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Preface

To the Instructor

It is with great delight that we present the thirteenth edition of College Algebra. This revised edition maintains the same 
philosophy of the highly successful previous editions but is enhanced to meet the current expectations of today’s students 
and instructors. Revised for greater clarity, this edition increases problem-solving skills and bolsters learning to prepare 
students for success in trigonometry, calculus, statistics, and other disciplines of study.

This textbook has six underlying goals:

1. Present solid mathematics written in way that is easy to understand for students with diverse abilities, backgrounds, and 
future career and course goals whether a STEM or non-STEM student.

2. Provide a strong instructional experience that will help students master algebra and understand and apply the concept 
of a function.

3. Motivate student learning by using popular culture and real-life applications that increase student’s drive to engage 
with the mathematics.

4. Improve critical-thinking abilities in all students by emphasizing conceptual understanding over procedures.
5. Develop algebra skills needed for future success in mathematics courses, and where appropriate, give them a preview of 

future STEM topics.
6. Furnish learning support where student need it with diverse examples and multiply strategies, but not limited to 

prerequisite concepts and skills.

As authors, we have accomplished these goals through a successful blending of content and pedagogy, presenting 
thorough coverage of classic college algebra topics that can be incorporated into a contemporary framework of tested 
teaching strategies. With student and instructor’s needs being at the center of this revision, this book emphasizes 
conceptual understanding, problem solving, and the appropriate and �exible use of technology.

New Features

To advance mathematics learning and increase student success the 
following features were included for additional scaffolded support.
●       Reframed Getting Ready Exercises These exercises are completely 

new and appear at the beginning of each of the exercise sets and 
are available in WebAssign. These just-in-time review problems are 
included to guarantee student readiness to successfully work the 
practice exercises. The former Getting Ready Exercises are now titled 
Vocabulary and Concepts and are also available in WebAssign.

●       Fix Its These are exercises where students �nd and �x an error 
in mostly step-by-step provided solutions. The learner will �rst 
identify the step number where the �rst mistake occurs. Then the 
learner is asked to correct that mistake ensuring the error is �xed. 
This process is intended to emphasize problem-solving strategies 
students can apply to any exercise/homework they work on. The 
exercises are also intended to help students avoid making common 
mistakes that are often made in mathematics on homework and 
test problems. Where appropriate, there are two Fix Its per section 
and note that these exercises are also available in WebAssign.

●      Strategy Prominently Stated in Examples Before the solution of an 
example is shown, a clearly stated strategy is written to let student know 
the approach that will be used to solve the problem. Students gain a 

Fix It

In exercises 107 and 108, identify the step the first error is 

made and fix it. 

 107. Solve the equation: 5e7x
1 1 5 11

Solution:  

Step 1: 5e4x
5 10

Step 2: e7x
5 2

Step 3: lnse7xd 5 ln 2

Step 4: 7x 5 ln 2

Step 5: x 5 ln 12

72
  

 108. Solve the equation: log6 2x 1 log6 x 5 log6 10

Solution:  

Step 1: log6 2x
2

5 log6 10

Step 2: 2x2
5 10

Step 3: x2
5 5

Step 4: x 5 ±Ï5
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deeper understanding of the problem-solving process and see initially why a speci�c procedure is used to determine  
the solution.

 ●  Looking Ahead to Calculus These margin notes preview calculus topics explaining why they are important and how 
they are used. The accompanying modules in WebAssign are interactive and extend the explanation of the concepts to 
connect college algebra to calculus. Topics include:

 ● What is Calculus?
 ●  Using Tables of Values to Help Understand the De�nition of a Limit at a Point
 ●  Using Algebraic Techniques to Evaluate a Limit at a Point
 ●  Using the Difference Quotient to Find a Tangent Line and De�ne the Derivative
 ●  Using the Derivative to Analyze the Graph of a Function
 ●  Using End Behavior to Find Limits to In�nity and In�nite Limits
 ●  Using the Intermediate Value Theorem to Apply Newton’s Method for Finding Roots

 ●  Group Activities These are new group activities/projects at the end of each chapter that can be used for in-class 
discussions or assigned as individual or group work in the accompanying WebAssign course.

4.2 Polynomial Functions

In this section, we will learn to

1. Identify polynomial 

functions.

2. Recognize characteristics 

of the graphs of polynomial 

functions.

3. Find zeros of polynomial 

functions by factoring.

4. Determine end behavior. 

5. Graph polynomial functions.

6. Use the Intermediate Value 

Theorem.

So far, we have discussed two types of poly-

nomial functions—first-degree (or linear) 

functions, and second-degree (or quadratic) 

functions. In this section, we will discuss poly-

nomial functions of higher degree.

Polynomial functions can be used to model  

the path of a roller coaster or to model the 

fluctuation of gasoline prices over the past few 

months. The Hollywood Rip Ride Rockit is a 

roller coaster located at Universal Studios in 

Orlando, Florida. With a length of 3800 feet, a 

height of 167 feet, and a top speed of 65 miles 

per hour, it is one of the largest roller coast-

ers ever built. Riders are video recorded for the 

entire ride and can choose from one of thirty 

songs to listen to during the experience. Por-

tions of Rip Ride Rockit’s tracks can be mod-

eled with a polynomial function. 
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What Are Fixed Installment Loans? 

A fixed installment loan is a loan that is repaid in equal payments. 

 Sometimes part of the cost is paid at the time of purchase. This amount 

is the down  payment.  

Real-World Example of Installment Loans

Installment loans allow you the ability to purchase an item and use it 

now. This is called installment purchasing and being able to use the item 

is an advantage. The disadvantage is that interest is paid on the amount 

borrowed. A common example is purchasing an automobile.

Group Activity

1. Suppose you graduate from college, obtain an amazing job, get

 married, and then purchase a new vehicle. Use the given information

below to answer four questions.

 ● Cost of automobile: $26,500
 ● Down payment: $2,000
 ● Monthly payment: $550.25
 ● Loan term: 48 months

Group Activity

Installment Loans
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Hallmark Features

We have retained and updated the pedagogical features that made the previous editions of the book so successful.

Achieving and Validating Mastery
 ● Numbered Objectives Along with clear exposition and accessible writing, numbered learning objectives are given at the 

beginning of each section and appear as subheadings throughout each section to keep students focused and engaged.
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 ● Titled Examples to Clearly Identify the Purpose of Each Example and an Example Structure to Help Students Gain a 

Deeper Understanding of How to Solve Each Problem Descriptive titles serve as example identi�ers. Solutions begin 
with a stated approach. The examples are engaging and step-by-step solutions with annotations are provided.

Using a Quadratic Function to Solve a Minimum Cost Problem

A company that makes and sells backpacks for hiking has found that the total 

weekly cost Csxd, in dollars, of producing x backpacks is given by the function 

Csxd 5 0.5x2
2 210x 1 26,250. Find the production level that minimizes the 

weekly cost and find that weekly minimum cost.

The weekly cost function Csxd is a quadratic function whose graph is a 

parabola that opens upward. The minimum value of  Csxd occurs at the vertex 

of  the parabola. We will use the vertex formula to find the vertex of  the 

parabola.

Since the coef�cient of x2 is 0.5 (a positive real number), the x-coordinate of the 

vertex is the production level that will minimize the cost, and the y-coordinate is 

that minimum cost. We compare the equations

Csxd 5 0.5x2
2 210x 1 26,250 and f sxd 5 ax2

1 bx 1 c

to see that a 5 0.5, b 5 2210, and c 5 26,250. Using the vertex formula, we see 

that the vertex of the parabola is the point with coordinates

12
b

2a
, c 2

b2

4a2 5 12
2210

2s0.5d
, 26,250 2

s2210d2

4s0.5d 2 5 s210, 4200d

Strategy

Solution

Example 6
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 ●  Self Checks That Actively Reinforce Student Understanding of Concepts and Example Solutions Each example is 
followed immediately by a Self Check Exercise. The answers for students are offered at the end of each section. To 
assist instructors, the answers to Self Checks appear next to the problem in the AIE (Annotated Instructor’s Edition), 
printed in blue.

 ●  Now Try Exercises to Provide Students an Additional Opportunity to Assess Their 

Understanding of the Concept Related to Each Worked Example A reference to an 
exercise follows all Examples and Self Check problems. These references also show 
students a correspondence between the examples in the book and the exercise sets.

 ●  Various Boxes Including Tip Boxes, Take Note Boxes, and Caution Boxes  Provide 

Helpful Strategies for Studying and Learning Content. Tip boxes provide a visual 
representation to help students remember the tip; Take Note boxes highlight important 
information and often provide clarify a speci�c step or concept in an example; Caution 
Boxes alert students to common errors and  misunderstandings.

 ●  Vocabulary and Concepts Exercises 

(Formerly Getting Ready) to Test Student 

Understanding of Concepts and Proper Use 

of Vocabulary Students should be able to 
answer these �ll-in-the blank questions before 
moving on to the practice exercises.

 ●  Chapter Reviews and Chapter Tests to Give 

Students the Best Opportunity for Study and 

Exam Preparation Each chapter closes with 
a Chapter Review and Chapter Test. Chapter 
Reviews are comprehensive and consist of 
three parts: de�nitions and concepts, examples, 
and review exercises. Chapter Tests cover all 
the important topics and yet are brief enough 
to emulate a “real-time” test, so students can 
practice not only the math but their test-taking 
aptitude. As an additional quick reference, 
endpapers offer the important formulas and 
graphs developed in the book.

Tip

Although money doesn’t actually grow 

on trees, learning about compound 

interest can help you as a student 

make wise decisions with regard to 

your finances. 

Es
b 

Pr
of

es
si

on
al

/S
hu

tt
er

st
oc

k.
co

m

Caution
When we raise the real number 2 to 

the 0th power, we get 1 and not 0. 

Also, when we raise 2 to a negative 

power like 21, we get 12 and not 22. 

Avoid making these two common 

errors when completing a table of 

value for exponential functions.

Take Note
There are two important math  

constants algebra students should 

know: p, which is approximately 3.14, 

and Euler’s number e, which is  

approximately 2.718.  
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 ● Cumulative Reviews to Reinforce Student Learning and Improve Students Retention of Concepts Cumulative Review 
Exercises appear after every two chapters. These comprehensive reviews revisit all the essential topics covered in prior 
chapters. 

Emphasizing Real World Relevancy
 ●  Careers in Mathematics to Encourage Students to Explore Careers That Use Mathematics and to Make a Connection 

between Math and Real Life Each chapter opens with “Careers in Mathematics.” Exciting careers are featured in this 
edition. These snapshots include information on how professionals use math in their work and who employs them.

Preface

Careers and Mathematics: Information Security Analyst

Information security analysts plan and 

carry out security measures to protect an 

 organization’s computer networks and 

 systems. Their responsibilities are continually 

 expanding as the number of cyberattacks  

increases. Information security analysts  

typically do the following:
●  Monitor their organization’s networks for

security breaches and investigate a violation 

when one occurs
●  Install and use software, such as �rewalls and data encryption programs, to protect

sensitive information
 ● Conduct penetration testing, which is when analysts simulate attacks to look for

 vulnerabilities in their systems before they can be exploited
 ● Research the latest information technology (IT) security trends
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 ● Section Openers to Peak Interest and Motivate Students to Read the Material Each section begins with a contemporary 
photo and a real-life application.

 ● Application Examples to Answer the Student Question: When Will I Ever Use This Math? Applications from a wide 
range of disciplines demonstrate how mathematics is used to solve real problems. These applications motivate the 
material and help students become better problem solvers.

Deepening Problem Solving
 ● Strategy Boxes to Enable Students to Build on Their Mathematical Reasoning and Approach Problems with  

Con�dence Strategy boxes offer problem-solving techniques and steps at appropriate points in the material.
 ● Comprehensive Exercise Sets to Improve Mathematical Skills and Cement Understanding, and Interesting Applications 

to Emphasize Problem Solving The exercise sets progress from routine to more challenging. The mathematics in each 
exercise set is sound, but not so rigorous that it will confuse students. All exercise sets include Getting Ready, Vocabulary 
and Concepts, Practice, Fix It, Application, Discovery and Writing, and Critical Thinking problems. The book contains 
more than 4000 exercises, many of them are new. New application exercises have been added and others updated. All 
application problems have titles.

 ● Critical Thinking Exercises to Encourage Algebraic Thinking and to Assess Conceptual Understanding Exercise 
sets now include Critical Thinking exercises. These exercises are primarily true–false statements. If a statement is false, 
students are then asked to make the necessary change to produce a true statement. Matching exercises are also used.

The Development of This Edition

We took several things into account when developing this latest edition. Guiding our work were the Four Core Principles of 
Learning Design: authenticity, inclusivity, intentionality, and personalization, with a focus on removing barriers to learning 
to offer a carefully planned and inclusive experience for all students. Our narrative, examples and exercises were also reviewed 
extensively throughout the revision process with the help of Dr. Dale Dawes, City University of New York, in his capacity 
as DEI (diversity, equity, and inclusion) advisor. The DEI review was an iterative process designed to ground and apply the 
learning design principles. Cengage is committed to continue this process in future editions. Lastly, we wanted to ensure the 
text could be used in a variety of ways. To maintain optimum �exibility, many chapters are suf�ciently independent to allow 
instructors to pick and choose topics that are relevant to their students. Additionally, the accompanying WebAssign course is 
a critical extension of our approach including new features as coded problem types where possible.



x Preface

Content and Organizational Changes

Each chapter and section in the text has been edited to �ne-tune the presentation of topics for better �ow of concepts and 
for clarity. There are many new exercises and applications. Key changes made to speci�c chapters include the following:

Chapter R: A Review of Basic Algebra
 ● Section R.1—A new Tip Box was added—De�nition of a Rational Number; two Looking Ahead to Calculus boxes 

were added—The Real Number System, Absolute Value, and the Determining Limits; six Getting Ready Exercises 
were added; two new absolute value exercises added; two distance between pairs of numbers were added; and Two Fix 

It Exercises were added.
 ● Section R.2—Six Getting Ready Exercises and two Fix It Exercises were added.
 ● Section R.3—Six Getting Ready Exercises and two Fix It Exercises were added.
 ● Section R.4 —Section title was changed from Polynomials to Polynomials and More Operations on Radicals; a Take 

Note was added on the Foil Method; a Looking Ahead to Calculus was added—Rationalizing Techniques; six Getting 

Ready Exercises; four new multiplication of radicals exercises; and two Fix It Exercises were added.
 ● Section R.5—A Looking Ahead to Calculus was added—Simpli�cation of Derivatives by Factoring with Negative and 

Fractional Exponents; six Getting Ready Exercises were added; and eight new factoring exercises were added of which three 
have fractional and/or negative exponents; and two Fix It Exercises were added.

 ● Section R.6—A new objective was added—Identify the restricted numbers of a rational expression; a new Example was 
added—Identify the restricted numbers of a rational expression; a Looking Ahead to Calculus was added—Domain; 
six new Getting Ready Exercises, eight new exercises—identify the restricted numbers of a rational expression, and two 
Fix It Exercises were added.

 ● End of Chapter R—Four new exercises—two factoring with negative and/or fractional exponent and two identify the 
restricted numbers of a rational expression; and a Group Activity—Anesthesiology was added.

Chapter 1: Equations and Inequalities
 ● Section 1.1—Six new Getting Ready Exercises were added; eleven new linear equations were added; four new rational 

equations; and two Fix It Exercises were added.
 ● Section 1.2—Six new Getting Ready Exercises and six new applications were added.
 ● Section 1.3—Six new Getting Ready Exercises were added; four new exercises were added—simplify imaginary numbers; 

Six new exercises were added—identify real and imaginary parts of a complex number; Eight new exercises were added— 
perform operations with complex numbers along with two Fix It Exercises.

 ● Section 1.4—Two new Caution Boxes were added—Completing the Square Common Error; Quadratic Formula and 
Signs of a, b, and c; six new Getting Ready Exercises were added; eight new quadratic equations were added and two 
Fix It Exercises were added.

 ● Section 1.5—Six new Getting Ready Exercises and eleven new applications were added.
 ● Section 1.6—Six new Getting Ready Exercises were added; four new exercises added—solve by factoring and two Fit It 

Exercises were added.
 ● Section 1.7—A new example was added—Inequality Symbols; a Looking Ahead to Calculus was added—Signs of the 

Derivatives on an Interval; six new Getting Ready Exercises and six new Quadratic Inequality Exercises were added; six 
new Rational Inequality Exercises and two new Fix It Exercises were added.

 ● Section 1.8—Objectives were rewritten using words and not mathematics; a Looking Ahead to Calculus was added—
Absolute Value and the Precise De�nition of a Limit; six Getting Ready Exercises and two new Fix It Exercises were 
added; two Absolute Value Inequality Applications were added.

 ● Chapter 1 End of Chapter 1—A Group Activity was added—Health and Body Mass Index.

Chapter 2: Functions and Graphs
 ● Section 2.1—A Looking Ahead to Calculus was added—Difference Quotient; six Getting Ready Exercises were added; 

thirty-six new exercises added—evaluating functions with integers, fractions, and variable expressions and several types 
of functions were used; four new domain exercises added—rational functions and two with radicals in the denominator; 
two Fix It Exercises were added as well.

 ● Section 2.2—Six Getting Ready Exercises were added; ten new exercises on graphing lines and four new distance 
exercises were added; two new midpoint exercises and two new Fix It Exercises were added.

 ● Section 2.3—New objective added—Determine a function’s average rate of change; a new example added—Determine 
a function’s average rate of change on an interval; a Looking Ahead to Calculus was added—Instantaneous Rate of 
Change; six Getting Ready Exercises were added; one new Vocabulary and Concepts Exercises added—Average Rate of 
Change; ten new exercises added—average rate of change on an interval along with two new Fix It Exercises.
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 ● Section 2.4—Six Getting Ready Exercises were added; thirteen new exercises on �nding an equation for a line and four 
new graphing line exercises were added; two new Fix It Exercises were added.

 ● Section 2.5—Six Getting Ready Exercises were added; two new graphing exercises were added—absolute value equations 
along with two Fix It Exercises.

 ● Section 2.6—Six Getting Ready Exercises and two Fix It Exercises were added.
 ● End of Chapter 2—Four new exercises—evaluate a function; average rate of change added to review concepts as well as 

two new average rate of change exercises added; a Group Activity was added—Average Velocity Roller Coaster.

Chapter 3: Functions
 ● Section 3.1—Six Getting Ready exercises were added; two new graphing exercises added—simple rational functions; 

four new exercises added—determine whether the given graph represents a Function; two Fix It Exercises were added.
 ● Section 3.2—Six new Getting Ready exercises were added; eight new graphing exercises added—use transformations; 

two Fix It Exercises were added.
 ● Section 3.3—Two Looking Ahead to Calculus were added—First Derivative (Increasing and Decreasing) and Local 

Extreme Values; six new Getting Ready Exercises were added; two new graphing exercises—piecewise-de�ned functions; 
and four new greatest-integer function exercises added—two to evaluate and two to graph; two Fix It Exercises were 
added.

 ● Section 3.4—A Looking Ahead to Calculus was added—Chair Rule and Composition of Functions; six new Getting 

Ready Exercises were added; eight new exercises added—operations of functions on functions and specify domain; six 
new composition of function exercises (specify domains) added; two Fix It Exercises and four Applications were added.

 ● Section 3.5—Six new Getting Ready Exercises were added; twenty exercises added—�nd the inverse of a function; 
eight new exercises added—graph a function and its inverse on the same axes; four new exercises—given the graph of a 
function graph its inverse; two Fix It Exercises were added.

 ● End of Chapter 3—A Group Activity was added—Cryptography and  Cybersecurity.

Chapter 4: Polynomial and Rational Functions
 ● Section 4.1—A Looking Ahead to Calculus was added—Optimization; six new Getting Ready Exercises were added; two 

new exercises added—given the graph of a quadratic function identify intercepts, domain and range, axis of symmetry, 
and max/min point; two Fix It Exercises and �ve new applications were added.

 ● Section 4.2—Two Looking Ahead to Calculus were added—Curve Sketching and Finding Zeros; four Getting Ready 
Exercises were added; four new exercises added—Given the graph of a polynomial function identify zeros, leading 
coef�cient positive or negative, and even or odd degree; two Fix It Exercises and two new applications were added.

 ● Section 4.3—Six Getting Ready Exercises and two Fix It Exercises were added.
 ● Section 4.4—A Looking Ahead to Calculus was added—Boundness; six Getting Ready Exercises and two Fix It Exercises 

were added.
 ● Section 4.5—Four Getting Ready Exercises and two Fix It Exercises were added; four new applications were added, and 

six answers were rewritten to list all zeros and not use plus or minus notation.
 ● Section 4.6—Two Looking Ahead to Calculus were added—Vertical Asymptote and In�nite Limits; Applications 

Involving Cost, Revenue, and Pro�t; six new Getting Ready Exercises were added; two Fix It Exercises and four new 
applications were added.

 ● End of Chapter 4 —A Group Activity was added—Polynomial Function Trending.

Chapter 5: Exponential and Logarithmic Functions
 ● Section 5.1—A Looking Ahead to Calculus was added—Exponential Functions and ex; six Getting Ready Exercises 

were added; eight new exercises were added—students use calculator to approximate exponential functions; sixteen 
new exercises were added—students evaluate exponential functions, �nding exact values; eight new exercises were 
added—the graph of an exponential function is given and students are asked to identify the domain, range, horizontal 
asymptote, and increasing or decreasing; four new exercises—graph an exponential function; two new Fix It Exercises 
were added.

 ● Section 5.2—Six Getting Ready Exercises were added.
 ● Section 5.3—Six new Getting Ready Exercises were added; sixteen new exercises were added—evaluate a logarithmic 

expression; six new exercises were added—�nd the domain of a logarithmic function; four new exercises were added—
evaluate an exponential function; four new exercises were added—the graph of an exponential function is given 
and students are asked to �nd the domain, range, and vertical asymptote; two new exercises were added—graph the 
logarithmic function along with two Fix It Exercises.

 ● Section 5.4—Four Getting Ready Exercises were added.

Preface
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 ● Section 5.5—A Looking Ahead to Calculus was added—Logarithmic Differentiation; six new Getting Ready Exercises and 
two Fix It Exercises were added.

 ● Section 5.6—Six new Getting Ready Exercises were added; exact answers are now asked for when solving exponential and 
logarithmic equations, as well as decimals; two new exponential equations with unlike bases and four new exponential 
equations with bases of e were added; four new logarithmic equations involving natural log were added as well as two 
Fix It Exercises.

 ● End of Chapter 5—Two new exercises—evaluate an exponential function were added; two new exercises added—given 
the graph of an exponential function identify the domain, range, horizontal asymptote, and increasing or decreasing; 
two new exercises added—�nd the domain of a logarithmic function; two new exercises added—evaluate a logarithmic 
function; two new exercises added—given the graph of a logarithmic function identify the domain, range, and vertical 
asymptote; a Group Activity was added—Installment Loans.

Chapter 6: System of Linear Equations, Matrices, and Inequalities Title changed to System of Linear Equations, Matrices, 
and Inequalities and chapter opener changed to Information Security Analyst.

 ● Section 6.1—Title changed to Systems of Linear Equations in Two and Three Variables; six new Getting Ready Exercises 
were added; four new exercises—two equations with two unknowns; two Fix It Exercises and six new applications  
were added.

 ● Section 6.2—Title changed to Using Matrices to Solve Systems of Linear Equations; six new Getting Ready Exercises 
were added; six new exercises added—write the augmented matrix; six new exercises added—write the system represented 
by the augmented matrix; four new exercises added—students are asked to perform row operations on a matrix; twelve 
new exercises added—use matrices to solve a system of linear equations along with two Fix It Exercises.

 ● Section 6.3—Title changed to Matrix Operations; use multiplicative identity vocabulary instead of simple identity; six 
new Getting Ready Exercises were added; four new exercises added—identify the size of a matrix; six new exercises—
identify a speci�c entry in a matrix; two Fix It Exercises were added.

 ● Section 6.4—Title changed to Multiplicative Inverses of Matrices and Matrix Equations; use multiplicative inverse 
vocabulary instead of simply inverse; four new Getting Ready Exercises added; four new exercises added—verify that 
two matrices are multiplicative inverses; four new exercises added—�nd the multiplicative inverse of 2 by 2 matrices; 
four new exercises added—use the “shorter” method to �nd the inverse of a 2 by 2 matrix; four new exercises added—
write a liner system in the for m AX = B; four new exercises added—write the matrix equation as a linear system; four 
new exercises added—solve the linear system and the multiplicative inverse is given along with two Fix It Exercises.

 ● Section 6.5—Title changed to Determinants and Cramer’s Rule; a Looking Ahead to Calculus was added—Cross 
Product; six new Getting Ready Exercises were added; six new exercises added—�nd the determinant of a 2 by 2 
matrix; eight new exercises added—�nd a speci�c minor or cofactor of a matrix; one new exercise added—�nd the 
determinant of a 4 by 4 matrix; �ve new exercises added—�nd the determinant using row or column operations to 
help; six new exercises added—solve the system using Cramer’s Rule; two new exercises added—�nd the equation 
of a line passing through two points; two new exercises added—determine the area of each triangle along with two 
Fix It Exercises.

 ● Section 6.6—A Looking Ahead to Calculus was added—Partial Fraction Decomposition and Integration; six new 
Getting Ready Exercises and two Fix It Exercises were added.

 ● Section 6.7—Title changed to Graphs of Inequalities in Two Variables; six new Getting Ready Exercises were added; 
four new exercises added—graphing an inequality in two variables; four new exercises added—solve the system of 
inequalities in two variables along with two Fix It Exercises.

 ● Section 6.8—Four new Getting Ready Exercises and two Fix It Exercises were added.
 ● End of Chapter 6—A Group Activity for Chapter 6 was added—Vacation  Budget.

Chapter 7: Conic Sections and Systems of Nonlinear Equations Title changed to Conic Sections and Systems of Nonlinear 
Equations and chapter opener changed to Civil Engineer.

 ● Section 7.1—A Looking Ahead to Calculus was added—Conics; six new Getting Ready Exercises were added; six new 
exercises added—Find the vertex, focus, and directrix of the parabola; eight new exercises added—Write the equation 
of the parabola in standard form; eight new exercises added—Find the vertex, focus, directrix, and graph the parabola; 
two Fix It Exercises and six new applications were added.

 ● Section 7.2—Six new Getting Ready Exercises were added; four new exercises added—Given the graph of the ellipse, 
write its equation in standard form; eight new exercises added—Graph the ellipse given in standard form and identify 
the foci; two new exercises added—Write the ellipse in standard form and graph it; six new exercises added—Write the 
ellipse in standard form, graph it, and identify the Foci along with two Fix It Exercises.
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 ● Section 7.3—Six new Getting Ready Exercises were added; two new exercises added—Given the graph of the hyperbola, 
write its equation in standard form; four new exercises added—Write the hyperbola’s equation in standard form; six 
new exercises added—Graph each hyperbola and identify the center, vertices, and foci; two Fix It Exercises were added.

 ● Section 7.4 —Title changed to Solving Nonlinear Systems of Equations in Two Variables; six new Getting Ready 
Exercises and two Fix It Exercises were added.

 ● End of Chapter 7—Two new exercises were added to Chapter Review—Graph each parabola and identify the focus and 
directrix; two new exercises added to Chapter Review—Graph each ellipse and identify the foci; two new exercises were 
added to Chapter Review—Graph each hyperbola and identify the foci; a Group Activity for Chapter 7 was added—
Suspension Bridges.

Chapter 8: Sequences, Series, Induction, and Probability Title changed to Sequences, Series, Induction, and Probability and 
a Looking Ahead to Calculus was added—Expanding a Binomial.

 ● Section 8.1—Six new Getting Ready Exercises were added; two new exercises added—Use Pascal’s Triangle to expand 
the binomial along with two Fix It  Exercises.

 ● Section 8.2—A Looking Ahead to Calculus added—Sequences; six new Getting Ready Exercises were added; four new 
exercises added—Write the �rst six terms of the sequence represented by the Function along with two Fix It Exercises.

 ● Section 8.3—Six new Getting Ready Exercises were added; two new exercises added—Write the �rst six terms of the 
arithmetic sequence with the given properties along with two Fix It Exercises.

 ● Section 8.4 —A Looking Ahead to Calculus was added—In�nite Series; six new Getting Ready Exercises were added; 
four new exercises added—Write the �rst four terms of the geometric sequence with the given properties along with 
two Fix It Exercises.

 ● Section 8.5—Six new Getting Ready Exercises and two Fix It Exercises were added.
 ● Section 8.6—Title changed to Fundamental Counting Principle, Permutations, and Combinations; six new Getting 

Ready Exercises were added. 12 new exercises added—Evaluate each permutation or combination along with two Fix 

It Exercises.
 ● Section 8.7—Title changed to Introduction to Probability; six new Getting Ready Exercises were added; eight new 

exercises added—Determine the probability roulette wheel problems along with two Fix It Exercises.
 ● End of Chapter 8—A Group Activity was added—Lottery Mathematics.

Ancillaries for the Instructor

WebAssign

Built by educators, WebAssign provides �exible settings at every step to customize your course 
with online activities and secure testing to meet learners’ unique needs. Students get everything 
in one place, including rich content and study resources designed to fuel deeper understanding, 
plus access to a dynamic, interactive eTextbook. Proven to help hone problem-solving skills, 

WebAssign helps you help learners in any course format. For more information, visit https://www.cengage.com/webassign.

Additional instructor resources for this product are available online at the Cengage Instructor Center—an all-in-one resource 
for class preparation, presentation, and testing. Resources available for download from the Cengage Instructor Center include:

Instructor’s Manual

Includes activities and assessments correlated by learning objectives, chapter and section outline as well as key formulas and 
terms with de�nitions.

Solutions and Answer Guide

This manual contains solutions to all exercises from the text, including Chapter Review Exercises, Chapter Tests, and 
Cumulative Review Exercises. Located on the instructor companion website.

Cengage Testing Powered by Cognero® (978-0-357-72383-8)

Cognero is a �exible online system that allows you to author, edit, and manage test bank content online. You can create 
multiple tests in an instant and deliver them from your LMS, your classroom or export to printable PDF or Word format 
for in-class assessment. This is available online via the Cengage Instructor Center.

PowerPoint Slides

The PowerPoint® slides are ready to use, visual outlines of each section that can be easily customized for your lectures. 
Presentations include activities, examples, and opportunities for student engagement and interaction.
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Educator’s Guide

Describes the content and activities available in the accompanying WebAssign course—including videos, prebuilt assignments 
and other exercise types—that you can integrate into your course to support your learning outcomes and enhance student 
engagement and success.

Student Notetaking Guide

New to this edition is a series of chapter-by-chapter guided notes to help your students engage further with the concepts 
covered in the text. These can be used as is or customized to your speci�c needs. Available in WebAssign in the Resources 
tab as well as on the companion website. For your convenience, the instructor’s version includes a brief best practices guide. 

Sign up or sign in at www.cengage.com to search for and access this textbook and its online resources.

Ancillaries for the Student

WebAssign

Prepare for class with con�dence using WebAssign from Cengage. This online learning platform for your course includes 
an interactive eBook that fuels practice, so that you truly absorb what you learn and prepare better for tests. Videos and 
tutorials walk you through concepts and deliver instant feedback and grading, so you always know where you stand in class. 
Focus your study time and get extra practice where you need it most. Ask your instructor today how you can get access to 
WebAssign or learn about self-study options at https://www.cengage.com/webassign.

Student Solutions Manual (978-0-357-72382-1)

Go beyond the answers and see what it takes to understand the concepts and improve your grade! This manual provides 
worked-out, step-by-step solutions to the odd-numbered problems in the text, giving you the information needed to 
understand how these problems are solved. Available in WebAssign and on the companion website.

Student Notetaking Guide

New to this edition is a series of chapter-by-chapter guided notes to help you further engage with the concepts covered in 
the text. Available in WebAssign as well as on the companion website.

Additional student resources are available online. Sign up or sign in at www.cengage.com to search for and access this product 

and its online resources

To the Student

Congratulations! You now own a state-of-art textbook that has been written 
especially for you. You are about to travel some beautiful college algebra terrain 
and I’m thrilled to see you on this mathematics hiking trail. You will discover 
and explore many breathtaking math concepts as you reach the summit of 
success in mathematics. So, put on your hiking boots, grab your backpack, 
and let the hiking begin. An exhilarating adventure in mathematics awaits you! 
Happy hiking!

Just as a hiker needs navigation tools and skills for hiking, we provide the 
same for you with the content in this textbook. Whether you use this text in 
a print of eBook form, you can still maximize its impact. The textbook can 
serve as your hiking backpack and it is full of the support needed to succeed 

no matter what your initial math-skill level. Easy-to-follow examples are provided, and Tips, Take Notes, and Cautions 
are shared to help you traverse whatever algebra terrain or section in the textbook you are trekking. To maximize your 
experience on the hike, there are De�nition, Property and Theorem, and Strategy Boxes along the way to guide you. 
Getting Ready Exercises are also provided to serve as stretching before the big hike. Our Looking Ahead to Calculus 
feature provides you with a glimpse of how math is applied in future courses and keeps you moving forward on the trail. 
Are you ready to set out on the journey and discover and learn new things? If yes, grab your favorite pencil, some papers, 
and your textbook or eBookand, and lets hit the trail. You’ll soon experience the thrill of reaching mountain peak in 
college algebra and completing mathematics successfully. We wish you the very best on your mathematics hike. Stay 
positive, keep focused, and enjoy this math hike of a lifetime!
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The WebAssign course accompanying this thirteenth edition is very much an extension of the textbook’s approach. In 
addition to offering students the opportunity to learn and practice and get immediate feedback, this edition focuses strongly 
on providing scaffolded help to students when need it, deepening their problem-solving abilities and providing engaging 
ways to apply course concepts.

Scaffolded Help

Learn Its help students become con�dent, self-suf�cient learners by offering just-in-time instruction/help that meets their 
diverse learning styles. Embedded within the majority of coded problems from the textbook, students are presented with a 
Learn It when they get a question incorrect by default. The Learn It then provides immediate targeted instruction and practice 
on the topic using narrative, videos and tutorials—all in one place. If a topic is still too challenging, students can choose to 
continue learning through associated prerequisite Learn Its until they feel con�dent in their knowledge and preparedness.
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Deepening Problem-Solving Abilities

Fix Its 

These are exercises where students �nd and �x an error in a step-by-step provided solution. The learner will �rst identify the 
step number where the �rst mistake occurs. Then the learner is asked to correct that mistake ensuring the error is �xed. This 
process is intended to emphasize problem-solving strategies students can apply to any exercise or homework assignment they 
work on. These exercises are included in WebAssign. The exercises are also intended to help students avoid making common 
mistakes that are often made in mathematics on homework and test problems.
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Looking Ahead to Calculus Topics

These margin notes preview calculus topics explaining why they are important and how they are used. The accompanying 
modules in WebAssign are interactive and  extend the explanation of the concepts to connect college algebra to calculus. 
Previewing these topics sets the stage for strong mastery and understanding of these topics in future courses. Module topics 
include:

 ● What is Calculus?
 ● Using Tables of Values to Help Understand the De�nition of a Limit at a Point
 ● Using Algebraic Techniques to Evaluate a Limit at a Point
 ● Using the Difference Quotient to Find a Tangent Line and De�ne the Derivative
 ● Using the Derivative to Analyze the Graph of a Function
 ● Using End Behavior to Find Limits to In�nity and In�nite Limits
 ● Using the Intermediate Value Theorem to Apply Newton’s Method for Finding Roots
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Applying the Content

Group Activities based on projects at the end of the chapter are now available in WebAssign and can be assigned individually 
or as group work.



In this chapter, we review 

many concepts and skills 

learned in previous algebra 

courses. Be sure to master 

this material now, because 

it is the basis for the rest of 

this course.

R.1 Sets of Real Numbers

R.2 Integer Exponents and 

Scientific Notation

R.3 Rational Exponents and 

Radicals

R.4 Polynomials and More 

Operations on Radicals

R.5 Factoring

R.6 Rational Expressions

Chapter Review 

Chapter Test

Group Activity

1

R
A Review of Basic 
Algebra

Careers and Mathematics: Pharmacist

Pharmacists distribute prescription drugs 

to individuals. They also advise patients, 

physicians, and other healthcare workers on 

the selection, dosages, interactions, and side 

effects of medications. They also monitor 

patients to ensure that they are using their 

medications safely and effectively. Some 

pharmacists specialize in oncology, nuclear 

pharmacy, geriatric pharmacy, or psychiat-

ric pharmacy.

Education and Mathematics Required
 ● Pharmacists are required to possess a Pharm.D. degree from an accredited college or 

school of pharmacy. This degree generally takes four years to complete. To be admit-

ted to a Pharm.D. program, at least two years of college must be completed, which 

includes courses in the natural sciences, mathematics, humanities, and the social sci-

ences. A series of examinations must also be passed to obtain a license to practice 

pharmacy.
 ● College Algebra, Trigonometry, Statistics, and Calculus I are courses required for 

admission to a Pharm.D. program.

How Pharmacists Use Math and Who Employs Them
 ● Pharmacists use math throughout their work to calculate dosages of various drugs. 

These dosages are based on weight and whether the medication is given in pill form, by infusion, 

or intravenously.
 ● Most pharmacists work in a community setting, such as a retail drugstore, or in a healthcare 

facility, such as a hospital.

Career Outlook and Salary
 ● Employment of pharmacists is expected to decrease by 3% between 2019 and 2029, about as fast 

as the average for all occupations.
 ● Median annual wages of wage and salary pharmacists is approximately $128,710.

For more information see: www.bls.gov/ooh.
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Chapter R A Review of Basic Algebra2

In this section, we will learn to

1. Identify sets of real numbers.

2. Identify properties of real 

numbers.

3. Graph subsets of real num-

bers on the number line.

4. Graph intervals on the  

number line.

5. Simplify absolute value 

expressions.

6. Find distances on the 

number line.

R.1 Sets of Real Numbers

Sudoku, a game that involves number place-

ment, is very popular. The objective is to fill a 

9 by 9 grid so that each column, each row, and 

each of the 3 by 3 blocks contains the num-

bers from 1 to 9. A man playing Sudoku on 

his tablet is shown in the margin.

To solve Sudoku puzzles, logic and the set 

of numbers, h1, 2, 3, 4, 5, 6, 7, 8, 9j, are used. 

Sets of numbers are important in mathematics, and we begin our study of algebra 

with this topic.

A set is a collection of objects, such as a set of dishes or a set of golf  clubs. 

The set of vowels in the English language can be denoted as ha, e, i, o, uj, where the 

braces h  j are read as “the set of.”

If  every member of one set B is also a member of another set A, we say that B 

is a subset of  A. We can denote this by writing B , A, where the symbol , is read 

as “is a subset of.” (See Figure R-1.) If  set B equals set A, we can write B # A.

If  A and B are two sets, we can form a new set consisting of all members that 

are in set A or set B or both. This set is called the union of  A and B. We can denote 

this set by writing A < B, where the symbol < is read as “union.” (See Figure R-1.)

We can also form the set consisting of all members that are in both set A and 

set B. This set is called the intersection of  A and B. We can denote this set by writing 

A > B, where the symbol > is read as “intersection.” (See Figure R-1.)
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Figure R-1

Example 1 Understanding Subsets and Finding the Union and Intersection  
of Two Sets

Let A 5 ha, e, ij, B 5 hc, d, ej, and V 5 ha, e, i, o, uj.
a. Is A , V?  b. Find A < B.  c. Find A > B.

We will apply the de�nitions of subset, union, and intersection.

a. Since each member of set A is also a member of set V, A , V .

b. The union of set A and set B contains the members of set A, set B, or both. 

Thus, A < B 5 ha, c, d, e, ij.

c. The intersection of set A and set B contains the members that are in both set 

A and set B. Thus, A > B 5 hej.

Solution

Strategy

a. Is B , V?  b. Find B < V   c. Find A > V  

Now Try Exercise 39.

If  a set has no elements, it is called the empty set, or the null set, and is repre-

sented by either h j or [. The symbol [ is the Greek letter phi. Here is an example 

of how the empty set can result when finding the intersection of two sets. 

h5, 10, 15, 20j > h25, 30, 35, 40j 5 [

Self Check 1
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Because the sets have no common elements, their intersection has no elements and 

is the empty set. 

1. Identify Sets of Real Numbers

There are several sets of numbers that we use in everyday life.

In the definitions above, each group of three dots (called an ellipsis) indicates 

that the numbers continue forever in the indicated direction.

Two important subsets of the natural numbers are the prime and composite 

numbers. A prime number is a natural number greater than 1 that is divisible only by 

itself and 1. A composite number is a natural number greater than 1 that is not prime.

 ● The set of prime numbers: h2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, Á j
 ● The set of composite numbers: h4, 6, 8, 9, 10, 12, 14, 15, 16, 18, 20, 21, Á j

Two important subsets of the set of integers are the even and odd integers. The 

even integers are the integers that are exactly divisible by 2. The odd integers are the 

integers that are not exactly divisible by 2.

 ● The set of even integers: h Á , 210, 28, 26, 24, 22, 0, 2, 4, 6, 8, 10, Á j
 ● The set of odd integers: h Á , 29, 27, 25, 23, 21, 1, 3, 5, 7, 9, Á j

So far, we have listed numbers inside braces to specify sets. This method is 

called the roster method. When we give a rule to determine which numbers are in a 

set, we are using set-builder notation. To use set-builder notation to denote the set 

of prime numbers, we write

hx u x is a prime numberj    Read as “the set of all numbers x such that x is a prime 

number.” Recall that when a letter stands for a number, it 

is called a variable.

The fractions of arithmetic are called rational numbers.

Natural numbers

The numbers that we use for counting: h1, 2, 3, 4, 5, 6, Á j

Whole numbers

The set of natural numbers including 0: h0, 1, 2, 3, 4, 5, 6, Á j

Integers

The set of whole numbers and their negatives:

h Á , 25, 24, 23, 22, 21, 0, 1, 2, 3, 4, 5, Á j

Natural Numbers, 
Whole Numbers, 

and Integers

Take Note
Remember that the denominator of a 

fraction can never be 0. 

Rational numbers are fractions that have an integer numerator and a nonzero 

integer denominator. Using set-builder notation, the rational numbers are

5ab u a is an integer and b is a nonzero integer6

Rational Numbers

variable such rule that determines

 that membership in the set

▲ ▲ ▲
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These examples suggest that the decimal forms of all rational numbers are  

either terminating decimals or repeating decimals.

Determine whether the decimal form of each fraction terminates or repeats: 

a. 
38

99
  b. 

7

8
 

Now Try Exercise 41.

Some numbers have decimal forms that neither terminate nor repeat. These 

nonterminating, nonrepeating decimals are called irrational numbers. Three exam-

ples of irrational numbers are

Self Check 2

Example 2 Determining whether the Decimal Form of a Fraction Terminates  
or Repeats

Determine whether the decimal form of each fraction terminates or repeats: 

a. 
7

16
   b. 

65

99

In each case, we perform a long division and write the quotient as a decimal.

a.  To change 7
16 to a decimal, we perform a long division to get 7

16 5 0.4375. Since 

0.4375 terminates, we can write 7
16 as a terminating decimal.

b.  To change 65
99 to a decimal, we perform a long division to get 65

99 5 0.656565 Á .  

Since 0.656565 Á repeats, we can write 65
99 as a repeating decimal.

We can write repeating decimals in compact form by using an overbar. For 

example, 0.656565 Á 5 0.65.

Solution

Strategy

Tip

To easily recall the definition of a  

rational number, consider the first five 

letters of the word rational. Those 

letters spell the word ratio. A rational 

number is the ratio of two integers.

1.010010001000010 Á ,  Ï2 5 1.414213562 Á ,  and  � 5 3.141592654 Á

The union of the set of rational numbers (the terminating and repeating decimals) 

and the set of irrational numbers (the nonterminating, nonrepeating decimals) is the 

set of real numbers (the set of all decimals).

A real number is any number that is rational or irrational. Using set-builder 

notation, the set of real numbers is

hx u x is a rational or an irrational numberj

Real Numbers

Example 3 Classifying Real Numbers

In the set h23, 22, 0, 12, 1, Ï5, 2, 4, 5, 6j, list all 

a. even integers  b. prime numbers  c. rational numbers

We will check to see whether each number is a member of the set of even inte-

gers, the set of prime numbers, and the set of rational numbers. 

a. even integers: 22, 0, 2, 4, 6

b. prime numbers: 2, 5 

c. rational numbers: 23, 22, 0, 12, 1, 2, 4, 5, 6

Strategy

Solution

Rational numbers can be written as fractions or decimals. Some examples of 

rational numbers are

5 5
5

1
,  

3

4
5 0.75,  2

1

3
5 20.333 Á ,  and  2

5

11
5 20.454545 Á   

The 5 sign indicates 

that two quantities 

are equal.
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2. Identify Properties of Real Numbers

When we work with real numbers, we will use the following properties.

In the set in Example 3, list all a. odd integers b. composite numbers

c. irrational numbers. 

Now Try Exercise 49.

Self Check 3

Figure R-2 shows how the previous sets of numbers are related.Tip

Learning several sets of numbers at 

one time can initially cause your head 

to spin. To help, examine closely the 

figure shown. You will easily grasp  

connections between the sets of  

numbers in algebra and not be  

overwhelmed.

Concept: The Real Number

System

1. Why is it important?

Numerical answers in Calcu-

lus and Business Calculus are 

real numbers.

2. How is it used?

Examples such as rates of 

change of volume func-

tions, revenue functions, 

or acceleration functions 

will always be real number 

valued functions. 

Looking Ahead  
to Calculus 

Rational numbers

Integers

24, 21, 0, 21

Negative integers

247, 217, 25, 21

Natural numbers
(positive integers)

1, 12, 38, 990

Whole numbers

0, 1, 4, 8, 10, 53, 101

Zero

0

Noninteger rational numbers

   

Irrational numbers

 2!5, p, !21, 2!101    

2
 –,
5

   13
  2 ––,

   7

111
  –––,  

53
20.1,  3.17

   2
       –    

   3

   3
       –    

   4
26, 21.25, 0,    , 5   , 80

Real numbers

, p, 9.911
––
16

8
 2 –

 5
23, , 2!2, 0,

Figure R-2

If  a, b, and c are real numbers, 

The Commutative Properties for Addition and Multiplication

a 1 b 5 b 1 a ab 5 ba

The Associative Properties for Addition and Multiplication

sa 1 bd 1 c 5 a 1 sb 1 cd sabdc 5 asbcd

The Distributive Property of Multiplication over Addition or Subtraction

asb 1 cd 5 ab 1 ac  or  asb 2 cd 5 ab 2 ac

The Double Negative Rule

2s2ad 5 a

Properties of Real Numbers

Take Note

When the Associative Property is used, the order of the real numbers does not change. The 

real numbers that occur within the parentheses change.

The Distributive Property also applies when more than two terms are within 

parentheses.
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Determine which property of real numbers justifies each statement:

a. mn 5 nm b. sxydz 5 xsyzd c. p 1 q 5 q 1 p 

Now Try Exercise 23.

3. Graph Subsets of Real Numbers on the Number Line

We can graph subsets of real numbers on the number line. The number line shown 

in Figure R-3 continues forever in both directions. The positive numbers are repre-

sented by the points to the right of 0, and the negative numbers are represented by 

the points to the left of 0.

–5 –4 –3 –2 –1 0 1 2 3 4 5

Negative numbers Positive numbers

Figure R-3

Figure R-4(a) shows the graph of the natural numbers from 1 to 5. The point 

associated with each number is called the graph of  the number, and the number is 

called the coordinate of  its point.

Figure R-4(b) shows the graph of the prime numbers that are less than 10.

Figure R-4(c) shows the graph of the integers from 24 to 3.

Figure R-4(d) shows the graph of the real numbers 27
3, 23

4, 0.3, and Ï2.

(a)

–1 0 1 2 3 4 5 6

    (b)

0 1 2 3 4 5 6 7 8 9 10

(c)

–5 –4 –3 –2 –1 0 1 2 3 4

 

–3/4–7/3
–

0.3

(d)

–3 –2 –1 0 1 2

2

Figure R-4

The graphs in Figure R-4 suggest that there is a one-to-one correspondence be-

tween the set of real numbers and the points on a number line. This means that to 

each real number there corresponds exactly one point on the number line, and to each 

point on the number line there corresponds exactly one real-number coordinate.

Self Check 4

Example 4 Identifying Properties of Real Numbers

Determine which property of real numbers justifies each statement.

a. s9 1 2d 1 3 5 9 1 s2 1 3d  b. 3sx 1 y 1 2d 5 3x 1 3y 1 3 ? 2

We will compare the form of each statement to the forms listed in the Properties 

of Real Numbers box.

a. This form matches the Associative Property of Addition.

b. This form matches the Distributive Property.

Solution

Strategy

Take Note
Ï2 can be shown as the diagonal of a 

square with sides of length 1.

1

11

1

2

Take Note
Zero is neither positive nor negative.
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Example 5 Graphing a Set of Numbers on a Number Line

Graph the set h23, 24
3, 0, Ï5j.

We will mark (plot) each number on the number line. To the nearest tenth, 

Ï5 5 2.2.

–4/3 5

–3 –2 –1 0 1 32

Strategy

Solution

Graph the set h22, 34, Ï3j. (Hint: To the nearest tenth, Ï3 5 1.7.)

Now Try Exercise 57.

4. Graph Intervals on the Number Line

To show that two quantities are not equal, we can use an inequality symbol.

Self Check 5

Symbol Read as Examples

Þ “is not equal to” 5 Þ 8 and 0.25 Þ
1
3

, “is less than” 12 , 20 and 0.17 , 1.1

. “is greater than” 15 . 9 and 1
2 . 0.2

# “is less than or equal to” 25 # 25 and 1.7 # 2.3

$ “is greater than or equal to” 19 $ 19 and 15.2 $ 13.7

< “is approximately equal to” Ï2 < 1.414 and Ï3 < 1.732

It is possible to write an inequality with the inequality symbol pointing in the 

opposite direction. For example, 

 ● 12 , 20 is equivalent to 20 . 12
 ● 2.3 $ 21.7 is equivalent to 21.7 # 2.3

In Figure R-3, the coordinates of points get larger as we move from left to right 

on a number line. Thus, if  a and b are the coordinates of two points, the one to the 

right is the greater. This suggests the following facts:

 ● If  a . b, point a lies to the right of point b on a number line.
 ● If  a , b, point a lies to the left of point b on a number line.

Figure R-5(a) shows the graph of the inequality x . 22 sor 22 , xd. This 

graph includes all real numbers x that are greater than 22. The parenthesis at 22 

indicates that 22 is not included in the graph. Figure R-5(b) shows the graph of 

x # 5 sor 5 $ xd. The bracket at 5 indicates that 5 is included in the graph.

(
22

(a)    

]
5

(b)

Figure R-5

Sometimes two inequalities can be written as a single expression called a  

compound inequality. For example, the compound inequality

5 , x , 12

Ph
ip

at
bi

g/
S

hu
tt

er
st

oc
k.

co
m

Take Note
Parentheses indicate that endpoints 

are not included in an interval. Square 

brackets indicate that endpoints are 

included in an interval.
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is a combination of the inequalities 5 , x and x , 12. It is read as “5 is less than x, 

and x is less than 12,” and it means that x is between 5 and 12. Its graph is shown 

in Figure R-6.

)(
5 12

Figure R-6

The graphs shown in Figures R-5 and R-6 are portions of a number line 

called intervals. The interval shown in Figure R-7(a) is denoted by the inequality 

22 , x , 4, or in interval notation as s22, 4d. The parentheses indicate that the 

endpoints are not included. The interval shown in Figure R-7(b) is denoted by the 

inequality x . 1, or as s1, `d in interval notation. The symbol ` (infinity) is not a 

real number. It is used to indicate that the graph in Figure R-7(b) extends infinitely 

far to the right.

)(
22 4

(22, 4)

22 , x , 4

x is between 22 and 4.

(a)   

1

(1, `)

x . 1

x is greater than 1.

(b)

(

Figure R-7

Example 6 Writing an Inequality in Interval Notation and Graphing  
the Inequality

Write the inequality 23 , x , 5 in interval notation and graph it.

This is the interval s23, 5d. Its graph includes all real numbers between 23 and 5, as 

shown in Figure R-8.

)(
23 5

Figure R-8

Solution

A compound inequality such as 22 , x , 4 can be written as two separate 

inequalities:

x . 22  and  x , 4 

This expression represents the intersection of  two intervals. In interval nota-

tion, this expression can be written as

s22, `d > s2`, 4d  Read the symbol > as “intersection.”

Since the graph of 22 , x , 4 will include all points whose coordinates satisfy 

both x . 22 and x , 4 at the same time, its graph will include all points that are 

larger than 22 but less than 4. This is the interval s22, 4d, whose graph is shown in 

Figure R-7(a).

Tip

Parentheses are always used with ` 

or 2`. 

Strategy

Write the inequality 22 , x # 5 in interval notation and graph it.  

Now Try Exercise 69.

If  an interval extends forever in one direction, it is called an unbounded interval.

Self Check 6
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Unbounded Intervals

Interval   Inequality Graph

sa, `d

s2, `d

x . a

x . 2

(
a

(
–1–2 0 1 2 3 4 5 6

fa, `d

f2, `d

x $ a

x $ 2

[
a

[
–1–2 0 1 2 3 4 5 6

s2`, ad

s2`, 2d

x , a

x , 2

(
a

]
–3–4 –2 –1 0 1 2 3 4

s2`, ag

s2`, 2g

x # a

x # 2

[
a

]
–3–4 –2 –1 0 1 2 3 4

s2`, `d 2` , x , `

)[
22 3

[22, 3)

22 # x , 3

(b)

)(
23 2

(23, 2)

23 , x , 2

(a)

Figure R-9

A bounded interval with no endpoints is called an open interval. Figure R-9(a) 

shows the open interval between 23 and 2. A bounded interval with one endpoint 

is called a half-open interval. Figure R-9(b) shows the half-open interval between 

22 and 3, including 22.

Intervals that include two endpoints are called closed intervals. Figure R-10 

shows the graph of a closed interval from 22 to 4.

Open Intervals, Half-Open Intervals, and Closed Intervals

Interval Inequality Graph

Open

sa, bd

s22, 3d

a , x , b

22 , x , 3

)(
a b

)(
–3–4 –2 –1 0 1 2 3 4 5

Half-Open

fa, bd

f22, 3d

a # x , b

22 # x , 3

)[
a b

][
–3–4 –2 –1 0 1 2 3 4 5

Half-Open

sa, bg

s22, 3g

a , x # b

22 , x # 3

)[
a b

)(
–3–4 –2 –1 0 1 2 3 4 5

Closed

fa, bg

f22, 3g

a # x # b

22 # x # 3

][
a b

][
–3–4 –2 –1 0 1 2 3 4 5

][
22 4

[22, 4]

22 # x # 4

Figure R-10
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Example 7 Writing an Inequality in Interval Notation and Graphing  
the Inequality

Write the inequality 3 # x in interval notation and graph it.

The inequality 3 # x can be written in the form x $ 3. This is the interval f3, `d. Its 

graph includes all real numbers greater than or equal to 3, as shown in Figure R-11.

[
3

Figure R-11

Solution

Example 8 Writing an Inequality in Interval Notation and Graphing  
the Inequality

Write the inequality 5 $ x $ 21 in interval notation and graph it.

The inequality 5 $ x $ 21 can be written in the form 

21 # x # 5

This is the interval f21, 5g. Its graph includes all real numbers from 21 to 5. The 

graph is shown in Figure R-12.

][
21 5

Figure R-12

Solution

Strategy

Strategy

Write the inequality 5 . x in interval notation and graph it. 

Now Try Exercise 71.

Self Check 7

Write the inequality 0 # x # 3 in interval notation and graph it.  

Now Try Exercise 75.

The expression

x , 22 or x $ 3   Read as “x is less than 22 or x is greater than or equal to 3.”

represents the union of  two intervals. In interval notation, it is written as

s2`, 22d < f3, `d  Read the symbol < as “union.”

Its graph is shown in Figure R-13.

[
3

)
22

Figure R-13

5. Simplify Absolute Value Expressions

The absolute value of  a real number x (denoted as ux u ) is the distance on a number 

line between 0 and the point with a coordinate of x. For example, points with coor-

dinates of 4 and 24 both lie four units from 0, as shown in Figure R-14. Therefore, 

it follows that

u24 u 5 u4 u 5 4 

–1–2–3–4–5 0 1 2 3 4 5

4 units4 units

Figure R-14

Self Check 8
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Example 9 Using the Definition of Absolute Value

Write each number without using absolute value symbols:

a. u3 u   b. u24 u   c. u0 u   d. 2 u27 u

In each case, we will use the de�nition of absolute value.

a. u3 u 5 3  b. u24 u 5 4  c. u0 u 5 0  d. 2 u27 u 5 2s7d 5 27Solution

Example 10 Simplifying an Expression with Absolute Value Symbols

Write each number without using absolute value symbols:

a. u� 2 1 u   b. u2 2 � u   c. u2 2 x u  if  x $ 5

In each case, we will use the de�nition of absolute value.

a. Since � < 3.1416, � 2 1 is positive, and � 2 1 is its own absolute value.

u� 2 1 u 5 � 2 1

b. Since 2 2 � is negative, its absolute value is 2s2 2 �d.

u2 2 � u 5 2s2 2 �d 5 22 2 s2�d 5 22 1 � 5 � 2 2

c. Since x $ 5, the expression 2 2 x is negative, and its absolute value is 2s2 2 xd.

u2 2 x u 5 2s2 2 xd 5 22 1 x 5 x 2 2 provided x $ 5

Solution

Strategy

Strategy

In general, for any real number x, 

u2x u 5 ux u

We can define absolute value algebraically as follows.

If  x is a real number, then

ux u 5 x    when x $ 0

ux u 5 2x  when x , 0

Absolute Value

This definition indicates that when x is positive or 0, then x is its own absolute 

value. However, when x is negative, then 2x (which is positive) is its absolute value. 

Thus, ux u  is always nonnegative.

ux u $ 0  for all real numbers x

Take Note
Remember that x is not always posi-

tive and 2x is not always negative.

Write each number without using absolute value symbols:

a. u210 u   b. u12 u   c. 2u6 u   

Now Try Exercise 91.

In Example 10, we must determine whether the number inside the absolute 

value is positive or negative.

Self Check 9

Concept: Absolute Value 

and Determining a Limit

1. Why is it important?

Absolute value occurs in the 

precise definition of limit.

2. How is it used? 

A knowledge of absolute 

value is required to prove 

limits in calculus. 

Looking Ahead  
to Calculus 
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Write each number without using absolute value symbols. sHint: Ï5 < 2.236.d
a. )2 2 Ï5 )   b. u2 2 x u  if  x # 1  

Now Try Exercise 95.

6. Find Distances on the Number Line

On the number line shown in Figure R-15, the distance between the points with 

coordinates of 1 and 4 is 4 2 1, or 3 units. However, if  the subtraction were done 

in the other order, the result would be 1 2 4, or 23 units. To guarantee that the 

distance between two points is always positive, we can use absolute value symbols. 

Thus, the distance d between two points with coordinates of 1 and 4 is

d 5 u4 2 1 u 5 u1 2 4 u 5 3

21 0 1 2 3 4 5

d 5 )4 2 1) 5 3

Figure R-15

In general, we have the following definition for the distance between two points 

on the number line.

Self Check 10

Example 11 Finding the Distance between Two Points on a Number Line

Find the distance on a number line between the points with the given coordinates.

a. 3 and 5  b. 22 and 3  c. 25 and 21

We will use the formula for �nding the distance between two points.

a. d 5 u5 2 3 u 5 u2 u 5 2

b. d 5 u3 2 s22d u 5 u3 1 2 u 5 u5 u 5 5

c. d 5 u21 2 s25d u 5 u21 1 5 u 5 u4 u 5 4

Strategy

Solution

If  a and b are the coordinates of two points on the number line, the distance d 

between the points is given by the formula

d 5 ub 2 a u

Distance between 
Two Points

Find the distance on a number line between the points with the given coordinates.

a. 4 and 10   b. 22 and 27 

Now Try Exercise 107.

Self Check 11

1. a. no  b. ha, c, d, e, i, o, uj  c. ha, e, ij  2. a. repeats

b. terminates  3. a. 23, 1, 5  b. 4, 6  c. Ï5  4. a. Commutative 

Property of Multiplication  b. Associative Property of Multiplication 

c. Commutative Property of Addition 5. 3/4–2 3

–3 –2 –1 0 1 2

6. s22, 5g ](
22 5

  7. s2`, 5d )
5

8. f0, 3g ][
0 3

   9. a. 10  b. 12  c. 26 

10. a. Ï5 2 2  b. 2 2 x  11. a. 6  b. 5

Self Check Answers
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Getting Ready

Complete these just-in-time review problems to prepare 

you to successfully work the practice exercises.

 1. Simplify. 10 2 20 

 2. Simplify. 5 2 s210d 
 3. Division by what number is undefined? 

 4. Given 
5

0
, 

0

5
, and 

0

0
. Which one is equivalent  

to 0? 

 5. Write the inequality symbol for greater than. 

 6. Write the math symbol for infinity. 

 20. The only integer that is neither positive nor  

negative is  .

 21. The Associative Property of Addition states that 

sx 1 yd 1 z 5  .

 22. The Commutative Property of Multiplication 

states that xy 5  .

 23. Use the Distributive Property to complete the  

statement: 5sm 1 2d 5  .

 24. The statement sm 1 ndp 5 psm 1 nd illustrates the 

     Property of     .

 25. The graph of an      is a portion of a num-

ber line.

 26. The graph of an open interval has      endpoints.

 27. The graph of a closed interval has   endpoints.

 28. The graph of a   interval has one endpoint.

 29. Except for 0, the absolute value of every number is 

    .

 30. The      between two distinct points on a 

number line is always positive.

Let

 N 5 the set of natural numbers

W 5 the set of whole numbers

 Z 5 the set of integers

 Q 5 the set of rational numbers

 R 5 the set of real numbers

Determine whether each statement is true or false. Read 

the symbol ,  as “is a subset of.”

 31. N , W  32. Q , R 

 33. Q , N   34. Z , Q    

 35. W , Z   36. R , Z   

Practice 

Let A 5 ha, b , c, d , e j, B5 sd , e , f, g j, and 

C 5 ha, c, e , fj. Find each set.

 37. A < B  38. A > B 

 39. A > C   40. B < C 

Determine whether the decimal form of each fraction  

terminates or repeats.

 41. 
7

16
  42. 

5

8
 

 43. 
5

11
  44. 

7

12
 

Exercises R.1

Vocabulary and Concepts

You should be able to complete these vocabulary and concept 

statements before you proceed to the practice exercises.

Fill in the blanks.

  7. A      is a collection of objects.

  8. If  every member of one set B is also a member of a 

second set A, then B is called a      of  A.

  9. If  A and B are two sets, the set that contains all 

members that are in sets A and B or both is called 

the     of A and B.

 10. If  A and B are two sets, the set that contains 

all members that are in both sets is called the 

     of  A and B.

 11. A real number is any number that can be expressed 

as a     .

 12. A      is a letter that is used to represent a 

number.

 13. The smallest prime number is     .

 14. All integers that are exactly divisible by 2 are called 

     integers.

 15. Natural numbers greater than 1 that are not prime 

are called      numbers.

 16. Fractions such as 23, 82, and 27
9 are called      

numbers.

 17. Irrational numbers are      that don’t  

terminate and don’t repeat.

 18. The symbol   is read as “is less than or equal to.”

 19. On a number line, the      numbers are to 

the left of 0.
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Consider the following set: 

h25, 24, 22
3, 0, 1, Ï2, 2, 2.75, 6, 7j

 45. Which numbers are natural numbers? 

 46. Which numbers are whole numbers? 

 47. Which numbers are integers? 

 48. Which numbers are rational numbers? 

 49. Which numbers are irrational numbers? 

 50. Which numbers are prime numbers?  

 51. Which numbers are composite numbers? 

 52. Which numbers are even integers?  

 53. Which numbers are odd integers? 

 54. Which numbers are negative numbers? 

Graph each subset of the real numbers on a number line.

 55. The natural numbers between 1 and 5 

  

 56. The composite numbers less than 10 

  

 57. The prime numbers between 10 and 20 

  

 58. The integers from 22 to 4 

  

 59. The integers between 25 and 0 

  

 60. The even integers between 29 and 21 

  

 61. The odd integers between 26 and 4 

  

 62. 20.7, 1.75, and 37
8 

  

Write each inequality in interval notation and graph the 

interval.

 63. x . 2    64. x , 4  

    

 65. 0 , x , 5    66. 22 , x , 3  

    

 67. x . 24   68. x , 3  

    

 69. 22 # x , 2    70. 24 , x # 1  

    

 71. x # 5   72. x $ 21  

    

 73. 25 , x # 0   74. 23 # x , 4  

    

 75. 22 # x # 3   76. 24 # x # 4  

          

 77. 6 $ x $ 2   78. 3 $ x $ 22  

         

Write each pair of inequalities as the intersection of two 

intervals and graph the result.

 79. x . 25 and x , 4  

  

 80. x $ 23 and x , 6  

  

 81. x $ 28 and x # 23  

  

 82. x . 1 and x # 7  

  

Write each inequality as the union of two intervals and 

graph the result.

 83. x , 22 or x . 2  

  

 84. x # 25 or x . 0  

  

 85. x # 21 or x $ 3  

  

 86. x , 23 or x $ 2  

  

Write each expression without using absolute value symbols.

 87. u13 u    88. u217 u  
 89. u0 u    90. 2 u63 u   

 91. 2 u28 u    92. u225 u  
 93. 2 u32 u    94. 2 u26 u  
 95. u� 2 5 u    96. u8 2 � u   

 97. u� 2 � u    98. u2� u  
 99. ux 1 1 u  and x $ 2 100. ux 1 1 u  and x # 22
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118. Temperature Harbin, China, is one of the world’s 

coldest cities and known for its ice and snow 

festivals. In February, the average nightly low 

temperature is 2208C and the average daily high 

temperature is 278C. What is the temperature drop 

from day to night? 
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Discovery and Writing

119. Explain why 2x could be positive.

120. Explain why every integer is a rational number. 

121. Is the statement uab u 5 ua u ? ub u  always true? 

Explain.

122. Is the statement *ab * 5
uau
ubu

 sb Þ 0d always true? 

Explain.

123. Is the statement ua 1 b u 5 ua u 1 ub u  always true? 

Explain.

124. Explain why it is incorrect to write a , b . c if  

a , b and b . c.

Critical Thinking 

Determine if the statement is true or false. If the  

statement is false, then correct it and make it true. 

125. There are six integers between 23 and 3.  

126. 725
0  is a rational number because 725 and 0 are  

integers. 

127. ` is a real number. 

128. ua 2 b u 5 ub 2 a u  

129. [ , 55, �, Ï3, 
13

4 6 

130. [ , [ 

131. There are six subsets of h11, 22, 33j. 

132. A set is always a subset of itself. 

101. ux 2 4 u  and x , 0 

102. ux 2 7 u  and x . 10 

103. 
ux 2 7u
x 2 7

 and x . 7  

104. 
x 2 8

ux 2 8u
 and x , 8 

Find the distance between each pair of points on the  

number line.

105. 3 and 8  106. 25 and 12 

107. 28 and 23  108. 6 and 220  

109. 2100 and 50  110. 2200 and 250 

Fix It

In exercises 111 and 112, identify the error made and fix it.

111. Let A = {s,n,i,c,k,e,r,s} and B = {t,w,i,x}, �nd A∪B

 Solution: A < B 5 {i}

112. Graph the inequality x , 1 on a number line.

  Solution:

  
(
1

  

 

Applications

113. What subset of the real numbers would you use to 

describe the populations of Memphis and Miami? 

114. What subset of the real numbers would you 

use to describe the subdivisions of an inch on a 

ruler? 

115. What subset of the real numbers would you use to 

report temperatures in London and Lisbon? 

  

116. What subset of the real numbers would you use to 

describe the prices of hoodies at Old Navy? 

117. Temperature The average low temperature in Inter-

national Falls, Minnesota, in January is 278F. The 

average high temperature is 158F. Determine the 

degrees difference between the average high and 

the average low. 
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In this section, we will learn to

1. Simplify expressions with 

natural-number exponents.

2. Apply the rules of exponents.

3. Apply the rules for order 

of operations to evaluate 

expressions.

4. Express numbers in 

scientific notation.

5. Use scientific notation to 

simplify computations.

R.2  Integer Exponents and Scientific Notation

The number of cells in the human body is 

approximated to be one hundred trillion or 

100,000,000,000,000. One hundred trillion is 

s10ds10ds10d Á s10d, where ten occurs four-

teen times. Fourteen factors of ten can be 

written as 1014. 

In this section, we will use integer expo-

nents to represent repeated multiplication of 

numbers.

1. Simplify Expressions with Natural-Number Exponents

When two or more quantities are multiplied together, each quantity is called a  

factor of  the product. The exponential expression x4 indicates that x is to be used 

as a factor four times.

x4 5 x ? x ? x ? x

In general, the following is true.

4 factors of x
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Example 1 Using the Definition of Natural-Number Exponents

Write each expression without using exponents:

a. 42  b. s24d2  c. 253  d. s25d3  e. 3x4  f. s3xd4

In each case, we apply the definition of natural-number exponents.

a. 42 5 4 ? 4 5 16  Read 42 as “four squared.”

b. s24d2 5 s24ds24d 5 16  Read s24d2 as “negative four squared.”

c. 253 5 25s5ds5d 5 2125  Read 253 as “the negative of �ve cubed.”

d. s25d3 5 s25ds25ds25d 5 2125  Read s25d3 as “negative �ve cubed.”

e. 3x4 5 3 ? x ? x ? x ? x  Read 3x4 as “3 times x to the fourth power.”

f. s3xd4 5 s3xds3xds3xds3xd 5 81 ? x ? x ? x ? x   Read s3xd4 as “3x to the fourth power.”

Solution

Strategy

Write each expression without using exponents:

a. 73  b. s23d2  c. 5a3  d. s5ad4  

Now Try Exercise 19.

Self Check 1

For any natural number n,

xn 5 x ? x ? x ? Á ? x

n factors of x

Natural-Number Exponents

Take Note
To find powers on a scientific  

calculator use the yx key.

In the exponential expression xn, x is called the base, and n is called the exponent 

or the power to which the base is raised. The expression xn is called a power of x. 

From the definition, we see that a natural-number exponent indicates how many 

times the base of an exponential expression is to be used as a factor in a product. If  

an exponent is 1, the 1 is usually not written:

x1
5 x



Section R.2 Integer Exponents and Scientific Notation 17

 2. Apply the Rules of Exponents

We begin the review of the rules of exponents by considering the product xmxn. 

Since xm indicates that x is to be used as a factor m times, and since xn indicates that 

x is to be used as a factor n times, there are m 1 n factors of x in the product xmxn.

xmxn 5 x ? x ? x ? Á ? x ? x ? x ? x ? Á ? x 5 xm1n

This suggests that to multiply exponential expressions with the same base, we 

keep the base and add the exponents.

m factors of x n factors of x

m 1 n factors of x

Take Note
Note the distinction between axn and saxdn:

axn 5 a ? x ? x ? x ? Á ? x saxdn 5 saxdsaxdsaxd ? Á ? saxd
Also note the distinction between 2xn and s2xdn:

2xn 5 2sx ? x ? x ? Á ? xd s2xdn 5 s2xds2xds2xd ? Á ? s2xd

n factors of x

n factors of x

n factors of ax

n factors of 2x

If  m and n are natural numbers, then

xmxn 5 xm1n

Product Rule for Exponents

Take Note
The Product Rule applies to exponen-

tial expressions with the same base.  

A product of two powers with  

different bases, such as x4y3, cannot  

be simplified.

To find another property of exponents, we consider the exponential expression 

sxmdn. In this expression, the exponent n indicates that xm is to be used as a factor n 

times. This implies that x is to be used as a factor mn times.

sxmdn 5 sxmdsxmdsxmd ? Á ? sxmd 5 xmn

This suggests that to raise an exponential expression to a power, we keep the 

base and multiply the exponents.

To raise a product to a power, we raise each factor to that power.

sxydn 5 sxydsxydsxyd ? Á ? sxyd 5 sx ? x ? x ? Á ? xdsy ? y ? y ? Á ? yd 5 xnyn

To raise a fraction to a power, we raise both the numerator and the denomina-

tor to that power. If  y Þ 0, then

 1xy2
n

5 1xy21
x

y21
x

y2 ? Á ? 1xy2

 5
xxx ? Á ? x

yyy ? Á ? y

 5
xn

yn

The previous three results are called the Power Rules of Exponents.

n factors of x

n factors of xy

n factors of y

n factors of xm

mn factors of x

n factors of xy n factors of x n factors of y
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Simplify:

a. sy3d2  b. sa2a4d3  c. sx2d3sx3d2  d. 13a3b2

c3 2
3

 sc Þ 0d  

Now Try Exercise 49.

If  we assume that the rules for natural-number exponents hold for exponents 

of 0, we can write

x0xn 5 x01n 5 xn 5 1xn

Since x0xn 5 1xn, it follows that if  x Þ 0, then x0 5 1.

Self Check 2

Example 2 Using Exponent Rules to Simplify Expressions with  
Natural-Number Exponents

Simplify: a. x5x7  b. x2y3x5y  c. sx4d9  d. sx2x5d3

e. 1 xy22
5

  f. 15x2y

z3 2
2

In each case, we will apply the appropriate rule of exponents.

a. x5x7 5 x517 5 x12  b. x2y3x5y 5 x215y311 5 x7y4

c. sx4d9 5 x4 ? 9 5 x36   d. sx2x5d3 5 sx7 d3 5 x21

e. 1 xy22
5

5
x5

sy2d5
5

x5

y10
 sy Þ 0d

f. 15x2y

z3 2
2

5
52sx2d2y2

sz3d2
5

25x4y2

z6
 sz Þ 0d

Solution

Strategy

If  n is an integer and x Þ 0, then

x2n 5
1

xn
  and  

1

x2n
5 xn

Negative Exponents

If  m and n are natural numbers, then

sxmdn 5 xmn   sxydn 5 xnyn   1xy2
n

5
xn

yn
  sy Þ 0d

Power Rules of Exponents

x0 5 1 sx Þ 0dZero Exponent

If  we assume that the rules for natural-number exponents hold for exponents 

that are negative integers, we can write

x2nxn 5 x2n1n 5 x0 5 1 sx Þ 0d

However, we know that

1

xn
? xn 5 1 sx Þ 0d  

1

xn
? xn 5

xn

xn
, and any nonzero number divided by itself  is 1. 

Since x2nxn 5
1
xn ? xn, it follows that x2n 5

1
xn sx Þ 0d.

Take Note
0 raised to the power of 0 is not 

defined.
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Simplify and write all answers without using negative exponents: 

a. 7a0  b. 3a22  c. a24a2  d. sa3a27d3 

Now Try Exercise 59.

To develop the Quotient Rule for Exponents, we proceed as follows:

xm

xn
5 xm1 1

xn2 5 xmx2n 5 xm1s2nd 5 xm2n sx Þ 0d

This suggests that to divide two exponential expressions with the same nonzero 

base, we keep the base and subtract the exponent in the denominator from the expo-

nent in the numerator.

Self Check 3

Example 4 Simplifying Expressions with Integer Exponents

Simplify and write all answers without using negative exponents:

a. 
x8

x5
  b. 

x2x4

x25

We will apply the Product and Quotient Rules of Exponents.

a. 
x8

x5
5 x825  b. 

x2x4

x25
5

x6

x25

 5 x3 5 x62s25d

  5 x11

Solution

Strategy

Because of the previous definitions, all of the rules for natural-number expo-

nents will hold for integer exponents.

If  m and n are integers, then

xm

xn
5 xm2n sx Þ 0d

Quotient Rule for Exponents

Simplify and write all answers without using negative exponents: 

a. 
x26

x2
  b. 

x4x23

x2
  

Now Try Exercise 69.

Self Check 4

Example 3 Simplifying Expressions with Integer Exponents

Simplify and write all answers without using negative exponents:

a. s3xd0  b. 3sx0d  c. x24  d. 
1

x26
  e. x23x  f. sx24x8d25

We will use the definitions of zero exponent and negative exponents to simplify 

each expression.

a. s3xd0 5 1  b. 3sx0d 5 3s1d 5 3  c. x24 5
1

x4
  d. 

1

x26
5 x6  

e. x23x 5 x2311  f.  sx24x8d25 5 sx4d25

 5 x22  5 x220 

 5
1

x2
  5

1

x20

Solution

Strategy

Caution
A common mistake is to give  

an answer of 0 when a number  

is raised to the power of 0. This is  

incorrect! Avoid making this error.

170 Þ 0, 12
3

52
0

Þ 0, and s8xd0 Þ 0

These expressions equal 1 and not 0.  
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Simplify and write all answers without using negative exponents:  

a. 1x
4y23

x23y22
2

  b. 12a

3b2
23

  

Now Try Exercise 75.

Part b of Example 5 establishes the following rule.

Self Check 5

Example 5 Simplifying Expressions with Integer Exponents

Simplify and write all answers without using negative exponents:

a. 1x
3y22

x22y32
22

  b. 1xy2
2n

We will apply the appropriate rules of exponents.

a. 1x
3y22

x22y32
22

5 sx32s22dy2223d22

  5 sx5y25d22

  5 x210y10

  5
y10

x10

b.  1xy2
2n

5
x2n

y2n

  5
x2nxnyn

y2nxnyn
   Multiply numerator and denominator by 1 in the form 

xnyn

xnyn

  5
x0yn

y0xn
     x2nxn 5 x0 and y2nyn 5 y0

  5
yn

xn
       x0 5 1 and y0 5 1

  5 1yx2
n

Strategy

Solution

If  n is a natural number, then

1xy2
2n

5 1yx2
n

  (x Þ 0 and y Þ 0)

A Fraction to a Negative Power

Tip

Learning and applying several exponent rules at one time can often be confusing. This a 
common feeling experienced. Some students admit to being intimidated by them because 

the formal statements of the rules involve x’s, y’s, m’s, and n’s. It can be very helpful to 

rewrite the rules in your own words. When you do, your understanding will be clearer. Here 

are some examples.
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 3. Apply the Rules for Order of Operations to Evaluate 
Expressions

When several operations occur in an expression, we must perform the operations in 

the following order to get the correct result.

For example, to simplify 
3f4 2 s6 1 10dg

22 2 s6 1 7d
, we proceed as follows:

Take Note
Many students remember the Order of Operations Rule with the acronym PEMDAS:

●   Parentheses
●   Exponents
●  Multiplication
●  Division
● Addition
● Subtraction

●   When I multiply exponential expressions with the same bases, then I keep the common 

base and add the exponents. 
●   When I raise a power to a power, then I multiply the exponents. 
●   When I raise a product to a power, then I raise each factor to the power.
●   When I raise a quotient to a power, then I raise both the numerator and the 

denominator to the power. 
●   When I divide exponential expressions with the same bases, then I keep the common 

base and subtract the exponents. 
●  When I raise an exponential expression to a negative power, I can invert the exponential 

expression and raise it to a positive power. 

If  an expression does not contain grouping symbols such as parentheses or 

brackets, follow these steps:

1. Find the values of any exponential expressions.

2. Perform all multiplications and/or divisions, working from left to right.

3. Perform all additions and/or subtractions, working from left to right.

 ● If an expression contains grouping symbols such as parentheses, brackets, 

or braces, use the rules above to perform the calculations within each pair of 

grouping symbols, working from the innermost pair to the outermost pair.

 ● In a fraction, simplify the numerator and the denominator of the fraction 

separately. Then simplify the fraction, if  possible.

Strategy for Evaluating 

Expressions Using Order  

of Operations

 
3f4 2 s6 1 10dg

22 2 s6 1 7d
5

3s4 2 16d
22 2 s6 1 7d

  Simplify within the inner parentheses: 6 1 10 5 16.

  5
3s212d
22 2 13

    Simplify within each parentheses: 4 2 16 5 212 and 6 1 7 5 13.

  5
3s212d
4 2 13

     Evaluate the power: 22 5 4.

  5
236

29
       3s212d 5 236; 4 2 13 5 29

  5 4
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Example 6 Evaluating Algebraic Expressions

If  x 5 22, y 5 3, and z 5 24, evaluate

a. 2x2 1 y2z  b. 
2z3 2 3y2

5x2

In each part, we will substitute the numbers for the variables, apply the rules of 

order of operations, and simplify.

a. 2x2 1 y2z 5 2s22d2 1 32s24 d

  5 2s4d 1 9s24d Evaluate the powers.

  5 24 1 s236d Do the multiplication.

  5 240 Do the addition.

b. 
2z3 2 3y2

5x2
5

2s24d3 2 3s3d2

5s22d2

  5
2s264d 2 3s9d

5s4d
 Evaluate the powers.

  5
2128 2 27

20
 Do the multiplications.

  5
2155

20
 Do the subtraction.

  5 2
31

4
 Simplify the fraction.

Solution

If  x 5 3 and y 5 22, evaluate 
2x2 2 3y2

x 2 y
. 

Now Try Exercise 91.

 4. Express Numbers in Scientific Notation

Scientists often work with numbers that are very large or very small. These numbers 

can be written compactly by expressing them in scientific notation.

Self Check 6

Strategy

Light travels 29,980,000,000 centimeters per second. To express this number in  

scientific notation, we must write it as the product of a number between 1 and 10 

and some integer power of 10. The number 2.998 lies between 1 and 10. To get 

29,980,000,000, the decimal point in 2.998 must be moved ten places to the right. 

This is accomplished by multiplying 2.998 by 1010.

Standard notation   29,980,000,000 5 2.998 3 1010   Scientific notation

One meter is approximately 0.0006214 mile. To express this number in scientific 

notation, we must write it as the product of a number between 1 and 10 and some 

integer power of 10. The number 6.214 lies between 1 and 10. To get 0.0006214, the 

A number is written in scientific notation when it is written in the form

N 3 10n

where 1 # uN u , 10 and n is an integer.

Scientific Notation
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decimal point in 6.214 must be moved four places to the left. This is accomplished 

by multiplying 6.214 by 1

104 or by multiplying 6.214 by 1024.

 Standard notation   0.0006214 5 6.214 3 1024   Scientific notation

To write each of the following numbers in scientific notation, we start to the 

right of the first nonzero digit and count to the decimal point. The exponent gives 

the number of places the decimal point moves, and the sign of the exponent indi-

cates the direction in which it moves.

a. 3 7 2 0 0 0 5 3.72 3 105 5 places to the right

b. 0 . 0 0 0 5 3 7 5 5.37 3 1024 4 places to the left

c. 7.36 5 7.36 3 100 No movement of the  decimal point

Example 7 Writing Numbers in Scientific Notation

Write each number in scientific notation: a. 62,000  b. 20.0027

a.  We must express 62,000 as a product of a number between 1 and 10 and some 

integer power of 10. This is accomplished by multiplying 6.2  by 104.

62,000 5 6.2 3 104

b.  We must express 20.0027 as a product of a number whose absolute value 

is between 1 and 10 and some integer power of 10. This is accomplished by 

multiplying 22.7 by 1023.

20.0027 5 22.7 3 1023

Strategy

Strategy

Solution

Solution

Example 8 Writing Numbers in Standard Notation

Write each number in standard notation:

a. 7.35 3 102  b. 3.27 3 1025

a.   The factor of 102 indicates that 7.35 must be multiplied by 2 factors of 10. 

Because each multiplication by 10 moves the decimal point one place to the 

right, we are required to move the decimal point two places to the right. 

7.35 3 102 5 735

b.  The factor of 1025 indicates that 3.27 must be divided by 5 factors of 10. 

Because each division by 10 moves the decimal point one place to the left, we 

are required to move the decimal point �ve places to the left. 

3.27 3 1025 5 0.0000327

Strategy

Strategy

Solution

Solution

Write each number in scientific notation:

a. 293,000,000   b. 0.0000087 

Now Try Exercise 103.

Self Check 7

Write each number in standard notation: 

a. 6.3 3 103   b. 9.1 3 1024  

Now Try Exercise 111.

Self Check 8
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Example 9 Using Scientific Notation to Simplify Computations

Use scientific notation to calculate 
s3,400,000ds0.00002d

170,000,000
.

After changing each number to scienti�c notation, we can do the arithmetic on 

the numbers and the exponential expressions separately.

 
s3,400,000ds0.00002d

170,000,000
5

s3.4 3 106ds2.0 3 1025d
1.7 3 108

 5
6.8

1.7
3 1061s25d28

 5 4.0 3 1027

 5 0.0000004

Solution

Strategy

Use scientific notation to simplify 
s192,000ds0.0015d

s0.0032ds4500d
. 

Now Try Exercise 119.

Self Check 9

Take Note

To calculate an expression like 
218

0.000000000061
 on a scientific calculator, it is necessary to 

convert the denominator to scientific notation because the number has too many digits to 

fit on the screen.

●   For scientific notation,  we enter these numbers and press these keys: 6.1  EXP  11  1y2 .

●   To evaluate the expression above, we enter these numbers and press these keys:

21  yx  8  5  4   6.1  EXP  11   1y2   5

The display will read  6.20046874820 . In standard notation, the answer is approximately 

620,046,874,800,000,000,000.

1. a. 7 ? 7 ? 7 5 343  b. s23ds23d 5 9  c. 5 ? a ? a ? a  

d. s5ads5ads5ads5ad 5 625 ? a ? a ? a ? a  2. a. y6  b. a18  c. x12  

d. 
27a9b6

c9
  3. a. 7  b. 

3

a2
  c. 

1

a2
  d. 

1

a12
  4. a. 

1

x8
  b. 

1

x

5. a. 
x14

y10
  b. 

27b3

8a3
  6. 

6

5
  7. a. 29.3 3 107  b. 8.7 3 1026  

8. a. 6300  b. 0.00091  9. 20

Self Check Answers

5.  Use Scientific Notation to Simplify Computations

Another advantage of scientific notation becomes evident when we multiply and 

divide very large and very small numbers.
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Getting Ready

Complete these just-in-time review problems to prepare 

you to successfully work the practice exercises. 

 1. Match each expression with the proper description 

given below. 

x7

x2
 sx3y4d5    sx2d7 1x

4

x22
5 x3

· x
8

  a.  Product of exponential expressions with the 

same base 

  b.  Quotient of exponential expressions with the 

same base 

  c. Power of an exponential expression 

  d. Power of a product 

  e. Power of a quotient 

 2. Simplify the expression. x · x · x · x  ·  x · x 

 3. Simplify the expression. 
y · y · y · y · y · y

y · y · y
 

 4. Fill in the box. sx2d3 5 sx2dsx2dsx2d 5 x  

 5. If  x 5 25 what is x3 1 x ? 

 6. These look alike. Match each with its correct  

simplification x5
 · x

5    sx5d5    x5 1 x5

  a. 2x5 

  b. x10 

  c. x25 

 12. Unless      indicate otherwise, 

     are performed before additions.

Complete each exponent rule. Assume x Þ 0.

 13. xmxn 5     14. sxmdn 5  

 15. sxydn 5   16. 
xm

xn
5  

 17. x0 5   18. x2n 5    

Practice

Write each number or expression without using exponents.

 19. 132  20. 103 

 21. 252  22. s25d2 

 23. 4x3  24. s4xd3 

 25. s25xd4 26. 26x2 

     

 27. 28x4  28. s28xd4 

  

Write each expression using exponents.

 29. 7xxx  30. 28yyyy  

 31. s2xds2xd  32. s2ads2ads2ad 
 33. s3tds3tds23td  34. 2s2bds2bds2bds2bd 
 35. xxxyy  36. aaabbbb 

Use a calculator to simplify each expression.

 37. 2.23  38. 7.14 

 39. 20.54  40. s20.2d4 

Simplify each expression. Write all answers without using 

negative exponents. Assume that all variables are restricted 

to those numbers for which the expression is defined.

 41. x2x3 42. y3y4 

 43. sz2d3 44. st6d7 

 45. s y5y2d3  46. sa3a6da4 

 47. sz2d3sz4d5  48. st3d4st5d2 

 49. sa2d3sa4d2  50. sa2d4sa3d3 

 51. s3xd3 52. s22yd4

 53. sx2yd3  54. sx3z4d6 

 55. 1a
2

b 2
3

  56. 1 xy32
4

 

 57. s2xd0  58. 4x0 

Exercises R.2

Vocabulary and Concepts

You should be able to complete these vocabulary and con-

cept statements before you proceed to the practice exercises. 

Fill in the blanks.

  7. Each quantity in a product is called a      of  

the product.

  8. A      number exponent tells how many times 

a base is used as a factor.

  9. In the expression s2xd3,      is the exponent and 

     is the base.

 10. The expression xn is called an       

expression.

 11. A number is in      notation when it is  

written in the form N 3 10n, where 1 # uN u , 10 

and n is an     .
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105. 2177,000,000 106. 223,470,000,000

  

107. 0.007 108. 0.00052

  

109. 20.000000693 110. 20.000000089 

  

111. one trillion 112. one millionth

  

Express each number in standard notation.

113. 9.37 3 105 114. 4.26 3 109

115. 2.21 3 1025 116. 2.774 3 1022 

117. 0.00032 3 104 118. 9,300.0 3 1024

119. 23.2 3 1023 120. 27.25 3 103 

Use the method of Example 9 to do each calculation. 

Write all answers in scientific notation.

121. 
s65,000ds45,000d

250,000
 

122. 
s0.000000045ds0.00000012d

45,000,000
 

123. 
s0.00000035ds170,000d

0.00000085
 

124. 
s0.0000000144ds12,000d

600,000
 

125. 
s45,000,000,000ds212,000d

0.00018
 

126. 
s0.00000000275ds4750d

500,000,000,000
 

 59.  s4xd0   60. 22x0 

 61.  z24   62. 
1

t22
 

 63.  y22y23   64. 2m22m3 

 65.  sx3x24d22   66. s y22y3d24 

 67. 
x7

x3
   68. 

r5

r2
 

 69. 
a21

a17
   70. 

t13

t4
  

 71. 
sx2d2

x2x
   72. 

s9s3

ss2d2
 

 73. 1m
3

n2 2
3

   74. 1t
4

t32
3

 

 75. 
sa3d22

aa2
   76. 

r9r23

sr22d3
 

 77. 1a
23

b212
24

   78. 1t
24

t232
22

 

 79. 1r
4r26

r3r232
2

 80. 
sx23x2d2

sx2x25d23
 

 81. 1x
5y22

x23y22
4

   82. 1x
27y5

x7y242
3

 

 83. 15x23y22

3x2y23 2
22

   84. 1 3x2y25

2x22y262
23

 

 85. 13x5y23

6x25y32
22

   86. 112x24y3z25

4x4y23z5 2
3

 

 87. 
s822z23yd21

s5y2z22d3s5yz22d21
 

 88. 
sm22n3p4d22smn22p3d4

smn22p3d24smn2pd21
  

Simplify each expression.

 89. 2
5f62 1 s9 2 5dg

4s2 2 3d2
  90. 

6f3 2 s4 2 7d2g
25s2 2 42d

 

Let x 5 22, y 5 0, and z 5 3 and evaluate each expression.

 91. x2   92. 2x2 

 93. x3   94. 2x3 

 95. s2xzd3   96. 2xz3 

 97. 
2sx2z3d
z2 2 y2

   98. 
z2sx2 2 y2d

x3z
 

 99. 5x2 2 3y3z  100. 3sx 2 zd2 1 2sy 2 zd3  

101. 
23x23z22

6x2z23
  102. 

s25x2z23d2

5xz22
 

Express each number in scientific notation.

103. 372,000 104. 89,500

        

Fix It

In exercises 127, identify the step the first error is made 

and fix it. 

127. Use the properties of exponents to simplify the 

expression 13x3y22

x2y 2
23

.

Solution:

Step 1: 1 x2y

3x3y222
3

Step 2: 
sx2yd3

s3x3y22d3

Step 3: 
x6y3

3x9y26
 

Step 4: 
y9

3x3
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Jupiter

Mars

Earth

Venus

Mercury

135. New way to the center of the Earth The spec-

tacular “blue marble” image is the most detailed 

true-color image of  the entire Earth to date. A 

new NASA-developed technique estimates Earth’s 

center of  mass within 1 millimeter (0.04 inch) a 

year by using a combination of  four space-based 

techniques.

N
A

S
A

 Im
ag

es
 

  The distance from the Earth’s center to the North 

Pole (the polar radius) measures approximately 

6356.750 km, and the distance from the center 

to the equator (the equatorial radius) measures 

approximately 6378.135 km. Express each  

distance using scienti�c notation. 

136. Refer to Exercise 127. Given that 1 km is approxi-

mately equal to 0.62 miles, use scienti�c notation 

to express each distance in miles. 

Discovery and Writing

Write each expression with a single base.

137. xnx2  138. 
xm

x3
 

139. 
xmx2

x3
  140. 

x3m15

x2
 

141. xm11x3  142. an23a3  

143. Explain why 2x4 and s2xd4 represent different 

numbers.

Applications

Use scientific notation to compute each answer. Write all 

answers in scientific notation.

129.  Speed of sound The speed of sound in air is 

3.31 3 104 centimeters per second. Compute the 

speed of sound in meters per minute.  

130. Volume of a box Calculate the volume of a box 

that has dimensions of 6000 by 9700 by 4700  

millimeters. 

131.  Mass of a proton The mass of one proton is 

0.00000000000000000000000167248 gram.  

Find the mass of one billion protons. 

132.  Speed of light The speed of light in a vacuum is 

approximately 30,000,000,000 centimeters per 

second. Find the speed of light in miles per hour. 

s160,934.4 cm 5 1 mile.d 
133. License plates License plates come in various  

forms. The number of different license plates  

of the form three digits followed by three letters,  

is 10 ? 10 ? 10 ? 26 ? 26 ? 26. Write this expression 

using exponents. Then evaluate it and express the 

result in scienti�c notation. 
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134.  Astronomy The distance d, in miles, of the nth 

planet from the sun is given by the formula

d 5 9,275,200f3s2n22d 1 4g 
  To the nearest million miles, �nd the distance of 

Earth and the distance of Mars from the sun. Give 

each answer in scienti�c notation. 

In exercises 128, identify the error made and fix it. 

128. 123,456,789 written in scienti�c notation is 

1.23456789 3 1028.
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In this section, we will learn to

1. Simplify expression of the 

form a1yn.

2. Simplify expressions of the 

form amyn.

3. Use radical notation and 

determine nth roots.

4. Simplify and combine 

radicals.

5. Rationalize denominators 

and numerators.

R.3 Rational Exponents and Radicals

“Dead Man’s Curve” is a 1964 hit song by 

the rock and roll duo Jan Berry and Dean  

Torrence. The song details a teenage drag race 

that ends in an accident. Today, dead man’s 

curve is a commonly used expression given to 

dangerous curves on our roads. Every curve 

has a “critical speed.” If  we exceed this speed, 

regardless of how skilled a driver we are, we 

will lose control of the vehicle.

The radical expression 3.9Ïr gives the critical speed in miles per hour when 

we travel a curved road with a radius of r feet. A knowledge of square roots and 

radicals is important and used in the construction of safe highways and roads. We 

will study the topic of radicals in this section.

1. Simplify Expressions of the Form a1yn

If  we apply the rule sxmdn 5 xmn to s251y2d2, we obtain

 s251y2d2 5 25s1y2d2  Keep the base and multiply the exponents.

  5 251 1
2 ? 2 5 1

  5 25

Thus, 251y2 is a real number whose square is 25. Although both 52 5 25 and 

s25d2 5 25, we define 251y2 to be the positive real number whose square is 25:

251y2 5 5  Read 251y2 as “the square root of 25.”

In general, we have the following definition.

Take Note

In the expression a1yn, there is no  
real-number nth root of a when n is 

even and a , 0. For example, s264d1y2 
is not a real number, because the 

square of no real number is 264.

144. Explain why 2x55 and s2xd55 represent equal 

numbers.

145.  Explain how to write a number in scienti�c 

notation. 

146. Explain why 32 3 102 is not in scienti�c notation.

147. Explain why x11
? x11 Þ x121.

148. Explain why 112
? 113 Þ 1215.

149. Explain why 
y50

y10
Þ y5.

150. Explain why s6xyzd6 Þ 6x6y6z6. 

Critical Thinking 

In Exercises 143–148, determine if the statement is true 

or false. If the statement is false, then correct it and make 

it true. 

151. 00 5 1 

152. �0 5 1 

153. x2n 5 2
1

xn
 

154. sx 1 yd2n 5
1

xn
1

1

yn
 

155. 221 . 222 

156. s22d21 , s22d22 

157. Young adults between the ages of 18 and 24 send 

an average of 110 text messages per day. If  there  

are approximately 31.5 million young adults in the 

USA in this age group, how many text messages are 

sent in one year? Write the answer using  

scienti�c notation. 

158. Health authorities recommend that we drink eight 

8-ounce glasses of water each day. How many 

glasses of water would you drink over a lifetime  

of 80 years? Write the answer using scienti�c  

notation. 
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If  a $ 0 and n is a natural number, then a1yn (read as “the nth root of a”) is 

the nonnegative real number b such that

bn 5 a

Since b 5 a1yn, we have bn 5 sa1yndn 5 a.

Rational Exponents

Example 1 Simplifying Expressions of the Form a1yn

Simplify each expression.

In each case we will apply the definition of a1yn. 

a. 161y2 5 4    Because 42 5 16. Read 161y2 as “the square root of 16.”

b. 271y3 5 3    Because 33 5 27. Read 271y3 as “the cube root of 27.”

c. 1 1

812
1y4

5
1

3
   Because 11

32
4

5
1

81
. Read 1 1

812
1y4

 as “the fourth root of 
1

81
.”

d. 2321y5 5 2s321y5d Read 321y5 as “the �fth root of 32.”

  5 2s2d Because 25 5 32.

  5 22 

Solution

Example 2 Simplifying Expressions with Rational Exponents

Simplify each expression. 

In each case, we will use the definition of a1yn.

a. s28d1y3 5 22     Because s22d3 5 28.

b. s23125d1y5 5 25   Because s25d5 5 23125.

c. 12
1

10002
1y3

5 2
1

10
  Because 12

1

102
3

5 2
1

1000
.

Solution

Strategy

Strategy

Simplify: a. 1001y2  b. 2431y5 

Now Try Exercise 21.

If  n is even in the expression a1yn and the base contains variables, we often use 

absolute value symbols to guarantee that an even root is nonnegative.

s49x2d1y2 5 7 ux u    Because s7 ux u d2 5 49x2. Since x could be negative, absolute value  

symbols are necessary to guarantee that the square root is nonnegative.

s16x4d1y4 5 2 ux u    Because s2 ux u d4 5 16x4. Since x could be negative, absolute value  

symbols are necessary to guarantee that the fourth root is nonnegative.

s729x12d1y6 5 3x2     Because s3x2d6 5 729x12. Since x2 is always nonnegative, no absolute 

value symbols are necessary. Read s729x12d1y6 as “the sixth root of 

729x12.”

If  n is an odd number in the expression a1yn, the base a can be negative.

Self Check 1

Simplify: a. s2125d1y3  b. s2100,000d1y5 

Now Try Exercise 25.

Self Check 2
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If  n is odd in the expression a1yn, and the base contains variables, we do not use 

absolute value symbols, because odd roots can be negative.

s227x3d1y3 5 23x      Because s23xd3 5 227x3.

s2128a7d1y7 5 22a  Because s22ad7 5 2128a7.

We summarize the definitions concerning a1yn as follows.

If  n is a natural number and a is a real number in the expression a1yn, then

If a $ 0, then a1yn is the nonnegative real number b such that bn 5 a.

If  a , 0 5and n is odd, then a1yn is the real number b such that bn 5 a.

and n is even, then a1yn is not a real number.

Summary of Definitions  
of a1yn

 2. Simplify Expressions of the Form amyn

The definition of a1yn can be extended to include rational exponents whose numera-

tors are not 1. For example, 43y2 can be written as either

s41y2d3 or s43d1y2  Because of the Power Rule, sxmdn 5 xmn.

This suggests the following rule.

The following chart also shows the possibilities that can occur when simplify-

ing a1yn.

Strategy for Simplifying  

Expressions of the Form a1yn a n a1yn Examples

a 5 0 n is a 

natural 

number.

01yn is the real 

number 0  

because 0n 5 0.

01y2 5 0 because 02 5 0. 

01y5 5 0 because 05 5 0.

a . 0 n is a 

natural 

number.

a1yn is the non-

negative real 

number such 

that sa1yndn 5 a.

161y2 5 4 because 42 5 16. 

271y3 5 3 because 33 5 27.

a , 0 n is an odd 

natural 

number.

a1yn is the real 

number such 

that sa1yndn 5 a.

s232d1y5 5 22 because s22d5 5 232. 

s2125d1y3 5 25 because s25d3 5 2125.

a , 0 n is an 

even  

natural 

number.

a1yn is not a real 

number.

s29d1y2 is not a real number.  

s281d1y4 is not a real number.

If  m and n are positive integers, the fraction mn  is in lowest terms, and a1yn is a 

real number, then

amyn 5 sa1yndm 5 samd1yn

Rule for Rational Exponents
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Example 3 Simplifying Expressions of the Form amyn

Simplify each expression.

We will apply the definition of amyn.

a.  253y2 5 s251y2d3 b. 12
x6

10002
2y3

5 312
x6

10002
1y3

4
2

  5 53  5 12
x2

102
2

  5 125  5
x4

100

c.  3222y5 5
1

322y5
 d.  

1

8123y4
5 813y4

  5
1

s321y5d2
  5 s811y4d3

  5
1

22
  5 33

  5
1

4
  5 27 

Strategy

Solution

If  m and n are positive integers, the fraction mn  is in lowest terms and a1yn is a 

real number, then

a2myn 5
1

amyn  and  
1

a2myn 5 amyn  sa Þ 0d

Negative Rational Exponents

Simplify: a. 493y2  b. 1623y4 c. 
1

s27x3d22y3
 

Now Try Exercise 49.

Because of the definition, rational exponents follow the same rules as integer 

exponents.

Self Check 3

In the previous rule, we can view the expression amyn in two ways:

1. sa1yndm: the mth power of the nth root of a

2. samd1yn: the nth root of the mth power of a

For example, s227d2y3 can be simplified in two ways:

 s227d2y3 5 fs227d1y3g2 or  s227d2y3 5 fs227d2g1y3

  5 s23d2  5 s729d1y3

  5 9  5 9

As this example suggests, it is usually easier to take the root of the base first 

to avoid large numbers.

Tip

Keep a positive attitude when 

approaching problems with fractions 

as exponents. This can help you  

master them.
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Tip

It is helpful to think of the phrase power over root when we see a rational exponent. The  
numerator of the fraction represents the power and the denominator represents the root.  
Begin with the root when simplifying to avoid large numbers.
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Use the directions for Example 4:

a. 1y
2

492
1y2

  b. 
b3y7b2y7

b4y7
 c. 

s9r2sd1y2

rs23y2
 

Now Try Exercise 65.

3. Use Radical Notation and Determine nth Roots

Radical signs can also be used to express roots of numbers.

Self Check 4

Example 4 Using Exponent Rules to Simplify Expressions with Rational Exponents

Simplify each expression. Assume that all variables represent positive numbers, 

and write answers without using negative exponents.

We will use exponent rules to simplify each expression.

a.  s36xd1y2 5 361y2x1y2 b.  
sa1y3b2y3d6

sy3d2
5
a6y3b12y3

y6

  5 6x1y2  5
a2b4

y6

c.  
axy2axy4

axy6
5 axy21xy42xy6 d.  32c22y5

c4y5 4
5y3

5 s2c22y524y5d5y3

  5 a6xy1213xy1222xy12  5 fs21dsc26y5dg5y3

  5 a7xy12  5 s21d5y3sc26y5d5y3

  5 21c230y15

  5 2c22

  5 2
1

c2

Solution

Strategy

In the radical expression Ïn a, the symbol Ï  is the radical sign, a is the radicand,  

and n is the index (or the order) of the radical expression. If  the order is 2, the  

expression is a square root, and we do not write the index.

Ïa 5 Ï2
a

If  the index of a radical is 3, we call the radical a cube root.

If  n is a natural number greater than 1 and if  a1yn is a real number, then

Ïn a 5 a1yn

Definition of Ïn a

If  n is a natural number greater than 1 and a $ 0, then Ïn a is the nonnegative 

number whose nth power is a.

_Ïn a+
n

5 a

nth Root of a Nonnegative 
Number

Take Note

In the expression Ïn a, there is no real-number nth root of a when n is even and a , 0. For 

example, Ï264 is not a real number, because the square of no real number is 264.
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If  2 is substituted for n in the equation _Ïn a+
n

5 a, we have

_Ï2
a+

2
5 _Ïa+

2
5 ÏaÏa 5 a for a $ 0

This shows that if  a number a can be factored into two equal factors, either of those 

factors is a square root of a. Furthermore, if  a can be factored into n equal factors, 

any one of those factors is an nth root of a.

If  n is an odd number greater than 1 in the expression Ïn a, the radicand can 

be negative.

The following chart also shows the possibilities that can occur when simplify-

ing Ïn a.

Example 5 Finding nth Roots of Real Numbers

Find each nth root. 

We will apply the definitions of cube root and fifth root.

a. Ï3
227 5 23   Because s23d3 5 227.

b. Ï3
28 5 22   Because s22d3 5 28.

c. Î3
2

27

1000
5 2

3

10
   Because 12

3

102
3

5 2
27

1000
.

d.  2Ï5
2243 5 2_Ï5

2243+
  5 2s23d

  5 3

Strategy

Solution

Find each root: a. Ï3 216  b. Î5
2

1

32
 

Now Try Exercise 75.

We summarize the definitions concerning Ïn a as follows.

Self Check 5

If  n is a natural number greater than 1 and a is a real number, then

 If  a $ 0, then Ïn a is the nonnegative real number such that _Ïn a+
n

5 a.

 If  a , 0 5and n is odd, then Ïn a is the real number such that _Ïn a+n 5 a.

and n is even, then Ïn a is not a real number.

Summary of  

Definitions of Ïn a

Strategy for Simplifying 

Expressions of the Form Ïn a
a n Ïn a Examples

a 5 0 n is a natural 

number greater 

than 1.

Ïn 0 is the real 

number 0  

because 0n 5 0.

Ï3 0 5 0 because 03 5 0. 

Ï5
0 5 0 because 05 5 0.

a . 0 n is a natural 

number  

greater than 1.

Ïn a is the  

nonnegative real 

number such 

that _Ïn a+
n

5 a.

Ï16 5 4 because 42 5 16. 

Ï3 27 5 3 because 33 5 27.

a , 0 n is an odd 

natural number 

greater than 1.

Ïn a is the real 

number such 

that _Ïn a+
n

5 a.

Ï5
232 5 22 because s22d5 5 232. 

Ï3
2125 5 25 because s25d3 5 2125.

a , 0 n is an even 

natural number.
Ïn a is not a real 

number.
Ï29 is not a real number.  

Ï4
281 is not a real number.
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Example 6 Simplifying Radical Expressions

If  x is unrestricted, simplify a. Ï6
64x6  b. Ï3 x3  c. Ï9x8

We apply the de�nitions of sixth roots, cube roots, and square roots.

a. Ï6
64x6 5 2 ux u  Use absolute value symbols to guarantee that the result will be nonnegative.

b. Ï3 x3 5 x   Because the index is odd, no absolute value symbols are needed.

c. Ï9x8 5 3x4      Because 3x4 is always nonnegative, no absolute value symbols are needed.

Strategy

Solution

We have seen that if  a1yn is real, then amyn 5 sa1yndm 5 samd1yn. This same fact can 

be stated in radical notation.

amyn 5 sÏn adm 5 Ïn am

Thus, the mth power of the nth root of a is the same as the nth root of the mth power 

of a. For example, to find Ï3 272, we can proceed in either of two ways:

Ï3 272 5 _Ï3 27+
2

5 32 5 9 or Ï3 272 5 Ï3 729 5 9

By definition, Ïa2 represents a nonnegative number. If  a could be negative, we 

must use absolute value symbols to guarantee that Ïa2 will be nonnegative. Thus, 

if  a is unrestricted,

Ïa2 5 ua u

A similar argument holds when the index is any even natural number. The sym-

bol Ï4
a4, for example, means the positive fourth root of a4. Thus, if  a is unrestricted,

Ï4
a4 5 ua u

Use the directions for Example 6:

a. Ï4
16x4 b. Ï3 27y3  c. Ï4

x8  

Now Try Exercise 79.

Self Check 6

Tip

If you do not know whether or not to include absolute value in your answers when simplify-
ing expressions with rational exponents or radical expressions, these two tips should help.

1. If n is even in the expression am/n and your answer involves a variable raised to the 
odd power, then include the variable part of your answer in absolute value.

2. If the index of a radical is even and your answer involves a variable raised to the odd 
power, then include the variable part of your answer in absolute value.

4. Simplify and Combine Radicals

Many properties of exponents have counterparts in radical notation. For example, 

since a1ynb1yn 5 sabd1yn and a
1yn

b1yn 5 sabd
1yn and sb Þ 0d, we have the following.

If  all expressions represent real numbers,

Ïn aÏn b 5 Ïn ab    
Ïn a
Ïn b

5În a

b
  sb Þ 0d

Multiplication and Division 

Properties of Radicals
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In words, we say

The product of two nth roots is equal to the nth root of their product.

The quotient of two nth roots is equal to the nth root of their quotient.

These properties involve the nth root of the product of two numbers or the nth root 

of the quotient of two numbers. There is no such property for sums or differences.

Numbers that are squares of positive integers, such as

1, 4, 9, 16, 25, and 36

are called perfect squares. Expressions such as 4x2 and 19x
6 are also perfect squares, 

because each one is the square of another expression with integer exponents and 

rational coefficients.

4x2 5 s2xd2 and 
1

9
x6 5 11

3
x32

2

Numbers that are cubes of positive integers, such as

1, 8, 27, 64, 125, and 216

are called perfect cubes. Expressions such as 64x3 and 1
27x

9 are also perfect cubes, 

because each one is the cube of another expression with integer exponents and 

rational coefficients.

64x3 5 s4xd3 and 
1

27
x9 5 11

3
x32

3

There are also perfect fourth powers, perfect fifth powers, and so on.

We can use perfect powers and the Multiplication Property of Radicals to sim-

plify many radical expressions. For example, to simplify Ï12x5, we factor 12x5 so 

that one factor is the largest perfect square that divides 12x5. In this case, it is 4x4. 

We then rewrite 12x5 as 4x4
? 3x and simplify.

 Ï12x5 5 Ï4x4
? 3x   Factor 12x5 as 4x4

? 3x.

 5 Ï4x4Ï3x   Use the Multiplication Property of Radicals: Ïab 5 ÏaÏb.

 5 2x2Ï3x   Ï4x4 5 2x2

To simplify Ï3 432x9y, we find the largest perfect-cube factor of 432x9y (which 

is 216x9) and proceed as follows:

 Ï3 432x9y 5 Ï3 216x9
? 2y   Factor 432x9y as 216x9

? 2y.

  5 Ï3 216x9 Ï3 2y   Use the Multiplication Property of Radicals: Ï3 ab 5 Ï3 aÏ3 b.

  5 6x3Ï3 2y       Ï3 216x9 5 6x3

Caution

Some students mistakenly think there are sum and difference properties for radicals and 

use them to simplify radical expressions. Avoid this common error. For example,

Ï9 1 4 Þ Ï9 1 Ï4, because

Ï9 1 4 5 Ï13  but  Ï9 1 Ï4 5 3 1 2 5 5

and Ï13 Þ 5. In general,

Ïa 1 b 5 Ïa 1 Ïb  and  Ïa 2 b 5 Ïa 2 Ïb

Tip

There are commonly occurring fourth 

and fifth roots. Memorizing the ones 

listed in the following table can be 

very helpful when simplifying radicals. 

Assume that the variables represent 

positive numbers. 

Fourth Roots Fifth Roots

Ï4
1 5 1 Ï5

1 5 1

Ï4
16 5 2 Ï5

32 5 2

Ï4
81 5 3 Ï5

243 5 3

Ï4
256 5 4 Ï5

1024 5 4

Ï4
625 5 5 Ï5

x5 5 1

Ï4
x4 5 x Ï5

x10 5 x2

Ï4
x8 5 x2 Ï5

x15 5 x3

Ï4
x12 5 x3 Ï5

x20 5 x4


