being delivered by electronic media, the introduction of MyLab™ Math into our 

courses was, and remains, seamless. With the addition of Jessica Bernards and Wendy Fresh to the 

author team, the MyLab course has been given a fresh redesign that aligns with the Ratti philoso-

phy. You will now find author created videos over every objective as well as author created assign-

ments, quizzes, and exams. Additionally, we have included interactive figures in both the print and 

electronic version of the text that will allow students to get a hands on exploration of the topics.

Today’s precalculus students and instructors face many challenges. Students arrive with vari-

ous levels of comprehension from their previous courses. Instead of really learning the concepts 

presented, students often resort to memorization to pass the course. As a result, a course needs to 

establish a common starting point for students and engage them in becoming active learners, 

without sacrificing the solid mathematics essential for conceptual understanding. Instructors in 

this course must take on the task of providing students with an understanding of precalculus, pre-

paring them for the next step, and ensuring that they find mathematics useful and interesting. Our 

efforts in this direction have been aided considerably by the many suggestions we have received 

from users of the previous editions of this text.

Mathematics owes it current identity to contributions from diverse cultures across the world 

and throughout the ages. In this text we provide references to significant improvements and 

achievements in mathematics and related areas from sources both ancient and modern. We place 

a strong emphasis on both concept development and real-life applications. Topics such as 

functions, graphing, the difference quotient, and limiting processes provide thorough preparation 

for the study of calculus and will improve students’ comprehension of algebra. Just-in-time 

review throughout the text ensures that all students are brought to the same level before being 

introduced to new concepts. Numerous applications motivate students to apply the concepts and 

skills they learn in precalculus to other courses, including the physical, health, and biological 

sciences, engineering, and economics, and to on-the-job and everyday problem solving. Students 

are given ample opportunities in this course to think about important mathematical ideas and 

to practice and apply algebraic skills.

Throughout the text, we emphasize why the material being covered is important and how it can 

be applied. By thoroughly developing mathematical concepts with clearly defined terminology, stu-

dents see the “why” behind those concepts, paving the way for a deeper understanding, better reten-

tion, less reliance on rote memorization, and ultimately more success. The level of exposition was 

selected so that the material is accessible to students and provides them with an opportunity to grow.

It is our hope that once you have read through our text, you will see that we were able to 

fulfill the initial goals of writing for today’s students and for you, the instructor.

Marcus McWaters Lesław Skrzypek J. S. Ratti

Jessica Bernards Wendy Fresh



iv

Foreword iii

Preface xiii

Pearson’s Commitment to Diversity, Equity, and Inclusion xx

Dedication xxi

Contents

1 Graphs and Functions 1

1.1 The Coordinate Plane 2

The Coordinate Plane  ■  Scales on a Graphing Utility  ■  Distance 

Formula  ■  Midpoint Formula

1.2 Graphs of Equations 11

Graph of an Equation  ■  Intercepts  ■  Symmetry  ■  Circles  ■  Semicircles

1.3 Lines 25

Slope of a Line  ■  Point–Slope Form  ■  Slope–Intercept Form  ■  Equations of 

Horizontal and Vertical Lines  ■  General Form of the Equation of a Line  ■  Parallel 

and Perpendicular Lines  ■  Modeling Data Using Linear Regression

1.4 Functions 42

Functions  ■  Function Notation  ■  Representations of Functions  ■  The Domain of a 

Function  ■  The Range of a Function  ■  Graphs of Functions  ■  Function Information 

from Its Graph  ■  Building Functions  ■  Functions in Economics

1.5 Properties of Functions 62

Increasing and Decreasing Functions  ■  Relative Maximum and Minimum 

Values  ■  Even–Odd Functions and Symmetry  ■  Average Rate of Change

1.6 A Library of Functions 76

Linear Functions  ■  Square Root and Cube Root Functions  ■  Piecewise 

Functions  ■  Graphing Piecewise Functions  ■  Basic Functions

1.7 Transformations of Functions 90

Transformations  ■  Vertical and Horizontal Shifts  ■  Reflections  ■  Stretching or 

Compressing  ■  Multiple Transformations in Sequence

1.8 Combining Functions; Composite Functions 108

Combining Functions  ■  Composition of Functions  ■  Domain of Composite 

Functions  ■  Decomposition of a Function  ■  Applications of Composite Functions

1.9 Inverse Functions 124

Inverses  ■  Finding the Inverse Function  ■  Finding the Range of a One-to-One 

Function  ■  Applications

Key Ideas At a Glance, 138  Chapter 1 Review and Tests, 139  Review 

Exercises, 143  Practice Test A*, 146



 Contents v

2 Polynomial and Rational Functions 148

2.1 Quadratic Functions 149

Quadratic Functions  ■  Standard Form of a Quadratic Function  ■  Graphing a 

Quadratic Function f x ax bx c2( ) = + +   ■  Applications

2.2 Polynomial Functions 164

Polynomial Functions  ■  Power Functions  ■  End Behavior of Polynomial 

Functions  ■  Zeros of a Function  ■  Zeros and Turning Points  ■  Graphing a 

Polynomial Function

2.3 Dividing Polynomials and the Rational Zeros Test 183

The Division Algorithm  ■  The Remainder and Factor Theorems  ■  The Rational 

Zeros Test

2.4 Rational Functions 199

Rational Functions  ■  Vertical and Horizontal Asymptotes  ■  Translations of 

f x
x

1
( ) =   ■  Graphing Rational Functions  ■  Oblique Asymptotes and End 

Behavior  ■  Graph of a Revenue Curve

2.5 Polynomial and Rational Inequalities 220

Polynomial Inequalities  ■  Rational Inequalities

2.6 Zeros of a Polynomial Function 235

Descartes’s Rule of Signs  ■  Bounds on the Real Zeros  ■  Complex Zeros of 

Polynomials  ■  Conjugate Pairs Theorem

2.7 Variation 246

Direct Variation  ■  Inverse Variation  ■  Joint and Combined Variation

Key Ideas At a Glance, 256  Chapter 2 Review and Tests, 257  Review 

Exercises, 262  Practice Test A*, 265  Cumulative Review Exercises 

Chapters 1–2, 265

Exponential and Logarithmic Functions 2673
3.1 Exponential Functions 268

Exponential Functions  ■  Evaluate Exponential Functions  ■  Graphing 

Exponential Functions  ■  Transformations on Exponential Functions  ■  Simple 

Interest  ■  Compound Interest  ■  Continuous Compound Interest Formula  ■  The 

Natural Exponential Function  ■  Exponential Growth and Decay

3.2 Logarithmic Functions 288

Logarithmic Functions  ■  Evaluating Logarithms  ■  Basic Properties of Logarithms   

■  Domains of Logarithmic Functions  ■  Graphs of Logarithmic Functions   

■  Common Logarithm  ■  Natural Logarithm  ■  Investments  ■  Newton’s Law of Cooling

3.3 Rules of Logarithms 305

Rules of Logarithms  ■  Number of Digits  ■  Change of Base  ■  Growth and 

Decay  ■  Half-Life  ■  Radiocarbon Dating

*Practice Test B can be found in the eText.



vi Contents

Trigonometric Functions 3554
4.1  Angles and Their Measure 356

Angles  ■  Angle Measure  ■  Degree Measure  ■  Radian Measure  ■  Relationship 

Between Degrees and Radians  ■  Coterminal Angles  ■  Complements and 

Supplements  ■  Length of an Arc of a Circle  ■  Area of a Sector  ■  Linear and 

Angular Speed

4.2  The Unit Circle; Trigonometric Functions of Real Numbers 370

The Unit Circle  ■  Trigonometric Functions of Real Numbers  ■  Finding 

Exact Trigonometric Function Values  ■  Trigonometric Functions of an 

Angle  ■  Trigonometric Function Values of Common Angles  ■  Evaluating 

Trigonometric Functions Using a Calculator

4.3 Trigonometric Functions of Angles 385

Trigonometric Function Values of an Angle  ■  Signs of the Trigonometric 

Functions  ■  Reference Angle  ■  Fundamental Trigonometric Identities  ■  Even–Odd 

Properties of Trigonometric Functions

4.4 Graphs of the Sine and Cosine Functions 399

Properties of Sine and Cosine  ■  Domain and Range of Sine and Cosine  ■  Zeros 

of Sine and Cosine Functions  ■  Even–Odd Properties of the Sine and Cosine 

Functions  ■  Periodic Functions  ■  Graphs of Sine and Cosine Functions  ■  Graph of 

the Sine Function  ■  Graph of the Cosine Function  ■  Five Key Points  ■  Symmetries 

of the Sine and Cosine Functions  ■  Amplitude and Period  ■  Phase Shift  ■  Vertical 

Shifts  ■  Modeling with Sinusoidal Curves  ■  Simple Harmonic Motion

4.5 Graphs of the Other Trigonometric Functions 424

Tangent Function  ■  Graph of y xtan =   ■  Graphs of the Reciprocal Functions

4.6 Inverse Trigonometric Functions 434

The Inverse Sine Function  ■  The Inverse Cosine Function  ■  The Inverse 

Tangent Function  ■  Other Inverse Trigonometric Functions  ■  Evaluating 

Inverse Trigonometric Functions  ■  Composition of Trigonometric and Inverse 

Trigonometric Functions

Key Ideas At a Glance, 450  Chapter 4 Review and Tests, 451  Review 

Exercises, 457  Practice Test A*, 459  Cumulative Review Exercises 

Chapters 1-4, 459

3.4 Exponential and Logarithmic Equations and Inequalities 318

Solving Exponential Equations  ■  Applications of Exponential Equations  ■  Solving 

Logarithmic Equations  ■  Logarithmic and Exponential Inequalities

3.5 Logarithmic Scales; Modeling 331

pH Scale  ■  Earthquake Intensity  ■  Loudness of Sound  ■  Musical Pitch  ■  Star 

Brightness  ■  Modeling

Key Ideas At a Glance, 347  Chapter 3 Review and Tests, 348  Review 

Exercises, 350  Practice Test A*, 353  Cumulative Review Exercises 

Chapters 1-3, 354



 Contents vii

Analytic Trigonometry 4615
5.1  Trigonometric Identities 462

Fundamental Trigonometric Identities  ■  Simplifying a Trigonometric 

Expression  ■  Trigonometric Equations and Identities  ■  Process of Verifying 

Trigonometric Identities  ■  Methods of Verifying Trigonometric Identities

5.2  Sum and Difference Formulas 474

Sum and Difference Formulas for Cosine  ■  Cofunction Identities  ■  Sum 

and Difference Formulas for Sine  ■  Sum and Difference Formulas for 

Tangent  ■  Reduction Formula

5.3  Double-Angle and Half-Angle Formulas 487

Double-Angle Formulas  ■  Power-Reducing Formulas  ■  Alternating 

Current  ■  Half-Angle Formulas

5.4  Product-to-Sum and Sum-to-Product Formulas 498

Product-to-Sum Formulas  ■  Sum-to-Product Formulas  ■  Verify Trigonometric 

Identities  ■  Analyzing Touch-Tone Phones

5.5  Trigonometric Equations I 506

Trigonometric Equations  ■  Trigonometric Equations of the Form a x c ksin ,( )− =  

a x c kcos ,( )− =  and a x c ktan( )− =   ■  Trigonometric Equations and 

the Zero-Product Property  ■  Equations with More Than One Trigonometric 

Function  ■  Extraneous Solutions

5.6  Trigonometric Equations II 516

Equations Involving Multiple Angles  ■  Using Sum-to-Product 

Identities  ■  Equations Containing Inverse Functions

Key Ideas At a Glance, 526  Chapter 5 Review and Tests, 527  Review 

Exercises, 530  Practice Test A*, 532  Cumulative Review Exercises 

Chapters 1-5, 533

*Practice Test B can be found in the eText.

Applications of Trigonometric Functions 5346
6.1  Right-Triangle Trigonometry 535

Trigonometric Ratios and Functions  ■  Complements  ■  Solving Right 

Triangles  ■  Applications

6.2 The Law of Sines 548

Solving Oblique Triangles  ■  The Law of Sines  ■  Solving AAS and ASA Triangles   

■  Solving SSA Triangles—the Ambiguous Case  ■  Bearings  ■  Area of a Triangle

6.3 The Law of Cosines 564

The Law of Cosines  ■  Derivation of the Law of Cosines  ■  Solving SAS 

Triangles  ■  Solving SSS Triangles  ■  Heron’s Area Formula



viii Contents

Systems of Equations and Inequalities 6367
7.1  Systems of Equations in Two Variables 637

System of Equations  ■  Graphical Method  ■  Substitution Method  ■  Elimination 

Method  ■  Applications

7.2  Systems of Linear Equations in Three Variables 653

Systems of Linear Equations  ■  Number of Solutions of a Linear 

System  ■  Nonsquare Systems  ■  Geometric Interpretation  ■  An Application to CAT 

Scans

7.3  Systems of Inequalities 665

Graph of a Linear Inequality in Two Variables  ■  Systems of Linear Inequalities 

in Two Variables  ■  Applications: Linear Programming  ■  Nonlinear 

Inequality  ■  Nonlinear Systems

7.4  Matrices and Systems of Equations 682

Definition of a Matrix  ■  Using Matrices to Solve Linear Systems  ■  Gaussian 

Elimination  ■  Gauss–Jordan Elimination

7.5  Determinants and Cramer’s Rule 699

The Determinant of a 2 2×  Matrix  ■  Minors and Cofactors  ■  The Determinant of 

an n n×  Matrix  ■  Cramer’s Rule  ■  Applications

6.4 Vectors 577

Vectors  ■  Geometric Vectors  ■  Equivalent Vectors  ■  Adding Vectors  ■  Algebraic 

Vectors  ■  Unit Vectors  ■  Vectors in i, j Form  ■  Vector in Terms of Magnitude and 

Direction  ■  Applications of Vectors

6.5 The Dot Product 590

The Dot Product  ■  The Angle Between Two Vectors  ■  Orthogonal 

Vectors  ■  Projection of a Vector  ■  Decomposition of a Vector  ■  Work

6.6 Polar Coordinates 601

Polar Coordinates  ■  Multiple Representations  ■  Sign of r  ■  Converting Between 

Polar and Rectangular Forms  ■  Converting Equations Between Rectangular and 

Polar Forms  ■  The Graph of a Polar Equation  ■  Limaçons

6.7 Polar Form of Complex Numbers; DeMoivre’s Theorem 618

Geometric Representation of Complex Numbers  ■  The Absolute Value of a 

Complex Number  ■  Polar Form of a Complex Number  ■  Product and Quotient 

in Polar Form  ■  Powers of Complex Numbers in Polar Form  ■  Roots of Complex 

Numbers 

Key Ideas At a Glance, 628  Chapter 6 Review and Tests, 629  Review 

Exercises, 633  Practice Test A*, 634  Cumulative Review Exercises 

Chapters 1-6, 635



 Contents ix

*Practice Test B can be found in the eText.

7.6  Partial-Fraction Decomposition 711

Partial Fractions  ■ Q x( ) Has Only Distinct Linear Factors  ■ Q x( ) Has Repeated 

Linear Factors  ■ Q x( ) Has Distinct Irreducible Quadratic Factors  ■ Q x( ) Has 

Repeated Irreducible Quadratic Factors

7.7  Matrix Algebra 722

Equality of Matrices  ■  Matrix Addition and Scalar Multiplication  ■  Matrix 

Multiplication  ■  Computer Graphics

7.8  The Matrix Inverse 737

The Multiplicative Inverse of a Matrix  ■  Finding the Inverse of a Matrix  ■  A Rule 

for Finding the Inverse of a 2 2×  Matrix  ■  Solving Systems of Linear Equations by 

Using Matrix Inverses  ■  Applications of Matrix Inverses  ■  Cryptography

Key Ideas At a Glance, 751  Chapter 7 Review and Tests, 753  Review 

Exercises, 760  Practice Test A*, 763  Cumulative Review Exercises 

Chapters 1-7, 764

Analytic Geometry 7658
8.1  Conic Sections: Overview 766

8.2  The Parabola 768

Geometric Definition of a Parabola  ■  Equation of a Parabola  ■  Translations of 

Parabolas  ■  Reflecting Property of Parabolas

8.3  The Ellipse 782

Definition of Ellipse  ■  Equation of an Ellipse  ■  Translations of 

Ellipses  ■  Applications

8.4  The Hyperbola 795

Definition of Hyperbola  ■  The Asymptotes of a Hyperbola  ■  Graphing a 

Hyperbola with Center (0, 0)  ■  Translations of Hyperbolas  ■  Applications

8.5  Rotation of Axes 812

Identifying a Conic  ■  Rotation of Axes  ■  Eliminating the xy-Term  ■  Identifying 

Conics by Using the Discriminant

8.6  Polar Equations of Conics 822

Definition of a Conic  ■  Polar Equation of a Conic  ■  Graphing a 

Conic  ■  Applications

8.7  Parametric Equations 832

Parametric Equations  ■  Graphing a Plane Curve  ■  Eliminating the 

Parameter  ■  Finding Parametric Equations

Key Ideas At a Glance, 841  Chapter 8 Review and Tests, 842  Review 

Exercises, 847  Practice Test A*, 849  Cumulative Review Exercises 

Chapters 1-8, 849



x Contents

An Introduction to Calculus 93010
10.1  Finding Limits Using Tables and Graphs 931

The Limit Concept  ■  Limits Using Tables  ■  Finding Limits Graphically

10.2  Finding Limits Algebraically 941

Properties of Limits  ■  Algebraic Methods  ■  Limits of Difference Quotients

10.3  Infinite Limits and Limits at Infinity 950

Infinite Limit  ■  Limits at Infinity

10.4  Introduction to Derivatives 957

Instantaneous Rates of Change  ■  Tangent Line to the Graph of a 

Function  ■  Derivative of a Function  ■  Applications

Further Topics in Algebra 8509
9.1  Sequences and Series 851

Sequences  ■  Recursive Formulas  ■  Factorial Notation  ■  Summation 

Notation  ■  Series

9.2  Arithmetic Sequences; Partial Sums 863

Arithmetic Sequence  ■  Sum of a Finite Arithmetic Sequence

9.3  Geometric Sequences and Series 872

Geometric Sequence  ■  Finding the Sum of a Finite Geometric 

Sequence  ■  Annuities  ■  Infinite Geometric Series

9.4  Mathematical Induction 888

Mathematical Induction  ■  Determining the Statement Pk 1+  from the Statement Pk

9.5  The Binomial Theorem 894

Binomial Expansions  ■  Pascal’s Triangle  ■  The Binomial Theorem  ■  Binomial 

Coefficients

9.6  Counting Principles 902

Fundamental Counting Principle  ■  Permutations  ■  Combinations  ■  Distinguishable 

Permutations  ■  Deciding Whether to Use Permutations, Combinations, or the 

Fundamental Counting Principle

9.7  Probability 913

The Probability of an Event  ■  The Additive Rule  ■  Mutually Exclusive Events  ■  The 

Complement of an Event  ■  Experimental Probabilities

Key Ideas At a Glance, 923  Chapter 9 Review and Tests, 924  Review 

Exercises, 927  Practice Test A*, 928  Cumulative Review Exercises 

Chapters 1-9, 929



 Contents xi

10.5  Area and the Integral 968

Area  ■  Definition of Integral  ■  Evaluating Integrals Using a Graphing Utility

Key Ideas At a Glance, 977  Chapter 10 Review and Tests, 978  Review 

Exercises, 982  Practice Test A*, 983

*Practice Test B can be found in the eText.

Review 984A
A.1 The Real Numbers; Integer Exponents 984

Classifying Sets of Numbers  ■  Real Number Line  ■  Inequalities  ■  Sets  ■  Intervals 
■  Absolute Value  ■  Distance Between Two Points on a Real Number 

Line  ■  Algebraic Expressions  ■  Integer Exponents  ■  Rules of Exponents

A.2 Polynomials 993

Polynomial Vocabulary  ■  Special Products  ■  Factoring Polynomials

A.3 Rational Expressions 1000

Rational Expressions  ■  Lowest Terms for a Rational Expression  ■  Multiplication 

and Division of Rational Expressions  ■  Addition and Subtraction of Rational 

Expressions  ■  Complex Fractions

A.4 Radicals and Rational Exponents 1008

Square Roots  ■  Other Roots  ■  Simplifying Radical Expressions  ■  Like 

Radicals  ■  Rationalizing  ■  Use Conjugates  ■  Rational Exponents

A.5 Topics in Geometry 1015

Triangles  ■  Pythagorean Theorem and Its Converse  ■  Geometry Formulas

A.6 Equations 1019

Definitions  ■  Equivalent Equations  ■  Solving Linear Equations in One 

Variable  ■  Solving Quadratic Equations  ■  Factoring Method  ■  The 

Quadratic Formula  ■  Solving Polynomial Equations by Factoring  ■  Rational 

Equations  ■  Equations Involving Radicals  ■  Equations That Are Quadratic in Form

A.7 Inequalities 1028

Inequalities  ■  Linear Inequalities  ■  Combining Two Inequalities  ■  Using Test Points 

to Solve Inequalities  ■  Inequalities Involving Absolute Value

A.8 Complex Numbers 1039

Complex Numbers  ■  Addition and Subtraction  ■  Multiplying and Dividing 

Complex Numbers  ■  Powers of i

Answers to Selected Exercises A-1

Credits C-1

Index I-1

Practice Test B for all Chapters (available in eText) T-1





xiii

Preface

Students begin precalculus classes with widely varying back-

grounds. Some haven’t taken a math course in several years 

and may need to spend time reviewing prerequisite topics, 

while others are ready to jump right into new and challenging 

material. We have provided review material in the Appendix 

and in some of the early sections of other chapters, we have 

provided review material in such a way that it can be used or 

omitted as appropriate for your course. In addition, students 

may follow several paths after completing a precalculus 

course. Many will continue their study of mathematics in 

courses such as finite mathematics, statistics, and calculus. 

For others, precalculus may be their last mathematics course.

Responding to the current and future needs of all these 

students was essential in creating this text. We introduce each 

exercise set with several concept and vocabulary exercises, 

consisting of fill-in-the-blank and true-false exercises. They 

are not computation-reliant, but rather test whether students 

have absorbed the basic concepts and vocabulary of the sec-

tion. Exercises asking students to extrapolate information 

from a given graph now appear in much greater number and 

depth throughout the course. We continue to present our con-

tent in a systematic way that illustrates how to study and what 

to review. We believe that if students use this material well, 

they will succeed in this course. The changes in this edition 

result from the thoughtful feedback we have received from 

students and instructors who have used previous editions of 

the text. This feedback crucially enhances our own experi-

ences, and we are extremely grateful to the many contributors 

whose insights are reflected in this new edition.

Key Content Changes

New! Authors. We would like to welcome two new co-

authors to the author team, Jessica Bernards and Wendy 

Fresh! Both Jessica and Wendy are instructors at Portland 

Community College and have provided wonderful additions 

to the text and the accompanying MyLab Math course. Jessica 

and Wendy have had national recognition as instructors and 

have received several awards for excellence in teaching math-

ematics.

Revised! Getting Ready for the Next Section. This feature 

combines two features of previous editions, “Getting Ready 

for the Next Section” exercises and “Before Starting This 

Section, Review” objectives. The new structure lists Review 

Concepts and Review Skills for students to brush up on before 

beginning the next section. Both the Review Concepts and 

Review Skills contain section and page number references to 

make looking up these topics easy. The Review Concepts are 

meant to be broader topics that students should understand, 

while Review Skills give exercises from objectives that stu-

dents will need in the upcoming section.

New! Key Ideas at a Glance. A new feature added to the text 

for this edition is a single page at the end of each chapter 

designed to highlight some key concepts for the chapter. In 

some chapters, this will serve as a comparison between two 

similar or parallel topics. In other chapters, this will sum up 

many of the ideas presented in the chapter. This page can 

serve as a reference to students to look back on when studying 

or doing exercises. There are also exercises to accompany this 

feature so that students may test their understanding of the 

ideas summarized there.

New and Revised! Exercises. We continue to improve the 

balance of exercises, providing a smooth transition from the 

less challenging to the more challenging exercises.

Overall, approximately 20% of the exercises have been 

updated, and more than 500 brand-new exercises have been 

added. These new exercises primarily consist of applications 

that connect with students’ everyday experiences and enhance 

students’ understanding of graphing.

Revised! Application Exercises. Every section opens with 

discussion of an application that relates to the topics intro-

duced in that section. This edition continues the trend of pair-

ing an example with this application, but we have also made 

an effort to include problems in the exercise sets that also tie 

to this application so that students have an opportunity to 

apply the mathematics to a real world problem. The section 

opening, example, and these exercises are easily identified by 

an accompanying icon .

New! Active Learning Exercises. In many sections through-

out the text, exercise sets will end with an Active Learning 

exercise. This exercise is accompanied by an Interactive Fig-

ure powered by GeoGebra, which is accessed through a bit.ly 

link or by scanning the given QR code. Students will manipu-

late the figure to explore mathematics in a new way and will 

use the figure to answer the accompanying exercises. 

New! Videos. Videos in the MyLab course have been com-

pletely re-made by the authors. Videos can be found at the 

section and objective level. The videos are available in the 

MyLab course within the Video & Resource Library, but can 

also be accessed directly from the text. QR codes can be found 

at the beginning of each section, and users can use their phone 

to scan the QR codes and watch the videos.

We have also created videos for select exercises in each 

section. The text has QR codes next to the beginning of each 

exercise set, and users can scan the code to find the videos for 

exercises in that section.

Revised! Diversity, Equity, and Inclusion. We conducted an 

external review of the text’s content to determine how it could 

be improved to address issues related to diversity, equity, and 

inclusion. The results of that review informed the revision.
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Chapter 1.

• Split section 1.1 into two sections to allow for more time to 

discuss certain topics. Added new examples involving the 

distance formula and symmetry.

• Split the previous section 1.4 into two sections to allow for 

more time to discuss certain topics. Added new examples 

involving relative maximum values, graphing even and odd 

functions, average rate of change, and piecewise functions.

• Moved average rate of change material from section 1.3 to the 

new section 1.5.

• Introduced square root and cube root functions in section 1.6.

• Updated several examples and with newer application context.

• Expanded step by step transformation of functions procedure.

• Split a Procedure in Action example into two parts to give 

individual attention to finding a parallel line vs a perpen-

dicular line to a given line. 

• Included new Active Learning Exercises.

Chapter 2.

• Added more visual aid to the examples on graphing a poly-

nomial, giving a more complete picture of the behavior of 

graphs of polynomials.

• Added more visual aid to the examples on graphing a ratio-

nal function, giving a more complete picture of the behav-

ior of graphs of rational functions. 

• Included new Active Learning Exercises.

Chapter 3.

• Added new graphs and examples of transformations of 

exponential functions and logarithmic functions.

• Expanded on the basic properties of logarithms to give 

some derivations of these properties.

• Added color to the table of logarithmic functions to make 

it easier to see how changes in the function change the 

graph itself.

• Included new Active Learning Exercises.

Chapter 4.

• Updated graphs for sine and cosine functions to give addi-

tional detail around key points.

• Created new graphics to show the symmetries of the sine 

and cosine functions.

• Updated graphics showing stretch and compression of sine 

and cosine graphs.

• Updated graphics showing phase shifts and vertical shifts 

of sine and cosine graphs.

• Added additional graphics for the inverse sine, cosine, and 

tangent functions. 

• Included new Active Learning Exercises.

Chapter 5.

• Added a graphic to demonstrate one of the Pythagorean 

identities.

• Added graphics to support trigonometric identities using 

the symmetries of the sine and cosine functions.

• Split section 5.5 into two sections to allow for more time  

to discuss certain topics. Added new examples involving 

trigonometric equations, equations involving multiple 

angles, and solving trigonometric equations.

Chapter 6.

• Updated and added graphics and explanation for the 

ambiguous case of SSA triangles.

• Updated solution process for SSA triangles. 

• Included new Active Learning Exercises.

Chapter 7.

• Wrote all new section opener discussions for sections 7.1 

and 7.3.

• Added new application examples of solving systems of linear 

equations in two variables, nonlinear systems, Cramer’s rule.

• Added new examples of graphing inequalities, partial frac-

tion decomposition.

• Added new figures to demonstrate the common forms of 

transformations using matrices.

• Included new Active Learning Exercises.

Chapter 8.

• Added many examples of conics seen and used in the real 

world.

• Included new Active Learning Exercises.

Chapter 9.

• Changed terms used in the sum of the first n terms of an 

arithmetic sequence so that the derivation of the formula 

is clearer.

• Added graphics to demonstrate the derivation of the sum 

of the first n terms of arithmetic and geometric sequences.

Chapter 10.

• Added new section opener application in section 10.1.

• Added new examples and exercises throughout which connect 

to section opener applications.

• Included new Active Learning Exercises

Features

Chapter Opener. Each chapter opener includes a descrip-

tion of applications (one of them illustrated) relevant to the 

content of the chapter and the list of topics that will be cov-

ered. In one page, students see what they are going to learn 

and why they are learning it.

Getting Ready for the Next Section. Each section is imme-

diately preceded by a set of concepts and skills that serve as a 

transition from one section to the next. These sets of problems 

provide a review of concepts and skills that will be used in the 

upcoming section.

Section Opener With Application. Each section opens 

with a list of clearly stated and numbered Objectives defined 

for the section. These objectives are then referenced again in 

the margin of the lesson at the point where the objective’s topic 

is taught. An Application containing a motivating anecdote or 
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an interesting problem then follows. An example later in the 

section relating to this application and identified by the same 

icon ( ) is then solved using the mathematics covered in the 

section. These applications utilize material from a variety of 

fields: the physical and biological sciences (including health 

sciences), economics, art and architecture, history, and more. 

In addition, exercises relating to this application and identified 

by the same icon ( )  are provided in the exercise sets.

Examples and Practice Problems. Examples include a wide 

range of computational, conceptual, and modern applied problems 

carefully selected to build confidence, competency, and under-

standing. Every example has a title indicating its purpose and pres-

ents a detailed solution containing annotated steps. All examples 

are followed by a Practice Problem for students to try so that they 

can check their understanding of the concept covered. Answers 

to the Practice Problems are provided in the back of the book.

Procedure in Action Examples. These types of examples, 

interspersed throughout the text, present important procedures 

in numbered steps. Special Procedure in Action examples 

present important multistep procedures, such as the steps for 

doing synthetic division, in a two-column format. The steps 

of the procedure are given in the left column, and an example 

is worked, following these steps, in the right column. This 

approach provides students with a clear model with which 

they can compare when encountering difficulty in their work. 

Additional Pedagogical Features
Definitions, Theorems, Properties, and Rules are all boxed 

and titled for emphasis and ease of reference.

Warnings appear as appropriate throughout the text to apprise 

students of common errors and pitfalls that can trip them up in 

their thinking or calculations.

Summary of Main Facts boxes summarize information related 

to equations and their graphs, such as those of the conic sections.

A Calculus Symbol  appears next to information in the text 

that is essential for the study of calculus.

Margin Notes
Side Notes provide hints for handling newly introduced concepts.

Recall notes remind students of a key idea learned earlier in 

the text that will help them work through a current problem.

Technology Connections give students tips on using calcula-

tors to solve problems, check answers, and reinforce concepts. 

Note that the use of graphing calculators is optional in this text.

Do You Know? Features provide students with additional 

interesting information on topics to keep them engaged in the 

mathematics presented.

Exercises. The heart of any textbook is its exercises, so we have 

tried to ensure that the quantity, quality, and variety of exercises 

meet the needs of all students. Exercises are carefully graded to 

strengthen the skills developed in the section and are organized 

using the following categories. Exercises relating to each sec-

tion’s opening application are identified by the icon  ( ). 

Concepts and Vocabulary exercises begin each exercise set 

with problems that assess the student’s grasp of the definitions 

and ideas introduced in that section. These true-false and 

fill-in-the-blank exercises help to rapidly identify gaps in 

comprehension of the material in that section. 

Building Skills exercises develop fundamental skills—each 

odd-numbered exercise is closely paired with its consecutive 

even-numbered exercise. 

Applying the Concepts exercises use the section’s material 

to solve real-world problems—all are titled and relevant to the 

topics of the section. 

Beyond the Basics exercises provide more challenging 

problems that give students an opportunity to reach beyond 

the material covered in the section—these are generally more 

theoretical in nature and are suitable for honors students, 

special assignments, or extra credit. 

Critical Thinking/Discussion/Writing exercises, appearing 

as appropriate, are designed to develop students’ higher-level 

thinking skills. Calculator problems, identified by , are 

included where needed. 

Active Learning exercises allow students to explore mathematical 

concepts in new ways. Students have the chance to manipulate 

Interactive Figures and answer accompanying questions.

Key Ideas at a Glance. This one page feature found at the end 

of each chapter highlights some key concepts in each chapter. In 

some chapters, this will serve as a comparison between two similar 

or parallel topics. In other chapters, this will sum up many of the 

ideas presented in the chapter. This page can serve as a reference to 

students to look back on when studying or doing exercises. There 

are also exercises to accompany this feature so that students 

may test their understanding of the ideas summarized there.

Chapter Review and Tests. The chapter-ending material 

begins with an extensive Review featuring a two-column, 

section-by-section summary of the definitions, concepts, 

and formulas covered in that chapter, with corresponding 

examples. This review provides a description and examples 

of key topics indicating where the material occurs in the 

text, and encourages students to reread sections rather than 

memorize definitions out of context. Review Exercises 

provide students with an opportunity to practice what they 

have learned in the chapter. Then students are given two 

chapter test options. They can take Practice Test A in the 

usual open-ended format and/or Practice Test B, covering 

the same topics, in a multiple-choice format. Practice Test 

B has been moved online for this edition, and can be found 

in the eText. All tests are designed to increase student 

comprehension and verify that students have mastered the 

skills and concepts in the chapter. Mastery of these materials 

should indicate a true comprehension of the chapter and the 

likelihood of success on the associated in-class examination. 

Cumulative Review Exercises appear at the end of every 

chapter, starting with Chapter 2, to remind students that 

mathematics is not modular and that what is learned in the 

first part of the book will be useful in later parts of the book 

and on the final examination.
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MyLab Math Resources for Success

Learn more at pearson.com/mylab/math

MyLab Math is available to accompany Pearson’s market-

leading text options, including Precalculus: A Unit Circle 

Approach, 4th Edition (access code required).

MyLab™ is the teaching and learning platform that empow-

ers you to reach every student. MyLab Math combines trusted 

author content—including full eText and assessment with 

immediate feedback—with digital tools and a flexible plat-

form to personalize the learning experience and improve 

results for each student.

MyLab Math supports all learners, regardless of their 

ability and background, in order to provide an equal oppor-

tunity for success. Accessible resources support learners for 

a more equitable experience no matter their abilities. And 

options to personalize learning and address individual gaps 

help to provide each learner with the specific resources they 

need in order to achieve success.

Student Resources

Motivate Your Students—Students are motivated to succeed 

when they’re engaged in the learning experience and understand 

the relevance and power of math.

▼  NEW!  Section Lecture Videos—Co-authors Jessica 

Bernards and Wendy Fresh (Portland Community College) 

have created all new Section videos, segmented and assignable 

by objective, using their years of teaching experience for 

online courses and flipped classrooms. Instructors can assign 

a full objective or only the segment that is needed. The videos 

allow students an opportunity to learn from experienced 

master teachers breaking down complex topics in an easy-to-

understand manner.

learning. The Video Notebook is available as PDFs and 

customizable Word files in MyLab Math. Instructors can 

also use the video notebook as a guide when creating 

their own lecture notes in a traditional lecture class. This 

way an instructor has pre-built lecture notes ready to go, 

or an easily adaptable set of lecture notes ready to be 

modified for the needs of their students.

▼  NEW!  Mathematical study skills videos, created by 

co-authors Jessica Bernards and Wendy Fresh, motivate 

students to stick with their math course and offer practical tips 

to succeed. The animated character, Polly Nomial, guides stu-

dents through topics such as How Learning Math is Different 

and Having a Growth Mindset in Math that any math student 

could benefit from watching. These ten study skills videos 

have pre-built assignments that include assessment questions 

that test students’ understanding of the content.

• NEW!  Personal Inventory Assessments are a 

collection of online exercises designed to promote self-

reflection and metacognition in students. These 33 

assessments include topics such as a Stress Management 

Assessment, Diagnosing Poor Performance and Enhancing 

Motivation, and Time Management Assessment.

Address Underpreparedness—Each student learns at a dif-

ferent pace. Personalized learning pinpoints the precise areas 

where each student needs practice, giving all students the support 

they need—when and where they need it—to be successful.

NEW!  Integrated Review can be used in corequisite 

courses, or simply to help students who enter Precalculus 

without a full understanding of prerequisite skills and concepts.

• Integrated Review at the chapter level provides a Skills 

Check assessment to pinpoint which prerequisites topics, if 

any, students need to review.

• Students who require additional review proceed to a 

personalized homework assignment to remediate.

• Integrated Review videos and worksheets provide 

additional instruction.

Instructors who prefer to review at the section level can assign 

the Enhanced Assignments instead.

• NEW!  Video Notebook is a note-taking guide that 

gives students a structured place to take notes and work 

the example problems as they watch the videos. 

Definitions and important concepts are highlighted, 

helpful tips are pointed out along the way. Jessica 

Bernards and Wendy Fresh author this supplement to 

make sure students are actively engaged with their 

www.pearson.com/mylab/math
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MyLab Math Question Library is correlated to the exercises in 

the text, reflecting each author’s approach and learning style. 

They regenerate algorithmically to give students unlimited 

opportunity for practice and mastery. Below are a few exercise 

types available to assign:

▼  NEW!  GeoGebra Exercises are gradable graphing and 

computational exercises that help students demonstrate 

their understanding. They enable students to interact 

directly with the graph in a manner that reflects how 

students would graph on paper.

Personalized Homework—With Personalized Homework, 

students take a quiz or test and receive a subsequent homework 

assignment that is personalized based on their performance. 

This way, students can focus on just the topics they have not 

yet mastered.

Other student resources include the following:

• NEW!  Interactive Figures bring mathematical concepts 

to life, helping students see the concepts through directed 

explorations and purposeful manipulation. For this revision, 

we added many more interactive figures (in editable GeoGebra 

format) to the Video & Resource Library. The instructional 

videos that accompany the text now include Interactive 

Figures to teach key concepts. These figures are assignable in 

MyLab Math and encourage active learning, critical thinking, 

and conceptual understanding.

• Solution Manual—Written by Beverly Fusfield, the 

Student’s Solution Manual provides detailed worked-out 

solutions to the odd-numbered end-of-section and Chapter 

Review exercises as well as solutions to all the Practice 

Problems, Practice Tests, and Cumulative Review problems. 

Available in MyLab Math.

Instructor Resources

Your course is unique. So whether you’d like to build your 

own assignments, teach multiple sections, or set prerequisites, 

MyLab gives you the flexibility to easily create your course to 

fit your needs.

Pre-Built Assignments are designed to maximize students’ 

performance. All assignments are fully editable to make your 

course your own.

• NEW!  Enhanced Assignments—These section-level 

assignments have three unique properties:

1. They help keep skills fresh with spaced practice of 

previously learned concepts.

2. Learning aids are strategically turned off for some 

exercises to ensure students understand how to work 

the exercises independently.

3. They contain personalized prerequisite skills 

exercises for gaps identified in the chapter-level Skills 

Check Quiz.

• NEW!   Learning Assignments—Section-level assign-

ments are especially helpful for online classes or flipped 

classes, where some or all learning takes place indepen-

dently. These assignments include objective-level videos 

and interactive figures for student exploration followed by 

corresponding MyLab questions to ensure engagement and 

understanding. Instructors can assign the video notebook for 

students to fill out as they complete these video assignments.

Learn more at pearson.com/mylab/math

• Setup & Solve Exercises require students to first describe 

how they will set up and approach the problem. This 

reinforces conceptual understanding of the process applied 

in approaching the problem, promotes long-term retention 

of the skill, and mirrors what students will be expected to 

do on a test.

• Concept and Vocabulary—Each exercise section begins 

with exercises that assess the student’s grasp of the 

definitions and ideas introduced in that section. These true-

false and fill-in-the-blank exercises help to rapidly identify 

gaps in comprehension and are assignable in MyLab Math 

and Learning Catalytics.

Learning Catalytics—With Learning Cataltyics, you’ll 

hear from every student when it matters most. You pose 

a variety of questions in class (choosing from pre-loaded 

questions or your own) that help students recall ideas, apply 

concepts, and develop critical-thinking skills. Your students 

respond using their own smartphones, tablets, or laptops.

Performance Analytics enable instructors to see and analyze 

student performance across multiple courses. Based on their 

current course progress, individuals’ performance is identified 

above, at, or below expectations through a variety of graphs 

and visualizations.

www.pearson.com/mylab/math
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Now included with Performance Analytics, Early Alerts use 

predictive analytics to identify struggling students—even if 

their assignment scores are not a cause for concern. In both 

Performance Analytics and Early Alerts, instructors can email 

students individually or by group to provide feedback.

Accessibility—Pearson works continuously to ensure our 

products are as accessible as possible to all students. Currently 

we work toward achieving WCAG 2.0 AA for our existing prod-

ucts (2.1 AA for future products) and Section 508 standards, as 

expressed in the Pearson Guidelines for Accessible Educational 
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Other instructor resources include the following:
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Critical Thinking/Discussion/Writing Projects, Practice 

Problems, Chapter Review exercises, Practice Tests, and 
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choice.
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Hurricanes are tracked with the use of coordinate grids, and 

data from fields as diverse as medicine and sports are related 

and analyzed by means of functions. The material in this 

chapter introduces you to the versatile concepts that are the 

everyday tools of all dynamic industries.

TOPICS

1.1 The Coordinate Plane

1.2 Graphs of Equations

1.3 Lines

1.4 Functions

1.5 Properties of 
Functions

1.6 A Library  
of Functions

1.7 Transformations  
of Functions

1.8 Combining  
Functions;  
Composite  
Functions

1.9 Inverse Functions

1

Graphs and Functions1 



2 Chapter 1 Graphs and Functions

1.1

REVIEW CONCEPTS

The number line (Appendix A.1, page 985)

Equivalent equations (Appendix A.6, page 1019)

Completing squares (Appendix A.6, page 1022)

Interval notation (Appendix A.1, page 987)

REVIEW SKILLS

Evaluating algebraic expressions (Appendix A.1, page 989)

In Exercises GR1– GR8, simplify each expression.

GR1. 
+2 5

2
 GR2. 

− +3 7

2
GR3. 

− −3 7

2

GR4.  
( ) ( )− − +3 2 3 2

2

GETTING READY  for the Next Section

 GR5. ( ) ( )− + −5 2 3 72 2

GR6. ( )( )− + + − −8 3 5 72 2

 GR7. ( ) ( )− + −2 5 8 62 2

GR8. ( ) ( )− + +3 12 2 8
2 2

Completing squares (Appendix A.6, page 1022)

In Exercises GR9–GR14, add the appropriate term to each 

binomial so that it becomes a perfect square trinomial.  

Write and factor the trinomial.

 GR9. +x x42   GR10. −x x62

 GR11. −x x52   GR12. +x x72

 GR13. +x x
3

2
2   GR14. −x x

4

5
2

The Coordinate Plane

Objectives

1  Plot points in the Cartesian coordinate plane.

2  Find the distance between two points.

3  Find the midpoint of a line segment.

A Fly on the Ceiling

One day the French mathematician René 

Descartes noticed a fly buzzing around on 

a ceiling made of square tiles. He watched 

the fly and wondered how he could math-

ematically describe its location. Finally, he 

realized that he could describe the fly’s 

position by its distance from the walls of the 

room. Descartes had just discovered the 

coordinate plane! In fact, the coordinate 

plane is sometimes called the Cartesian 

plane in his honor. The discovery led to the 

development of analytic geometry, the first 

blending of algebra and geometry.

Although the basic idea of graphing 

with coordinate axes dates all the way 

back to Apollonius in the second century 

B.C., Descartes, who lived in the 1600s, gets 

the credit for coming up with the two-axis 

system we use today. In Example 2, we will 

see how the Cartesian plane helps visual-

ize data on credit card interest rates.

Videos for 

this Section
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The Coordinate Plane

A visually powerful device for exploring relationships between numbers is the Cartesian 

plane. A pair of real numbers in which the order is specified is called an ordered pair of 

real numbers. The ordered pair a b,  ( ) has first component a and second component b. 

Two ordered pairs x y,  ( ) and a b,  ( ) are equal, and we write x y a b,   ,  ( ) ( )=  if and only 

if x a=  and y b.=
Just as the real numbers are identified with points on a line, called the number line or 

the coordinate line, the sets of ordered pairs of real numbers are identified with points on 

a plane called the coordinate plane or the Cartesian plane.

We begin with two coordinate lines, one horizontal and one vertical, that intersect at 

their zero points. The horizontal line (with positive numbers to the right) is usually called 

the -axisx , and the vertical line (with positive numbers up) is usually called the -axisy . 

Their point of intersection is called the origin. The x-axis and y-axis are called coordinate 

axes, and the plane they form is sometimes called the -planexy .  The axes divide the plane 

into four regions called quadrants, which are numbered as shown in Figure 1.1. The 

points on the axes themselves do not belong to any of the quadrants.

The notation P a b,  ( ), or P a b,  ( )= , designates the point P  whose first component is a 

and whose second component is b. In an xy-plane, the first component, a, is called the 

-coordinatex  of P a b,  ( ) and the second component, b, is called the -coordinatey  of 
( )P a b,   . The signs of the x- and y-coordinates for each quadrant are shown in Figure 1.1. 

The point corresponding to the ordered pair a b,  ( ) is called the graph of the ordered pair 
( )a b,   . However, we frequently ignore the distinction between an ordered pair and its graph.

Objective 1 

(1596–1650)
Descartes was 
born at La Haye, 
near Tours in 

southern France. He is often 
called the father of modern 
science. Descartes established  
a new, clear way of thinking 
about philosophy and science by 
accepting only those ideas that 
could be proved by or deduced 
from first principles. He took as 
his philosophical starting point 
the statement Cogito ergo  
sum: “I think; therefore, I am.” 
Descartes made major contri-
butions to modern mathematics, 
including the Cartesian coordi-
nate system and the theory  
of equations.

René Descartes 

Figure 1.1  Quadrants in a plane
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EXAMPLE 1 Graphing Points

Graph the following points in the xy-plane:

( ) ( ) ( ) ( ) ( )− − − − −A B C D E3, 1 ,   2, 4 ,   3, 4 ,   2, 3 ,  and  3, 0 .

Solution

Figure 1.2 shows a coordinate plane along with the graph of the given points. These points 

are located by moving left, right, up, or down starting from the origin 0, 0( ).

A D

B E

C

3, 1 3 units right, 1 unit up 2, 3 2 units right, 3 units down

2, 4 2 units left, 4 units up 3, 0 3 units left

3, 4 3 units left, 4 units down

( ) ( )

( ) ( )

( )

−

− −

− −

Practice Problem 1. Graph the following points in the xy-plane:

P Q R S T2, 2 ,   4, 0 ,   5, 3 ,   0, 3 ,  and  2,
1

2
.( )( )( ) ( ) ( )− − − −Figure 1.2  Graphing points
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Although it is common to label 
the axes as x and y, other 
letters are also used, especially 
in applications. In a uv-plane 
or an st-plane, the first letter in 
the name refers to the 
horizontal axis; the second, to 
the vertical axis.

SIDE NOTE
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Pairs of related items can be displayed as ordered pairs. For example, you might write 

(Jason, 12/1/1982) and (Ashlym, 4/6/1990) for the names and birthdays of two relatives.  

A more practical example is given next.

TABLE  1.1

Year 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021

Number Sold 680.11 969.72 1,244.74 1,423.9 1,495.96 1,536.54 1,556.27 1,540.66 1,378.72 1,535.36

Source: Gartner.com

Graph the ordered pairs (year, smartphones sold), where the first coordinate represents a 

year and the second coordinate represents the number of smartphones sold in that year.

Solution 

We let t represent the years 2012 through 2021 and y represent the number of smartphones 

sold in each year. Because the data start from the year 2012, we show a break in the t-axis. 

Alternatively, we could declare a year—say, 2011—as 0. Similar comments apply to the  

y-axis. The graph of the points (2012, 680.11), (2013, 969.72), (2014, 1,244.74),  

(2015, 1,423.9), (2016, 1,495.96), (2017, 1,536.54), (2018, 1,556.27), (2019, 1,540.66), 

(2020, 1,378.72), and (2021, 1,535.36) is shown in Figure 1.3. The figure depicts the 

number of smartphones sold for every year since 2012.

EXAMPLE 2  Graphing Data on the Number of Smartphones  
Sold to Users Worldwide

The data in Table 1.1 show the number of smartphones sold to users worldwide (in millions) 

over the years 2012–2021.

Figure 1.3  Worldwide smartphones sales
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Practice Problem 2. The data in Table 1.2 show the average mortgage interest rates for 

a 30-year conventional loan in the United States over the years 2011–2020.

TABLE 1.2 

Year 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020

Interest Rate 4.45 3.66 3.98 4.17 3.85 3.65 3.99 4.54 3.94 3.11

Source: FreddieMac.com

Graph the ordered pairs year,  interest rate( ), where the first coordinate represents a year and 

the second coordinate represents the interest rate in that year. 

http://gartner.com/
www.FreddieMac.com
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The display in Figure 1.3 is called the scatter diagram of the data. There are numerous other 

ways of visualizing the data. Two such ways are shown in Figure 1.4(a) and Figure 1.4(b).

Scales on a Graphing Utility

When drawing a graph, you can use di�erent scales for the x- and y-axes. Similarly, the 

scale can be set separately for each coordinate axis on a graphing utility. Once scales are 

set, you get a viewing rectangle, where your graphs are displayed. For example, in Figure 1.5, 

the scale for the x-axis (the distance between each tick mark) is 1, whereas the scale for the 

y-axis is 2. Although newer calculators, like the TI-84 plus, have two display modes 

(CLASSIC and MATHPRINT) both display graphs identically. Read more about viewing 

rectangles in your graphing calculator manual.

Figure 1.6  Pythagorean 
theorem

a
2

 b
2

c
2

a

c b

Figure 1.5  Viewing rectangle
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Objective 2 

Distance Formula

If a Cartesian coordinate system has the same unit of measurement, such as inches or cen-

timeters, on both axes, we can then calculate the distance between any two points in the 

coordinate plane in the given unit.

Recall that the Pythagorean Theorem states that in a right triangle with hypotenuse of 

length c and the other two sides of lengths a and b,

+ =a b c , Pythagorean Theorem2 2 2

as shown in Figure 1.6.
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(a) Bar graph

Figure 1.4  Two methods of visualizing data
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Figure 1.7  Visualizing the  
distance formula
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Suppose we want to compute the distance d P Q,  ( ) between the two points P x y,  1 1( ) 

and Q x y,   .2 2( )  We draw a horizontal line through the point Q and a vertical line through 

the point P  to form the right triangle PQS, as shown in Figure 1.7.

The length of the horizontal side of the triangle is −x x ,2 1  and the length of the ver-

tical side is −y y .2 1  By the Pythagorean Theorem, we have

d P Q x x y y

d P Q x x y y

d P Q x x y y a b a b

,  

,   Take the square root of both sides.

,  

2
2 1

2
2 1

2

2 1
2

2 1
2

2 1
2

2 1
2 2 2( ) ( )

[ ]

( )

( )

( )

( )

= − + −

= − + −

= − + − − = −

Remember that in general 

+ ≠ +a b a b2 2 .

SIDE NOTE

The converse of the Pythago-
rean Theorem states the follow-
ing: If in a triangle with side 
lengths a, b, and c, we have 
+ =a b c2 2 2 then the triangle 

is a right triangle.

RECALL

Distance Formula in the Coordinate Plane

Let P x y,  1 1( )=  and Q x y,  2 2( )=  be any two points in the coordinate plane. Then 

the distance between P  and Q, denoted d P Q,   ,( )  is given by the distance formula

( ) ( )( ) = − + −d P Q x x y y,   .2 1
2

2 1
2

The distance between two points in a coordinate plane is the square root of the sum of 

the square of the difference between their x-coordinates and the square of the differ-

ence between their y-coordinates.

EXAMPLE 3 Finding the Distance Between Two Points

Find the distance between the points P 2, 5( )−  and Q 3, 4 .( )−

Solution

Let ( ) ( )( ) ( )= − = −x y x y, 2, 5  and  , 3, 4 .1 1 2 2  Then

( ) ( )( )

( )( )[ ]

( )

= − = = = −

= − + −

= − − + − −

= + −

= + = ≈

x y x y

d P Q x x y y

x x y y

2,   5,   3,  and  4.

,   Distance formula

3 2 4 5 Substitute the values for  ,   ,   ,   .

5 9 Simplify.

25 81 106 10.3 Simplify; use a calculator.

1 1 2 2

2 1
2

2 1
2

2 2
1 2 1 2

2 2

Practice Problem 3. Find the distance between the points 5, 2( )−  and 4, 1 .( )−

In the next example, we use the distance formula and the converse of the Pythagorean 

Theorem to show that the given triangle is a right triangle.

EXAMPLE 4 Identifying a Right Triangle

Let ( ) ( )A B4, 3 ,   1, 4 , and ( )− −C 2, 5  be three points in the plane.

a. Sketch triangle ABC.

b. Find the length of each side of the triangle.

c. Show that ABC is a right triangle.

Solution 

a. A sketch of the triangle formed by the three points A B, , and C  is shown in Figure 1.8.

b. Using the distance formula, we have

( )

( ) ( )[ ]

( ) ( )[ ]

( ) ( )

( )[ ]

( )[ ]

= − + − = + =

= − − + − − = + = =

= − − + − − = + = =

d A B

d B C

d A C

,   4 1 3 4 9 1 10,

,   1 2 4 5 9 81 90 3 10, and

,   4 2 3 5 36 64 100 10.

2 2

2 2

2 2
Figure 1.8

A(4, 3)

B(1, 4)

C( 2, 5)

2

2

5

4

3

1

1

0

3

5

4

y

1 2 3 4 512345 x
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c. We check whether the relationship a b c2 2 2+ =  holds in this triangle, where a b,   , 

and c denote the lengths of its sides. The longest side, AC, has length 10 units.

[ ] [ ] [ ]

[ ]

[ ]

( ) ( ) ( )

( )

( )

( )

+ = +

=

=

d A B d B C d A B

d B C

d A C

, , 10 90 Replace  ,  with 10

and  ,  with 90.

 

10

,

2 2 2

2

2

2

It follows from the converse of the Pythagorean Theorem that the triangle ABC is a 

right triangle.

Practice Problem 4. Is the triangle with vertices 6, 2 , 2, 0 ,( ) ( )−  and 1, 5( ) an isosceles 

right triangle—that is, a right triangle with two sides of equal length?

EXAMPLE 5 Applying the Distance Formula to Baseball

The baseball diamond is in fact a square with a distance of 90 feet between each of the 

consecutive bases. Use an appropriate coordinate system to calculate the distance the ball 

travels when the third baseman throws it from third base to first base.

Solution

We can conveniently choose home plate as the origin and place the x-axis along the line 

from home plate to first base and the y-axis along the line from home plate to third base, as 

shown in Figure 1.9. The coordinates of home plate (O), first base (A), second base (C), 

and third base (B) are shown in the figure.

Figure 1.9

O(0, 0)

A(90, 0)

C(90, 90)

B(0, 90)

y

x

Home plate

3rd base

1st base

2nd base

We are asked to find the distance between the points A 90, 0( ) and B 0, 90 .( )

d A B,   90 0 0 90 Distance formula

90 90

2 90 Simplify.

90 2 127.28 feet Simplify; use a calculator.

2 2

2 2

2

( ) ( ) ( )

( ) ( )

( )

= − + −

= + −

=

= ≈

Practice Problem 5. Young players might play baseball in a square “diamond” with a 

distance of 60 feet between consecutive bases. Repeat Example 5 for a diamond with these 

dimensions.

Objective 3 Midpoint Formula

Recall that a point M  on the line segment PQ is its midpoint if d P M d M Q, ,( )( ) = . See 

Figure 1.10. We provide the midpoint formula in the xy-plane.

Figure 1.10  Midpoint of a 
segment

x

y

O

M 5 (x, y)

P 5 (x1, y1)

Q 5 (x2, y2)

Midpoint Formula

The coordinates of the midpoint M x y,( )=  on the line segment joining P x y,1 1( )=  

and Q x y,2 2( )=  are given by

M x y
x x y y

,
2

,
2

.1 2 1 2( )( )= =
+ +
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Concepts and Vocabulary

 1. A point with a negative first coordinate and a positive second 

coordinate lies in the                      quadrant.

 2. Any point on the x-axis has second coordinate                     .

 3. The distance between the points P x y,1 1( )=  and 

Q x y,2 2( )=  is given by the formula 

d P Q,( ) =                     .

 4. The coordinates of the midpoint M x y,( )=  of the line seg-

ment joining P x y,  1 1( )=  and Q x y,2 2( )=  are given by 

x y,( ) =                     .

 5. True or False.  For any points x y,  1 1( ) and x y,  2 2( )

x x y y x x y y( ) ( ) ( ) ( ) .1 2
2

1 2
2

2 1
2

2 1
2− + − = − + −

 6. True or False.  The point 7, 4( )−  is 4 units to the right and 

2 units below the point 3, 2( ).

 7. True or False.  Every point in Quadrant II has a negative 

y-coordinate.

 8. True or False.  Every point on the y-axis has zero as its 

x-coordinate.

Building Skills
 9. Plot and label each of the given points in a Cartesian coordinate 

plane and state the quadrant, if any, in which each point is 

located. 2, 2 , 3, 1 , 1, 0 , 2, 5 , 0, 0 , 7, 4( )( ) ( ) ( ) ( ) ( )− − − − −
( ) ( )−0, 3 , 4, 2

 10. a.  Write the coordinates of any five points on the x-axis. 

What do these points have in common?

b. Plot the points 2, 1 , 0, 1 , 0.5, 1 , 1, 1 ,( )( ) ( ) ( )−  and ( )2, 1 . 

Describe the set of all points of the form x,  1 ,( )  where x  is 

a real number.

 11. a.  If the x-coordinate of a point is 0, where does that point 

lie?

b. Plot the points 1, 1 , 1, 1.5 , 1, 2 , 1, 3 ,( )( ) ( ) ( )− − − −  and 
( )−1, 4 . Describe the set of all points of the form y1, ,( )−  

where y  is a real number.

 12. What figure is formed by the set of all points in a Cartesian 

coordinate plane that have

a. x-coordinate equal to 3?−

b. y-coordinate equal to 4?

 13. Let P x y,( ) be a point in a coordinate plane.

a. If the point ( )P x y,  lies above the x-axis, what must be 

true of y?

b. If the point ( )P x y,  lies below the x-axis, what must be 

true of y?

c. If the point ( )P x y,  lies to the left of the y-axis, what must 

be true of x?

d. If the point ( )P x y,  lies to the right of the y-axis, what 

must be true of x?

 1.1 Exercises

The x-coordinate of the midpoint of a line segment is the average of the x-coordinates 

of the segment’s endpoints, and the y-coordinate is the average of the y-coordinates of 

the segment’s endpoints. In physics, the midpoint of a line segment is interpreted as 

the barycenter (center of gravity) of a system of two equal weights placed at the end-

points of a line segment.

We ask you to prove the midpoint formula in Exercise 72.

EXAMPLE 6 Finding the Midpoint of a Line Segment

Find the midpoint of the line segment joining the points P 3, 6( )−  and Q 1, 4 .( )

Solution

Let x y, 3, 61 1( ) ( )= −  and x y, 1, 4 .2 2( ) ( )=  Then

x y x y3, 6, 1,  and  4.1 1 2 2= − = = =

x x y y

x x y y

Midpoint
2

,
2

Midpoint formula

3 1

2
,

6 4

2
Substitute values for  ,   ,   ,   .

1, 5 Simplify.

1 2 1 2

1 2 1 2

( )

( )
( )

=
+ +

=
− + +

= −

The midpoint of the line segment joining the points P 3, 6( )−  and Q 1, 4( ) is M 1, 5 .( )−

Practice Problem 6. Find the midpoint of the line segment whose endpoints are 5, 2( )−  

and 6, 1 .( )−

Videos for  

select exercises
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 14. Let ( )P x y,  be a point in a coordinate plane. In which 

quadrant does P lie

a. if x  and y  are both negative?

b. if x  and y  are both positive?

c. if x  is positive and y  is negative?

d. if x  is negative and y  is positive?

In Exercises 15–24, find (a) the distance between P and Q and 

(b) the coordinates of the midpoint of the line segment PQ.

 15. ( )( )P Q2, 1 , 2, 5

 16. ( ) ( )−P Q3, 5 ,   2, 5

 17. ( ) ( )− − −P Q1, 5 ,   2, 3

 18. ( ) ( )− − −P Q4, 1 , 7, 9

 19. ( ) ( )− −P Q1,  1.5 ,   3, 6.5

 20. ( ) ( )−P Q0.5, 0.5 ,   1, 1

 21. ( ) ( )P Q2, 4 , 2, 5

 22. P t Q t, , ,( ) ( )− +v w v w

 23. ( ) ( )P t k Q k t, , ,  24. ( ) ( )− −P m n Q n m, ,   ,

In Exercises 25–32, determine whether the given points are 

collinear. Points are collinear if they can be labeled P, Q, and 

R so that d P Q d Q R d P R, , , .( ) ( ) ( )+ =
 25. 0, 0 , 1, 2 , 1, 2( ) ( ) ( )− −  26. 3, 4 , 0, 0 , 3, 4( ) ( ) ( )− −

 27. 4, 2 , 2, 8 , 1, 3( ) ( ) ( )− −  28. 9, 6 , 0, 3 , 3, 1( ) ( ) ( )−

 29. 1, 4 , 3, 0 , 11, 8( ) ( ) ( )− −  30. 2, 3 , 3, 1 , 2, 1( ) ( ) ( )− −

 31. ( )( ) ( )−4, 4 , 15, 1 , 1, 2  32. 1, 7 , 7, 8 , 3, 7.5( )( ) ( )− −

 33. Find the coordinates of the points that divide the line segment 

joining the points ( )= −P 4, 0  and ( )=Q 0, 8  into four 

equal parts.

 34. Repeat Exercise 33 with ( )= −P 8, 4  and ( )= −Q 16, 12 .

In Exercises 35–42, identify the triangle PQR as an isosceles 

(two sides of equal length), an equilateral (three sides of equal 

length), or a scalene (three sides of different lengths) triangle.

 35. ( ) ( ) ( )− − −P Q R5, 5 ,   1, 4 ,   4, 1

 36. P 3,  2( ), ( ) ( )−Q R6, 6 ,   1, 5

 37. P Q R4,  8 ,   0,  7 ,   3,  5( )( ) ( )− −

 38. P 6,  6( ), ( )( )− − −Q R1, 1 ,   5,  3

 39. ( )( ) ( )− −P Q R0, 1 ,   9, 9 ,   5,  1

 40. ( )( ) ( )− −P Q R4,  4 ,   4,  5 ,   0, 2

 41. ( )( ) ( )− − − −P Q R1, 1 ,   1, 1 ,   3, 3

 42. P Q R0.5, 1 ,   1.5,  1 ,   3 1,
3

2
( )( ) ( )− − − −

 43. Show that the points ( ) ( ) ( )− −P Q R7, 12 , 1, 3 , 14, 11 , and 
( )−S 22, 4  are the vertices of a square. Find the length of the 

diagonals.

 44. Repeat Exercise 43 for the points ( )−P 8, 10 , ( )−Q 9, 11 ,
( )−R 8, 12 , and ( )−S 7, 11 .

 45. Find x such that the point x, 2( ) is 5 units from 2, 1 .( )−

 46. Find y  such that the point y2,( ) is 13 units from 10, 3 .( )− −

 47. Find the point on the x-axis that is equidistant from the points 

5, 2( )−  and 2, 3( ).

 48. Find the point on the y-axis that is equidistant from the points 
( )−7, 4  and 8, 3( ).

Applying the Concepts
 49. Population. The table shows the total population of the 

United States in millions. (205 represents 205,000,000.) The 

population is rounded to the nearest million. Plot the data in a 

Cartesian coordinate system.

Year Total Population (millions)

1985 238

1990 250

1995 267

2000 282

2005 296

2010 308

2015 321

2020 333

Source: U.S. Census Bureau.

 50. Use the data from Exercise 49 and the midpoint formula for the 

years 2010 and 2020 to estimate the total population for 2015. 

Compare your estimate with the table value for 2015.

In Exercises 51–54, use the following vital statistics table.

Rate per 1000 Population

Year Births Deaths Marriages Divorces

1975 14.6 8.6 10.0 4.8

1980 15.9 8.8 10.6 5.2

1985 15.8 8.8 10.1 5.0

1990 16.7 8.6 9.4 4.7

1995 14.8 8.8 8.9 4.4

2000 14.4 8.7 8.5 4.2

2005 14.2 8.1 7.6 3.6

2010 13.0 8.0 6.8 3.6

2015 12.4 7.3 6.5 3.1

2020 11.4 9.7 6.1 2.9

Source: U.S. Census Bureau.

The table shows the rate per 1000 population of live births, 

deaths, marriages, and divorces from 1975 to 2020. Plot the data 

in a Cartesian coordinate system and connect the points with line 

segments.

 51. Plot (year, births).  52. Plot (year, deaths).

 53. Plot (year, marriages).  54. Plot (year, divorces).

In Exercises 55 and 56, assume that the graph through all of 

the given data points is a line segment. Use the midpoint for-

mula to find the estimate.

 55. Spending on prescription drugs. Americans spent $322 

billion on prescription drugs in 2016 and $359 billion in 

2020. Estimate the amount Americans spent on prescription 

drugs in 2018. (Source: cms.gov)

 56. Internet users. In 2016 there were 3696 million users of the 

Internet worldwide. By 2020 there were 5053 million such 

users. Estimate the number of users of the Internet in 2018. 

(Source: http://www.internetworldstats.com)

http://www.internetworldstats.com/
http://cms.gov/
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The following graph shows the percentage of smartphone 

sales in the United States by two leading platforms. Use this 

graph for Exercises 57–60. Source: https://gs.statcounter.com
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61.5
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42.4 42.4

38.3

 57. Use the appropriate line graph to determine the percentage of 

smartphone sales by Android in January 2014.

 58. Use the appropriate line graph to determine the percentage of 

smartphone sales by iPhone in January 2017.

 59. For the period from January 2014 through January 2021, for 

which year were the Android sales at a maximum?

 60. For the period from January 2014 through January 2021, for 

which year were the iPhone sales at a maximum?

 61. Length of a diagonal. The application of the Pythagorean 

Theorem in three dimensions involves the relationship 

between the perpendicular edges of a rectangular block and 

the solid diagonal of the same block.

In the figure, show that h a b c .2 2 2 2= + +

h c

b

a

 62. Distance. A pilot is flying from Dullsville to Middale to 

Pleasantville. With reference to an origin, Dullsville is 

located at 2, 4 ,( )  Middale at 8, 12 ,( )  and Pleasantville at 

20, 3 ,( )  all numbers being in 100-mile units.

a. Locate the positions of the three cities on a Cartesian 

coordinate plane.

b. Compute the distance traveled by the pilot.

c. Compute the direct distance between Dullsville and 

Pleasantville.

 63. Docking distance. A rope is attached to the bow of a sail-

boat that is 24 feet from the dock. The rope is drawn in over 

a pulley 10 feet higher than the bow at the rate of 3 feet per 

second. Find the distance from the boat to the dock after t  

seconds.

10 feet

24 feet

Beyond the Basics
 64. Use coordinates to prove that the diagonals of a parallelo-

gram bisect each other. [Hint: Choose 0, 0( ) a b c, 0 ,   , ,( )( )  

and a b c,( )+  as the vertices of a parallelogram.]

 65. Let A B2, 3 ,   5, 4 ,( )( )  and C 3, 8( )  be three points in a coor-

dinate plane. Find the coordinates of the point D such that the 

points A, B, C, and D form a parallelogram with

a. AB as one of the diagonals. b. AC as one of the diagonals.

c. BC as one of the diagonals.

[Hint: Use Exercise 64.]

 66. Prove that if the diagonals of a quadrilateral bisect each other, 

then the quadrilateral is a parallelogram. [Hint: Choose 0, 0( ), 

a b c, 0 , , ,( )( )  and x y,( ) as the vertices of a quadrilateral and 

show that x b a y c, .= − = ]

 67. a.  Show that 1, 2( ), 2, 6 , 5, 8 ,( ) ( )−  and 8, 4( ) are the verti-

ces of a parallelogram. [Hint: Use Exercise 66.]

b. Find x y,( ) assuming that 3, 2( ), 6, 3( ), x y, ,( )  and 6, 5( ) 

are the vertices of a parallelogram.

 68. Show that the sum of the squares of the lengths of the sides of 

a parallelogram is equal to the sum of the squares of the 

lengths of the diagonals. [Hint: Choose 0, 0( ), a b c, 0 , , ,( )( )  

and a b c,( )+  as the vertices of the parallelogram.]

 69. Prove that in a right triangle, the midpoint of the hypotenuse 

is the same distance from each of the vertices. [Hint: Let the 

vertices be a0, 0 , , 0 ,( ) ( )  and b0, .( ) ]

 70. Isosceles triangle. An isosceles triangle ABC  has right 

angle at C and hypotenuse of length c. Find the length of 

each leg of the triangle.

 71. Equilateral triangles. Two equilateral triangles ABC  and 

ABD have a common side AB of length a2 . The side AB lies on 

the x-axis with B a, 0( )=  and midpoint at the origin O. (See 

the figure.) Find the coordinates of the vertices A C, , and D.

y

xO

D

C

A B = (a, 0)

 72. Midpoint formula. Use the notation in the accompanying 

figure to prove the midpoint formula

M x y
x x y y

,  
2

,  
2

.1 2 1 2( )( ) =
+ +

O

y

x

T(x2, y)
ux2 2 xu

uy2 2 yu

uy 2 y1u

ux 2 x1u
S(x, y1)

Q(x2, y2)

M(x, y)

P(x1, y1)

https://gs.statcounter.com/
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Critical Thinking / Discussion / Writing
In Exercises 73–77, describe the set of points P x y,  ( ) in the 

xy-plane that satisfies the given condition.

 73. a. x 0= b. y 0=

 74. a. xy 0= b. xy 0≠

 75. a. xy 0> b. xy 0<

 76. a. x y 02 2+ = b. x y 02 2+ ≠

 77. a. x 0≥ b. y 0≥

 78. Describe how to determine the quadrant in which a point lies 

from the signs of its coordinates.

1.2 Graphs of Equations

Objectives

1  Sketch a graph by plotting points.

2  Find the intercepts of a graph.

3  Find the symmetries in a graph.

4  Find the equation of a circle.

Leafsmen Discover Deer

A herd of 400 deer was intro-

duced onto a small island called 

Leafs. The people both liked and 

admired these beautiful crea-

tures. However, the Leafsmen 

soon discovered that deer meat 

is excellent food. Also, a rumor 

spread throughout Leafs that 

eating deer meat prolonged 

one’s life. They then began to 

hunt the deer. The number of 

deer, y, after t years from the ini-

tial introduction of deer into 

Leafs is described by the equation y t t96 400.4 2= − + +  When does the population of deer 

become extinct in Leafs? (See Example 5.)

REVIEW CONCEPTS

How to plot points (Section 1.1, page 3)

Equivalent equations (Appendix A.6, page 1019)

REVIEW SKILLS

Evaluating algebraic expressions (Appendix A.1, page 989)

In Exercises GR1–GR4, evaluate each expression for the given  

values of x and y.

 GR1. x y2 2+

  a. x y
1

2
,

1

2
= =   b. x y

2

2
,

2

2
= =

 GR2. x y1 22 2( )( )− + +

  a. x y1, 1= − =   b. = =x y4, 2

 GR3. 
x

x

y

y
+

  a. x y2, 3= = −    b. = − =x y4, 3

 GR4. +
x

x

y

y

  a. x y1, 2= − = −    b. x y3, 2= =

Completing squares (Appendix A.6, page 1022)

In Exercises GR5–GR10, find the appropriate term that 

should be added so that the binomial becomes a perfect 

square trinomial.

 GR5. x x62 −  GR6. x x82 −

 GR7. y y32 +  GR8. y y52 +

 GR9. −x ax2  GR10. x xy2 +

GETTING READY  for the Next Section

Videos for 

this Section
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Graph of an Equation

An equation is an algebraic equality relating one or more quantities. An equation involving 

two unknown quantities describes a relation between these two quantities and specifies 

how one quantity changes with respect to the other quantity. The two changing (or varying) 

quantities are often represented by variables. The following equations are examples of 

relationships between two variables:

y x x y y x x y F C2 1; 4; ; ;
9

5
32;2 2 2 2= + + = = = = +

and q p3 302= − + .

An ordered pair a b,( ) is said to satisfy an equation with variables x and y if, when a is 

substituted for x and b is substituted for y in the equation, the resulting statement is true. 

For example, the ordered pair 2, 5( ) satisfies the equation y x2 1= +  because replacing 

x with 2 and y with 5 yields 5 2 2 1,( )= +  and simplifies to 5 5,=  which is a true state-

ment. The ordered pair 5, 2( )−  does not satisfy this equation because replacing x with 5 

and y with 2−  yields 2 2 5 1,( )− = +  and simplifies to 2 11− = , which is false. An 

ordered pair that satisfies an equation is called a solution of the equation.

In an equation involving x and y, if the value of y can be found given the value of x, 

then we say that y is the dependent variable and x is the independent variable. In the 

equation y x2 1,= +  for any real number x, there is a corresponding value of y. Hence, we 

have infinitely many solutions of the equation y x2 1.= +  When these solutions are 

graphed or plotted as points in the coordinate plane, they constitute the graph of the equation.

The graph of an equation is a geometric visualization of its solution set. In short, the 

coordinate plane allows us to investigate algebraic equations geometrically and to read 

many properties directly from their graphs.

Graph of an Equation

The graph of an equation in two variables, such as x and y, is the set of all ordered 

pairs a b,  ( ) in the coordinate plane that satisfy the equation.

Calculator graph of y x 32= −

6

–4

4–4

TECHNOLOGY CONNECTION

Objective 1 

EXAMPLE 1 Sketching a Graph by Plotting Points

Sketch the graph of y x 3.2= −

Solution

There are infinitely many solutions of the equation y x 3.2= −  To find a few, we choose 

integer values of x between 3−  and 3. Then we find the corresponding values of y as shown 

in Table 1.3.

TABLE  1.3 

x y x 32
= − x y,  ( )

3− y ( 3) 3 9 3 62= − − = − = 3,  6( )−

2− y ( 2) 3 4 3 12= − − = − = 2,  1( )−

1− y ( 1) 3 1 3 22= − − = − = − 1, 2( )− −

 0 y 0 3 0 3 32= − = − = − 0, 3( )−

 1 y 1 3 1 3 22= − = − = − 1, 2( )−

 2 y 2 3 4 3 12= − = − = 2,  1( )

 3 y 3 3 9 3 62= − = − = 3,  6( )

We plot the seven solutions x y,  ( ) and join them with a smooth curve, as shown in 

Figure 1.11. This curve is the graph of the equation y x 3.2= −

Practice Problem 1. Sketch the graph of y x 1.2= − +
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The bowl-shaped curve sketched in Figure 1.11 is called a parabola. It is easy to find 

parabolas in everyday settings. For example, when you throw a ball, the path it travels is a 

parabola. Also, the reflector behind a car’s headlight is parabolic in shape.

Example 1 suggests the following three steps for sketching the graph of an equation by 

plotting points.

Figure 1.11  Graph of a 
parabola

21

24

1

7

2124 1 4

(0, 23)

(21, 22)

(22, 1)

(23, 6)
(3, 6)

(2, 1)

(1, 22)

y 5 x2 2 3
y

x

Sketching a Graph by Plotting Points

Step 1  Make a representative table of solutions of the equation.

Step 2  Plot the solutions as ordered pairs in the coordinate plane.

Step 3  Connect the solutions in Step 2 with a smooth curve.

Comment This point-plotting technique has obvious pitfalls. For instance, many differ-

ent curves pass through the same four points. See Figure 1.12. Assume that these points are 

solutions of a given equation. There is no way to guarantee that any curve we pass through 

the plotted points is the actual graph of the equation. However, in general, more plotted 

solutions result in a more accurate graph of the equation.

Figure 1.12  Several graphs through same four points

0
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4

y

2 4

22

2224 x

24

0

2

4

y

2 4

22

2224 x

6 6 6

24

0

2

4

y

2 4

22

2224 x

24

One way to graph an equation that reduces plotting errors is to plot enough points so that 

the graph becomes self-evident. Graphing calculators and computer programs are especially 

good for this purpose. A better way is to identify the shape of the curve the equation represents 

based on its algebraic features. For instance, we can identify the equation in Example 1 as a 

quadratic equation. We will soon learn how to graph the parabola that is the graph of the qua-

dratic equation = + +y ax bx c.2  Throughout this book we will investigate various tech-

niques that will allow us to graph an equation that minimizes the amount of point plotting.

Intercepts

We examine the points where a graph intersects (crosses or touches) the coordinate axes. 

Because all points on the x-axis have a y-coordinate of 0, any point where a graph inter-

sects the x-axis has the form a, 0 .( )  See Figure 1.13. The number a is called an x-intercept 

of the graph. Similarly, any point where a graph intersects the y-axis has the form b0,( ), 

and the number b is called a y-intercept of the graph.

Objective 2 

Figure 1.13  Intercepts of a 
graph

y

x

(0, b)

(a, 0)0

y-intercept is b.

x-intercept is a.

Finding the Intercepts of the Graph of an Equation

Step 1  To find the x-intercepts of the graph of an equation, set y 0=  in the 

equation and solve for x.

Step 2  To find the y-intercepts of the graph of an equation, set x 0=  in the 

equation and solve for y.

Note that only real number solutions in Steps 1 and 2 correspond to the intercepts.
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Do not try to calculate the 
x-intercept by setting x 0.=  
The term x-intercept denotes 
the x-coordinate of the point 
where the graph touches or 
crosses the x-axis; so the 
y-coordinate must be 0.

SIDE NOTE EXAMPLE 2 Finding Intercepts

Find the x- and y-intercepts of the graph of the equation y x x 2.2= − −

Solution 
Step 1  Set y 0=  in the equation and solve for x.

y x x

x x y

x x

x x

x x x

2 Original equation

0 2 Set  0.

0 1 2 Factor.

1 0 or 2 0 Zero-product property

1 or 2 Solve each equation for  .

2

2

( )( )

= − −

= − − =

= + −

+ = − =

= − =

The x-intercepts are 1−  and 2.

Step 2  Set x 0=  in the equation and solve for y.

y x x

y x

y y

2 Original equation

0 0 2 Set  0.

2 Solve for  .

2

2

= − −

= − − =

= −

The y-intercept is 2.−

The graph of the equation y x x 22= − −  is shown in Figure 1.14.
Figure 1.14  Intercepts of a 
graph

1

0

y

y = x2 2 x 2 2

1 521

22

25 x

7

24 y-intercept

x-interceptx-intercept

Practice Problem 2. Find the intercepts of the graph of y x x2 3 2.2= + −

Objective 3 Symmetry

The concept of symmetry helps us sketch graphs of equations. A graph has symmetry if 

one portion of the graph is a mirror image of another portion. As shown in Figure 1.15(a), 

if a line � is an axis of symmetry, or line of symmetry, we can construct the mirror image 

of any point P not on � by first drawing the perpendicular line segment from P to �. Then 

we extend this segment an equal distance on the other side to a point P′ so that the line � 

perpendicularly bisects the line segment PP′. In Figure 1.15(a), we say that the point P′ is 

the symmetric image of the point P  about the line �.

Two points M  and M ′ are symmetric about a point Q if Q is the midpoint of the line 

segment MM .′  Figure 1.15(b) illustrates the symmetry about the origin O. Symmetry lets 

us use information about part of the graph to draw the remainder of the graph.

y

x

P

O

(a)

(a) Symmetric points about a line (b) Symmetric points about  

the origin

M

M

y

xO

(b)

Figure 1.15 
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The following three types of symmetries occur frequently.

Symmetries

1. A graph is symmetric with respect to (or about) the y-axis if for every 

point x y,( ) on the graph, the point x y,( )−  is also on the graph. See 

Figure 1.16(a) and (d).

2. A graph is symmetric with respect to (or about) the x-axis if for every 

point x y,( ) on the graph, the point x y,( )−  is also on the graph. See 

Figure 1.16(b) and (e).

3. A graph is symmetric with respect to (or about) the origin if for every 

point x y,  ( ) on the graph, the point x y,( )− −  is also on the graph. See  

Figure 1.16(c) and (f).

x

y

(d) y-axis symmetry

x

y

(e) x-axis symmetry

x

y

(f) Origin symmetry

y

x

(x, y)

(b) x-axis symmetry

(x, 2y)

O

(x, y)

(2x, 2y)

y

xO

(c) Origin symmetry

Figure 1.16  Three types of symmetry

(a) y-axis symmetry

(2x, y) (x, y)

y

xO

Tests for Symmetry

1. The graph of an equation is symmetric about the y-axis if replacing x with x−  

results in an equivalent equation.

2. The graph of an equation is symmetric about the x-axis if replacing y with y−  

results in an equivalent equation.

3. The graph of an equation is symmetric about the origin if replacing x with x−  and 

y with y−  results in an equivalent equation.
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EXAMPLE 3 Checking for Symmetry

Determine whether the graph of the equation y
x

1

52
=

+
 is symmetric about the y-axis.

Solution

Replace x with x−  to see if x y,  ( )−  also satisfies the equation.

y
x

y
x

x x

y
x

x x

1

5
Original equation

1

5
Replace  with .

1

5
Simplify: .

2

2

2

2 2

( )

( )

=
+

=
− +

−

=
+

− =

Because replacing x with x−  gives us the original equation, the graph of y
x

1

52
=

+
 is 

symmetric with respect to the y-axis.

Practice Problem 3. Check whether the graph of x y 12 2− =  is symmetric about 

the y-axis.

The calculator graph of 

y x1 52( )= / +  reinforces the 

result of Example 3.

0.5

–0.1

5–5

TECHNOLOGY CONNECTION

Note that if only even powers of 
x appear in an equation, then 
the graph is symmetric with 
respect to the y-axis because 
for any integer n x x, ( ) n n2 2− = .

SIDE NOTE

Step 2  Make a table of values using any 

symmetries found in Step 1.

Step 3  Plot the points from the table and 

draw a smooth curve through them.

2. Origin symmetry: If x y,  ( ) is on the graph, so is ( )− −x y, . Use 

only positive x-values in the table.

x 0 0.5 1 1.5 2 2.5

y x x4 3= − 0 1.875 3 2.625 0 5.625−

3.  

23

25

21

3

1

5

0 31 x

y

 Graph of y x x x4 ,   03= − ≥

Objective Example

EXAMPLE 4 Sketching a Graph Using Symmetry 

Use symmetry to sketch the graph of an equation.

Step 1  Test for all three symmetries.

About the x-axis: Replace y with y− .

About the y-axis: Replace x with x− .

About the origin: Replace x with x−   

and y with y− .

PROCEDURE IN ACTION

Use symmetry to sketch the graph of y x x4 .3= −

1.    x -axis y-axis origin

Replace y with y− .

y x x4 3
− = −

y x x4 3= − +

No

Replace x with x− .

x xy 4 ( )3
− −( )= −

y x x4 3=− +

No

Replace x with x−   
and y with y− .

y x x4 ( )3
− − −( )= −

y x x4 3− = − +

y x x4 3= −

Yes
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Practice Problem 4. Check whether the graph of x y2 3=  is symmetric about the 

x-axis, the y-axis, and the origin.  

4.  

4

5

2

24

25

2123 31 x

y

(x, y)

(2x, 2y)

 Graph of y x x4 3= −

Step 4  Extend the portion of the graph 

found in Step 3, using symmetries.

EXAMPLE 5 Sketching a Graph by Using Intercepts and Symmetry

Initially, 400 deer are on Leafs island. The number y of deer on the island after t years is 

described by the equation

y t t96 400.4 2= − + +

a. Sketch the graph of the equation y t t96 400.4 2= − + +

b. Adjust the graph in part a to account for only the physical aspects of the problem.

c. When do deer become extinct on Leafs?

Solution 

a. (i)  We find all intercepts. If we set t 0=  in the equation y t t96 400,4 2= − + +  

we obtain y 400.=  Thus, the y-intercept is 400.

To find the t-intercepts, we set y 0=  in the given equation.

= − + +

= − + + =

− − =
−

y t t

t t y

t t

96 400 Original equation

0 96 400 Set  0.

96 400 0
Multiply both sides by 1
and interchange sides.

4 2

4 2

4 2

t t

t t t t

t t t

t t t

t

4 100 0 Factor.

4 10 10 0 Factor 100.

4 0 or 10 0 or 10 0 Zero-product property

10 or 10 Solve for ; there is no real
solution of 4 0.

2 2

2 2

2

2

( )( )

( )( )( )

+ − =

+ + − = −

+ = + = − =

= − =

+ =

The t-intercepts are 10−  and 10.

(ii) We check for symmetry. Note that t replaces x as the independent variable.

Symmetry about the t-axis:

Replacing y with y−  gives y t t96 400.4 2− = − + +  The pair 0,  400( ) is on the 

graph of y t t96 4004 2= − + +  but not on y t t96 4004 2− = − + + . Conse-

quently, the graph is not symmetric about the t-axis.

Symmetry about the y-axis:

Replacing t with t−  in the equation y t t96 400,4 2= − + +  we obtain 

y t t t t96 400 96 400,4 2 4 2( ) ( )= − − + − + = − + +  which is the original 

equation. Thus, t y,  ( )−  also satisfies the equation and the graph is symmetric 

about the y-axis.
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Figure 1.17

10 68 2 2 4 6 8 104 0

500

500

1000

1500

2000

2500

3000

y

t

(9, 1615)

(7, 2703)
(5, 2175)

(1, 495)

(0, 400)

TABLE  1.4 

t y t t96 4004 2= − + + t y,  ( )

0 400 0, 400( )

1 495 1, 495( )

5 2175 5, 2175( )

7 2703 7, 2703( )

9 1615 9, 1615( )

10 0 10, 0( )

11 2625− 11, 2625( )−

Symmetry about the origin:

Replacing t with t−  and y with y−  in the equation y t t96 400,4 2= − + +  

we obtain ( ) ( )− = − − + − + − = − + +y t t y t t96 400,  or 96 400.4 2 4 2  

As we saw when we discussed symmetry in the t-axis, 0, 400( ) is a solution but 

0, 400( )−  is not a solution of this equation; so the graph is not symmetric with 

respect to the origin.

(iii)  We sketch the graph by plotting points for t 0≥  (see Table 1.4) and then using 

symmetry about the y-axis (see Figure 1.17).

b. The graph pertaining to the physical aspects of the problem is the red portion of the 

graph in Figure 1.17.

c. The positive t-intercept, 10, gives the time in years when the deer population of Leafs 

is 0; so deer are extinct after 10 years.

Practice Problem 5. Repeat Example 5, assuming that the initial deer population 

is 324 and the number of deer on the island after t years is given by the equation 

y t t77 324.4 2= − + +

Objective 4 Circles

The Cartesian coordinate plane allows us to describe various geometric curves using 

algebraic equations. We illustrate this situation in the case of a circle. We begin with the 

geometric definition.

Standard Form A point P x y,  ( ) is on the circle if and only if its distance from the 

center C h k,  ( ) is r. Using the notation for the distance between the points P  and C, we 

have the following:

( ) ( )

( ) ( )

( ) =

− + − =

− + − =

d P C r

x h y k r

x h y k r

,

Distance formula

. Square both sides.

2 2

2 2 2

Circle

A circle is a set of points in a Cartesian coordinate plane that are at a fixed distance 

r from a specified point h k,   .( )  The fixed distance r is called the radius of the circle, 

and the specified point h k,  ( ) is called the center of the circle.
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Figure 1.18

y

xh

k

r

P(x, y)

C(h, k)

(x 2 h)2 1 (y 2 k)2 5 r2

O

The Standard Form for the Equation of a Circle

The standard form of an equation of a circle with center h k,  ( ) and radius r is

(1) x h y k r2 2 2( ) ( )− + − =

EXAMPLE 6 Finding the Equation of a Circle

Find the standard form of the equation of the circle with center 7, 3( )−  and that passes 

through the point P 5, 2 .( )= −

Solution 

(2) 

x h y k r

x y r h k

x y r

Standard form

7 3 Replace   with 7 and   with 3.

7 3 3 3

2 2 2

2 2 2

2 2 2

( ) ( )

( )

( )

( ) ( )

( ) ( )

− + − =

− + − − = −

− + + = − − =

Because the point P 5, 2( )= −  lies on the circle, its coordinates satisfy equation (2). So

( ) ( )− + − + = −

=

r x y

r

5 7 2 3 Replace   with 5 and   with 2.

5 Simplify.

2 2 2

2

Replacing r 2 with 5 in equation (2) gives the required standard form

x y( 7) ( 3) 5.2 2− + + =

Practice Problem 6. Find the standard form of the equation of the circle with center 

3, 6( )−  and radius 10.

If an equation in two variables can be written in standard form (1), then its graph is a circle 

with center h k,  ( ) and radius r.

Employing the Cartesian coordinate plane as a geometric visualization tool, we see that the 

graph of any equation in x and y that can be written in the standard form 
( ) ( )− + − =x h y k r2 2 2 is a circle with center ( )h k,    and radius r.

EXAMPLE 7 Graphing a Circle

Specify the center and radius and graph each circle.

a. x y 12 2+ =

b. x y( 2) ( 3) 252 2+ + − =

Solution 

a. The equation x y 12 2+ =  can be rewritten as

x y( 0) ( 0) 1 .2 2 2− + − =

Comparing this equation with equation 1( ), we conclude that the given equation is an 

equation of the circle with center 0, 0( ) and radius 1. The graph is shown in Figure 1.19. 

This circle is called the unit circle.Figure 1.19  The unit circle

21

1

y

121 x0

x2 1 y2 5 1

The equation x h y k r( ) ( )2 2 2− + − =  is an equation of a circle with radius r and center 

h k,   .( )  A point x y,  ( ) is on the circle of radius r with center C h k,  ( ) if and only if it satisfies 

this equation. Figure 1.18 is the graph of a circle with center C h k,  ( ) and radius r.
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If r x 0≥ ≥ , then r x2 2≥ ,  
so r x 02 2− ≥ . If r x 0− ≤ − ≤ , 
then r x 0≥ ≥ , and again 
r x 02 2− ≥ . So if r x r− ≤ ≤ , 
we have r x 02 2− ≥ .

SIDE NOTE

x

(d) left half

(0, r)

(2r, 0)

(0, 2r)

y

0

x 5 2   r2
 2 y2

y

(b) lower half

(r, 0)(2r, 0)

(0, 2r)

x0

y 5 2   r2 2 x2

x 5    r2 2 y2

(c) right half

(0, r)

(r, 0)

(0, 2r)

y

x0

Figure 1.21  Semicircles

y

y 5    r2 2 x2

(a) upper half

(0, r)

(r, 0)(2r, 0) x0

Semicircles

Letting h 0=  and k 0=  in equation (1), we have

(3) x y r2 2 2+ =

Equation (3) is the standard form for a circle with center at the origin and radius r.

We solve equation (3) for y:

y r x x

y r x

Subtract from both sides.

Square root property

2 2 2 2

2 2

= −

= ± −

or y r x y r xand .2 2 2 2= − = − −

Similarly, solving equation (3) for x, we have two equations,

x r y x r yand .2 2 2 2= − = − −

The graphs of these four equations are semicircles (half circles), shown in Figure 1.21.

It is easy to make sign errors when identifying the center of the circle. The direct method of find-

ing the coordinates of the center is to set the expression inside each of the squares to zero.

( )( )+ + − =x y2 3 25.2 2

+ =x 2 0 gives = −x 2 and − =y 3 0 gives =y 3. We identify the center of this circle as 

( )−2,  3 .

WARNING

General Form Consider a circle with center C 2, 3( )= −  and radius =r 5. Its 

standard form is

x y2 3 5 .2 2 2( )( )− + + =

Expanding ( )−x 2 2 and ( )+y 3 ,2  we have

x x y y

x y x y

x y x y

4 4 6 9 25

4 6 13 25

4 6 12 0.

2 2

2 2

2 2

( ) ( )− + + + + =

+ − + + =

+ − + − =

   ( )± = ± +a b a ab b22 2 2 

Rewrite. 

Simplify.

b. Rewriting the equation x y( 2) ( 3) 252 2+ + − =  as

x y x x2 3 5 , 2 22 2 2( )( )[ ] ( )− − + − = + = − −

we see that the graph of this equation is the circle with center 2,  3( )−  and radius 5. The 

graph is shown in Figure 1.20 in the margin below.

Practice Problem 7. Graph the equation x y( 2) ( 1) 36.2 2− + + =

Figure 1.20  Circle with radius  
5 and center at 2, 3( )−

y

x

(22, 3)

23

7

(x 1 2)2 1 (y 2 3)2 5 25

26 20
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This last equation is the general form of the equation of the circle with standard form 
( )( )− + + =x y2 3 5 .2 2 2  In general, if we expand the squared expressions in the 

 standard equation of a circle,

x h y k r ,2 2 2( )( )− + − =

and then simplify, we obtain an equation of the form

(4) x y ax by c 0.2 2+ + + + =

Equation (4) is called the general form of the equation of a circle. The graph of the equation 

+ + + + =Ax By Cx Dy E 02 2  is also a circle if ≠A 0 and =A B. You can convert 

this equation to the general form by dividing both sides by A. See Exercises 91 and 92.

On the other hand, if we are given an equation in general form, we can convert it to stan-

dard form by completing the squares on the x- and y-terms. This gives

(5) x h y k d( ) ( ) .2 2− + − =

If d 0,>  the graph of equation (5) is a circle with center h k,  ( ) and radius d . If d 0,=  

the graph of equation (5) is the point h k,   .( )  If d 0,<  there is no graph.

To graph the equation 

x y 12 2+ =  on a graphing 

calculator, we graph the two 

equations of the upper and 

lower semicircles,

Y x

Y x

1

1 ,

1
2

2
2

= −

= − −

and

in the same window. The 

calculator graph does not look 

quite like a circle. We use the 

ZSquare option to make the 

display look like a circle.

2

–2

3–3

TECHNOLOGY CONNECTION

To convert x bx2 +  to a perfect 

square, add b
1

2

2

( )  to get

x bx b x
b1

2 2
.2

2 2

( )( )+ + = +

This completes the square.

RECALL

EXAMPLE 8 Converting the General Form to Standard Form

Find the center and radius of the circle with equation

x y x y6 8 10 0.2 2+ − + + =

Solution 

Complete the squares on both the x-terms and y-terms to get standard form.

x y x y

x x y y x

y

x x y y

x y

x y

6 8 10 0 Original equation

6 8 10 Group the  -terms
and  -terms.

6 9 8 16 10 9 16 Complete the squares
by adding 9 and 16 to
both sides.

3 4 15 Factor and simplify.

3 4 15

2 2

2 2

2 2

2 2

2 2 2
( )

( ) ( )

( ) ( )

( )

[ ]

( )

( ) ( )

+ − + + =

− + + = −

− + + + + = − + +

− + + =

− + − − =

The last equation tells us that we have h k3,   4,= = −  and r 15.=  Therefore, the 

circle has center 3, 4( )−  and radius 15 3.9.≈

General Form of the Equation of a Circle

The general form of the equation of a circle is

x y ax by c 0.2 2+ + + + =

Practice Problem 8. Find the center and radius of the circle with equation 

x y x y4 6 12 0.2 2+ + − − =
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Concepts and Vocabulary

 1. The graph of an equation in two variables such as x and y is 

the set of all ordered pairs a b,  ( )                         .

 2. If 2, 4( )−  is a point on a graph that is symmetric with respect 

to the y-axis, then the point                          is also on the 

graph.

 3. If ( )−0, 5  is a point of a graph, then 5−  is a(n) 

                         intercept of the graph.

 4. An equation in standard form of a circle with center 1, 0( ) 

and radius 2 is                         .

 5. True or False.  The graph of the equation 

x x y3 22 − + + 3 0=  is a circle.

 6. True or False.  If a graph is symmetric about the x-axis, then 

it must have at least one x-intercept.

 7. True or False.  The center of the circle with equation 

x y( 3) ( 4) 92 2+ + + =  is the point 3,  4 .( )

 8. True or False.  If 2,  3( )−  is a point on a graph that is  

symmetric with respect to the origin, then the point 2, 3( )−  is 

also on the graph.

Building Skills
In Exercises 9–14, determine whether the given points are on 

the graph of the equation.

 Equation Points

 9. y x 1= −  3, 4 , 1, 0 , 4, 3 , 2, 3( ) ( ) ( ) ( )− −

10.  y x2 3 5= +  1, 1 , 0, 2 ,
5

3
, 0 , 1, 4( )( ) ( ) ( )− −

11.  y x 1= +  3, 2 , 0, 1 , 8, 3 , 8, 3( ) ( ) ( ) ( )−

12.  y
x

1
=  3,

1

3
, 1, 1 , 0, 0 , 2,

1

2
( ) ( )( ) ( )−

13.  x y 12 2− =  1, 0 , 0, 1 , 2, 3 , 2, 3( ) ( )( ) ( )− −

14.  y x2 =  1, 1 , 1, 1 , 0, 0 , 2, 2( )( ) ( ) ( )− −

In Exercises 15–36, graph each equation by plotting points. 

Let x 3, 2, 1,  0,  1,  2,= − − −  and 3 where applicable.

 15. y x 1= +  16. y x 1= −  17. y x2=

 18. y x
1

2
=  19. y x 2=  20. y x 2= −

 21. y x=  22. y x 1= +

 23. y x 1= +  24. y x 1= − +

 25. y x4 2= −  26. y x 42= −

 27. y x9 2= −  28. y x9 2= − −

 29. y x 3=  30. y x 3= −

 31. y x3 =  32. y x3 = −

 33. x y=  34. x y=

 35. y x2= −  36. x y 1+ =

 1.2 Exercises

 37.

1

2

3

4

1 2 3 421

21

22

23

24

222324 x

y  38.

1

2

3

4

1 2 3 421
21

22

23

24

222324 x

y

 39. 

1

2

3

4

pp

2
2p

21

22

23

24

2

x

y

p

2

 40.

1

2

3

4

pp

2
2p

21

22

23

24

2

x

y

p

2

In Exercises 37–46, find

a. x- and y-intercepts.

b. symmetries (if any) about the x-axis, the y-axis, and the origin.

 41. 

1

2

3

4

1 2 3 421
21

22

23

24

222324 x

y  42. 

1

2

3

4

1 2 3 421
21

22

23

24

222324 x

y

 43. 

1

2

3

4

1 2 3 421
21

22

23

24

222324 x

y  44. 

1

2

3

4

1 2 3 421
21

22

23

24

222324 x

y

Videos for  

select exercises
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 77. x y2 3 112 2( )( )+ + + =

 78. x y
1

2

3

2

3

4

2 2

( ) ( )− + + =

In Exercises 79–88, find the standard form of the equation of a 

circle that satisfies the given conditions. Graph each equation.

 79. Center 0,  1 ;( )  radius 2  80. Center 1,  0 ;( )  radius 1

 81. Center 1,  2 ;( )−  radius 2

 82. Center 2, 3 ;( )− −  radius 7

 83. Center 3, 4 ;( )−  passing through the point 1,  5( )−

 84. Center 1,  1 ;( )−  passing through the point 2,  5( )

 85. Center 1,  2 ;( )  touching the x-axis

 86. Center 1,  2 ;( )  touching the y-axis

 87. Diameter with endpoints 7,  4( ) and 3,  6( )−

 88. Diameter with endpoints 2, 3( )−  and 8,  5( )

In Exercises 89–94, find

a. the center and radius of each circle.

b. the x- and y-intercepts of the graph of each circle.

 89. x y x y2 2 4 02 2+ − − − =

 90. x y x y4 2 15 02 2+ − − − =

 91. x y y2 2 4 02 2+ + =  92. x y x3 3 6 02 2+ + =

 93. x y x 02 2+ − =  94. x y 1 02 2+ + =

Applying the Concepts
In Exercises 95 and 96, a graph is described geometrically as 

the path of a point P x y,  ( ) on the graph. Find an equation 

for the graph described.

 95. Geometry. P x y,  ( ) is on the graph if and only if the dis-

tance from P x y,  ( ) to the x-axis is equal to its distance to 

the y-axis.

 96. Geometry. P x y,  ( ) is the same distance from the two 

points 1,  2( ) and 3, 4( )− .

 97. Saving and spending. Sketch a graph (years, money) that 

shows the amount of money available to you if you save 

$100 each month until you have $2400 and then withdraw 

$80 each month until the $2400 is gone.

 98. Tracking distance during a workout. Sketch a graph 

(minutes, miles) that shows the distance you have traveled 

from your starting point if you jog at 6 mph for 10 minutes, 

rest for 10 minutes, and then walk at 3 mph back to your 

starting point.

 99. Corporate profits. The equation P t t0.5 3 82= − − +  

describes the monthly profits (in millions of dollars) of 

ABCD Corp. for the year 2022, with t 0=  representing 

July 2022.

a. How much profit did the corporation make in  

March 2022?

b. How much profit did the corporation make in  

October 2022?

c. Sketch the graph of the equation.

d. Find the t-intercepts. What do they represent?

e. Find the P-intercept. What does it represent?

In Exercises 47–50, complete the given graph so that it has 

the indicated symmetry.

1

2

3

4

1 2 3 421

21

22

23

24

222324 x

y

 47. Symmetry about the x-axis

 48. Symmetry about the y-axis

 49. Symmetry about the origin

 50. Symmetry about the x-axis and symmetry about the y-axis

In Exercises 51–64, find the x- and y-intercepts of the graph 

of each equation (if any).

 51. x y3 4 12+ =  52. x y2 3 5+ =

 53. 
x y

5 3
1+ =  54. 

x y

2 3
1− =

 55. y
x

x

2

1
=

+

−
 56. x

y

y

2

1
=

−

+

 57. y x x6 82= − +  58. x y y5 62= − +

 59. x y 42 2+ =  60. x y1 92 2( )− + =

 61. y x9 2= −  62. y x 12= −

 63. xy 1=  64. y x 12= +

In Exercises 65–74, test each equation for symmetry with 

respect to the x-axis, the y-axis, and the origin.

 65. y x 12= +  66. x y 12= +

 67. y x x3= +  68. y x x2 3= −

 69. y x x5 24 2= +  70. y x x x3 26 4 2= − + +

 71. y x x3 25 3= − +  72. y x x2 2= −

 73. x y xy2 12 2 + =  74. x y 162 2+ =

In Exercises 75–78, specify the center and the radius  

of each circle.

 75. x y2 3 362 2( )( )− + − =

 76. x y1 3 162 2( )( )+ + − =

 45. 

1

2

3

4

1 2 3 421
21

22

23

24

222324 x

y  46. 

1

2

3

4

1 2 3 421
21

22

23

24

222324 x

y
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 104. Find the equation of a circle with radius 5 and x-intercepts 

4−  and 4. [Hint: Center must be on the y-axis; there are 

two such circles.]

Critical Thinking / Discussion / Writing
 105. Sketch the graph of y x22 =  and explain how this graph is 

related to the graphs of y x2=  and y x2 .= −

 106. Show that a graph that is symmetric with respect to the  

x-axis and the y -axis must also be symmetric with respect 

to the origin. Give an example to show that the converse is 

not true.

 107. a.   Show that  a circle with diameter having endpoints 

A 0,  1( ) and B 6,  8( ) intersects the x-axis at the roots of 

the equation x x6 8 0.2 − + =

b.  Show that a circle with diameter having endpoints 

A 0,  1( ) and B a b,  ( ) intersects the x-axis at the roots of 

the equation x ax b 0.2 − + =

c.  Use graph paper, ruler, and compass to approximate the 

roots of the equation x x3 1 0.2 − + =

 108. The figure shows two circles each with radius r.

a. Write the coordinates of the center of each circle.

b. Find the area of the shaded region.

y

x

 100. Female students in college. The equation

= − +P t t18 69 11,2642

  models the approximate number (in thousands) of female 

college students in the United States for the academic years 

2015–2020, with t 0=  representing 2015.

a. Sketch the graph of the equation.

b. Find the P-intercept. What does it represent?

(Source: https://nces.ed.gov)

 101. Motion. An object is thrown up from the top 

of a building that is 320 feet high. The equation 

y t t16 128 3202= − + +  gives the object’s height (in 

feet) above the ground at any time t  (in seconds) after the 

object is thrown.

a. What is the height of the object after 0, 1, 2, 3, 4, 5, and  

6 seconds?

b. Sketch the graph of the equation 

y t t16 128 320.2= − + +

c. What part of the graph represents the physical aspects of 

the problem?

d. What are the intercepts of this graph, and what do they mean?

 102. Diving for treasure. A treasure-hunting team of divers is 

placed in a computer-controlled diving cage. The equation 

d t t
40

3

2

9
2= −  describes the depth d  (in feet) that the 

cage will descend in t  minutes.

a. Sketch the graph of the equation d t t
40

3

2

9
.2= −

b. What part of the graph represents the physical aspects of 

the problem?

c. What is the total time of the entire dive?

Beyond the Basics
 103. In the same coordinate system, sketch the graphs of the two 

circles with equations x y x y4 2 20 02 2+ − + − =  and 

x y x y4 2 31 02 2+ − + − =  and find the area of the 

region bounded between the two circles.

REVIEW CONCEPTS

Solving linear equations (Appendix A.6, pages 1020–1021)

Graphs of equations (Section 1.2, page 12)

REVIEW SKILLS

Properties of rational expressions (Appendix A.3,  
pages 1000–1005)

In Exercises GR1–GR6, perform the indicated operations.

 GR1. 
5 3

6 2

−
−

  GR2. 
1 2

2 2

−
− −

 GR3. 
2 3

3 13

( )− −
−

  GR4. 
3 1

2 6( )

−
− − −

GETTING READY  for the Next Section

 GR5. 

( )

−

− −

1

2

1

4
3

8

1

4

  GR6. 

3

4
1

1

2

1

6

−

−

Solving linear equations (Appendix A.6, pages 1020–1021)

In Exercises GR7–GR10, solve each equation for the  

specified variable.

 GR7. x y2 3 6+ =  for y GR8. 
x y

2 5
3− =  for y

 GR9. y x2
2

3
1 0( )− − + =  for y

 GR10. x y0.1 0.2 0+ =  for y

https://nces.ed.gov/
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1.3 Lines

Objectives

1  Find the slope of a line.

2  Write the point–slope form of the equation of a line.

3  Write the slope–intercept form of the equation of a line.

4  Recognize the equations of horizontal and vertical lines.

5  Recognize the general form of the equation of a line.

6  Find equations of parallel and perpendicular lines.

7  Model data using linear regression.

A Texan’s Tall Tale
Gunslinger Wild Bill Longley’s first burial 

took place on October 11, 1878, after he 

was hanged before a crowd of thousands 

in Giddings, Texas.

Rumors persisted that Longley’s hang-

ing had been a hoax and that he had 

somehow faked his death and escaped 

execution. In 2001, Longley’s descendants 

had his grave opened to determine 

whether the remains matched Wild Bill’s 

description: a tall white male, age 27. Both 

the skeleton and some personal effects 

suggested that this was indeed Wild Bill. 

Modern science lent a hand, too: The DNA 

of Wild Bill’s sister’s descendant Helen 

Chapman was a perfect match.

Now the notorious gunman could be 

buried back in the Giddings cemetery—for the second time. How did the scientists conclude from 

the skeletal remains that Wild Bill was approximately 6 feet tall? (See Example 8.)

Slope of a Line

In this section, we study various forms of first-degree equations in two variables. Because 

the graphs of these equations are straight lines, they are called linear equations. Just as we 

measure weight or temperature by a number, we measure the “steepness” of a line by a 

number called its slope.

Consider two points ( )P x y,  1 1  and Q x y,  2 2( ) on a line, as shown in Figure 1.22. We 

say that the rise is the change in y-coordinates between the points ( )x y,  1 1  and ( )x y,  2 2  

and that the run is the corresponding change in the x-coordinates. A positive run indicates 

change to the right, as shown in Figure 1.22; a negative run indicates change to the left. 

Similarly, a positive rise indicates upward change; a negative rise indicates downward 

change. A zero run or rise means no change in the corresponding coordinate.

Objective1 

Videos for 

this Section
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Because = =m
y

x

rise

run

change in  -coordinates

change in  -coordinates
, if the change in x, ∆x, is one unit to the 

right (x increases by 1 unit), then the change in y, ∆y, equals the slope of the line. The 

slope of a line is therefore the change in y per unit change in x. In other words, the slope 

of a line measures the rate of change of y with respect to x. Roofs, staircases, graded land-

scapes, and mountainous roads all have slopes. For example, if the pitch (slope) of a sec-

tion of the roof is 0.4, then for every horizontal distance of 10 feet in that section, the roof 

ascends 4 feet.

Figure 1.22  Slope of a line

y

x

Q(x2, y2)

Run

O

(a)

P(x1, y1) Positive Rise

y

x

Q(x2, y2)

Run

O

(b)

P(x1, y1)
Negative Rise

y

x

Rise 5 0

Q(x2, y1)P(x1, y1)

(c)

Run

O

y

x

Q(x1, y2)

P(x1, y1)

(d)

O

Run 5 0

Rise

Slope of a Line

The slope of a nonvertical line that passes through the points ( )P x y,  1 1  and 
( )Q x y,  2 2  is denoted by m and is defined by

= = =
∆

∆
=

−

−
≠m

y

x

y

x

y y

x x
x x

rise

run

change in 

change in 
, .2 1

2 1
1 2

The slope of a vertical line is undefined.

The symbols ∆y (read “delta y”) 
and ∆x (read delta x”) are used 
to indicate a “change in y” and 
a “change in x,” respectively. So 
the slope is sometimes denoted 

by =
∆

∆
m

y

x
.

SIDE NOTE

4 feet10 feet

Figure 1.23  Interpreting slope

Rise 5 4

O x

y

Q(3, 3)

Run 5 2

P(1, 21)

EXAMPLE 1 Finding and Interpreting the Slope of a Line

Sketch the graph of the line that passes through P 1, 1( )−  and ( )Q 3,  3 . Find and interpret 

the slope of the line.

Solution

The graph of the line is sketched in Figure 1.23. The slope m of this line is given by

( ) ( )

( ) ( )

( ) ( )

( ) ( )

= =

=
−

−

=
− −

−

=
+

−

= =

m
y

x

y Q y P

x Q x P

rise

run

change in  -coordinates

change in  -coordinates

-coordinate of  -coordinate of 

-coordinate of  -coordinate of 

3 1

3 1

3 1

3 1

4

2
2.

Interpretation A slope of 2 means that the value of y increases two units for every one 

unit increase in the value of x.

Practice Problem 1. Find and interpret the slope of the line containing the points ( )−7,  5  

and 6, 3 .( )−
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Figure 1.25 shows how to construct a line with given slope, ±
2

3
, with rise 2=±  and 

run  3= .

Figure 1.24  Slopes of lines

m 5 5

m 5 25 m 5 22

m 5 2 m 5 1

m 5 21

m 5

m 5 0

1

2

1

2
m 5 2

m is

undefined

x

y

Main Facts about Slopes of Lines

1. Scanning graphs from left to right, lines with positive slopes rise and lines with 

negative slopes fall.

2. The greater the absolute value of the slope, the steeper the line.

3. The slope of a vertical line is undefined.

4. The slope of a horizontal line is zero.

Be careful when using the formula for finding the slope of a line joining the points x y,  1 1( ) and 

( )x y,  2 2 . Be sure to subtract coordinates in the same order.

You can use either

m
y y

x x
m

y y

x x
,2 1

2 1

1 2

1 2

=
−

−
=

−

−
or

but it is incorrect to use

m
y y

x x
m

y y

x x
.1 2

2 1

2 1

1 2

=
−

−
=

−

−
or

WARNING

Figure 1.25  Constructing a line

3
2

3

2

m 5
2
3 3

–2

3
–2

m 5
2–
3

Point–Slope Form

We now find the equation of a line � that passes through the point ( )A x y,  1 1  and has slope 

m. Let ( )P x y,   , with ≠x x ,1  be any point in the plane. Then ( )P x y,    is on the line � if and 

only if the slope of the line passing through ( )P x y,    and ( )A x y,  1 1  is m. This is true if and 

only if

−

−
=

y y

x x
m.1

1

Objective 2 

Figure 1.24 shows several lines passing through the origin. The slope of each line is 

labeled.
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See Figure 1.26.

Multiplying both sides by −x x1 gives ( )− = −y y m x x1 1 , which is also satisfied 

when =x x1 and =y y .1

You can avoid operations on 
fractions

y x

y x

y x

y x

7
6

5
3

Multiply
by 5.

5 7 6 3

5 35 6 18

5 6 17

( )

( )

( )

− = −

− = −

− = −

= +

and at the end divide by 5

y x
6

5
 

17

5
.= +

SIDE NOTE

The Point–Slope Form of the Equation of a Line

If a line has slope m and passes through the point ( )x y,   ,1 1  then the point–slope form 

of an equation of the line is

( )− = −y y m x x .1 1

Figure 1.26  Point–slope form

y

x

A(x1, y1)

P(x, y)

�

m 5 x 2 x1

y 2 y1

y 2 y1 5 m (x 2 x1) 

O

EXAMPLE 2 Finding an Equation of a Line with Given Point and Slope

Find the point–slope form of the equation of the line passing through the point 1, 2( )−  with 

slope =m 3. Then solve for y.

Solution 

( )

( ) ( )

− = −

− − = − = = − =

+ = −

= −

y y m x x

y x x y m

y x

y x y

Point–slope form

2 3 1 Substitute  1,   2,  and  3.

2 3 3 Simplify.

3 5 Solve for  .

1 1

1 1

Practice Problem 2. Find the point–slope form of the equation of the line passing through 

the point 2, 3( )− −  and with slope −
2

3
. Then solve for y.

Slope The y-intercept is 5.−

( ) ( )

( )( )

= −

− = − −

= +

x y

y x

y x

With  ,   2,  1

1
6

5
2

6

5

17

5
. Simplify.

1 1

Same result

Practice Problem 3. Find the point–slope form of the equation of a line passing through 

the points 3, 4  and  1, 6 .( )( )− − −  Then solve for y.

EXAMPLE 3  Finding an Equation of a Line Passing  
Through Two Given Points

Find the point–slope form of the equation of the line � passing through the points 
( ) ( )−2,  1  and  3,  7 . Then solve for y.

Solution 

We first find the slope m of the line �.

m m
y y

x x

7 1

3 2

6

3 2

6

5
2 1

2 1
( )

=
−

− −

=

+
= =

−

−

We use =m
6

5
 and either of the two given points when substituting into the point–slope 

form:

( )− = −y y m x x .1 1

( ) ( )

( )

=

− = −

= +

x y

y x

y x

With  ,   3,  7

7
6

5
3

6

5

17

5
. Simplify.

1 1
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Slope–Intercept Form

One of the most convenient forms of an equation describing a straight line is called the slope–

intercept form, where we know the slope of the line and the given point is the y-intercept.

No one is sure why the letter m 
is used for slope. Many people 
suggest that m comes from the 
French monter (to climb), but 
Descartes, who was French, did 
not use m. Professor John 
Conway of Princeton University 
has suggested that m could 
stand for “modulus of slope.”

DO YOU KNOW?

To graph a line with integer 

slope, such as 3, write =3
3

1
 

where the rise 3=  and run 1= .

SIDE NOTE

Objective 3 

Figure 1.27  Slope–intercept 
form

x

y

b

O

(0, b)

slope m

EXAMPLE 4  Finding an Equation of a Line with a Given Slope  
and y-intercept

Find the point–slope form of the equation of the line with slope m and y-intercept b. Then 

solve for y.

Solution 
Because the line has y-intercept b, the line passes through the point ( )b0,   . See Figure 1.27.

y y m x x

y b m x x y b

y b mx

y mx b y

Point–slope form

0 Substitute  0 and  .

Simplify.

Solve for  .

1 1

1 1

( )

( )

− = −

− = − = =

− =

= +

Practice Problem 4. Find the point–slope form of the equation of the line with slope 2 

and y-intercept −3. Then solve for y.

Slope–Intercept Form of the Equation of a Line

The slope–intercept form of the equation of the line with slope m and y-intercept b is

= +y mx b.

The linear equation in the form = +y mx b displays the slope m (the coefficient of x) 

and the y-intercept b (the constant term). The number m tells which way and how much the 

line is tilted; the number b tells where the line intersects the y-axis.

EXAMPLE 5 Graph Using the Slope and y-intercept

Graph the line whose equation is y x
2

3
2.= +

Solution 

The equation

y x
2

3
2= +

is in the slope–intercept form with slope 
2

3
 and y-intercept 2. To sketch the graph, find two 

points on the line and draw a line through the two points. Use the y-intercept as one of the 

points, and then use the slope to locate a second point. Because =m
2

3
, let 2 be the rise 

and 3 be the run. From the point ( )0,  2 , move three units to the right (run) and two units up 

(rise). This gives ( )+ + =0 run,  2 rise  ( ) ( )+ + =0 3,  2 2 3,  4  as the second point.

The line we want joins the points ( )0,  2  and ( )3,  4  and is shown in Figure 1.28.

As an alternative solution, we can locate the second point on the line by choosing 

some value of x and finding the corresponding value of y directly from the given equation. 

Choosing =x 3 will give us the corresponding value of y
2

3
3 2 4= ⋅ + = . This gives 

( )3,  4  as a second point. Note that some choices of x are better than others. Choosing =x 1 

would give us the point 1,
8

3
( ), which would not be easy to plot accurately on a Cartesian grid.

Practice Problem 5. Graph the line with slope −
2

3
 that contains the point ( )0,  4 .

Figure 1.28  Locating a  
second point on a line

x

y

O

Run = 3

Rise = 2

(3, 4)

(0, 2)

y 5
2

3
x + 2
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Objective 4 

Calculator graph of =y 2

8

–3

7–10

TECHNOLOGY CONNECTION

Equations of Horizontal and Vertical Lines

Consider the horizontal line through the point ( )h k,   . The y-coordinate of every point on this 

line is k. So we can write its equation as =y k. This line has slope =m 0 and y-intercept k. 

Similarly, an equation of the vertical line through the point ( )h k,    is =x h. This line has 

undefined slope and x-intercept h. See Figure 1.29.

Horizontal and Vertical Lines

An equation of a horizontal line through ( )h k,    is =y k.

An equation of a vertical line through ( )h k,    is =x h.

EXAMPLE 6 Recognizing Horizontal and Vertical Lines

Discuss the graph of each equation in the xy-plane.

a. =y 2   b. =x 4

Solution 

a. The equation =y 2 may be considered as an equation in two variables x and y by 

writing

x y0 2.⋅ + =

Any ordered pair of the form ( )x,  2  is a solution of this equation. Some solutions 

are 1, 2 , 0, 2 , 2, 2 ,  and  7, 2 .( ) ( ) ( ) ( )−  It follows that the graph is a line parallel to the 

x-axis and two units above it, as shown in Figure 1.30. Its slope is 0.

Figure 1.29  Horizontal and 
vertical lines

O xh

k

(h, k)

y

y 5 k

x 5 h

Figure 1.30   Horizontal line

1

4

y

810 x

(2, 2)

(0, 2)

(7, 2)

Figure 1.31  Vertical line

8

2

8

y

2 x0

(4, 0)

(4, 2)

(4, 6)

b. The equation =x 4 may be written as

x y0 4.+ ⋅ =

Any ordered pair of the form ( )y4,    is a solution of this equation. Some solutions are 

4, 5 , 4, 0 , 4, 2 ,( ) ( ) ( )−  and 4, 6 .( )  The graph is a line parallel to the y-axis and four 

units to the right of it, as shown in Figure 1.31. Its slope is undefined.

Practice Problem 6. Sketch the graphs of the lines = − =x y3 and  7.

Sometimes it is easier to 
remember that

(1)  given the equation =y 2, 
there is no change in y, 
because y is constant. The 
line has to be horizontal 
( )∆ =y 0 .

(2)  given the equation =x 4, 
there is no change in x, 
because x is constant. The 
line has to be vertical 
( )∆ =x 0 .

SIDE NOTE

You cannot graph =x 4 by 

using the Y = key on your 

calculator.

TECHNOLOGY CONNECTION

Objective 5 General Form of the Equation of a Line

An equation of the form

+ + =ax by c 0,

where a b,   , and c are constants and a and b are not both zero, is called the general form of 

a linear equation. Consider two possible cases: ≠ =b b0 and  0.
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Suppose ≠b 0: We can isolate y on one side and rewrite the equation in slope–intercept 

form.

ax by c

by ax c ax c

y
a

b
x

c

b
b

0 Original equation

Subtract   from both sides.

Divide by  .

+ + =

= − − +

= − −

The result is an equation of a line in slope–intercept form with slope = −m
a

b
 and y-intercept 

equal to −
c

b
.

Suppose =b 0: We know that ≠a 0, since not both a and b are zero, and we can 

solve for x.

ax y c b

ax c

x
c

a
x

0 0 Replace   with 0.

0 Simplify.

Solve for  .

+ ⋅ + =

+ =

= −

The graph of the equation = −x
c

a
 is a vertical line.

Calculator graph of = +y x
3

4
  3

8

–3

7–10

TECHNOLOGY CONNECTION

General Form of the Equation of a Line

The graph of every linear equation

+ + =ax by c 0,

where a b,   , and c are constants and a and b are not both zero, is a line. The equation 

+ + =ax by c 0 is called the general form of the equation of a line.

EXAMPLE 7 Graphing a Linear Equation Using Intercepts

Find the slope, y-intercept, and x-intercept of the line with equation

− + =x y3 4 12 0.

Then sketch the graph.

Solution

First, solve for y to write the equation in slope–intercept form:

− + =

= + + −

= +

x y

y x x

y x

3 4 12 0 Original equation

4 3 12 Subtract 3 12;  multiply by 1.

3

4
3. Divide by 4.

This equation tells us that the slope m is 
3

4
 and the y-intercept is 3. To find the x-intercept, 

set =y 0 in the original equation and obtain + =x3 12 0, or = −x 4. So the x-intercept 

is −4.

We can sketch the graph of the equation if we can find two points on the graph. So we 

use the intercepts and sketch the line joining the points ( ) ( )−4,  0  and  0,  3 . The graph is 

shown in Figure 1.32.

Alternatively, we can verify that the two-intercept form of the equation of the line with 

x-intercept a and y-intercept b is

+ =
x

a

y

b
1.Figure 1.32  Graphing a line  

using intercepts

23

1

7
y

1 5 x02125

(0,3)

(24,0)

3x 2 4y 1 12 5 0


