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Preface

We are proud to offer the eighth edition of Algebra and Trigonometry. Your success
in algebra and trigonometry is important to us. To guide you to that success, we
have created a textbook with features that promote learning and support various
learning styles. These features are highlighted below. We encourage you to examine
the features and use them to help you successfully complete this course.

D Features

» Chapter Openers

Each Chapter Opener demon-
strates a contemporary applica-
tion of a mathematical concept
developed in that chapter.

Polynomial and Rational

Functions
Y Remainder
. Queuing Theory
Faciar Theorem Wi harve all experienced 1B frustration of waiting in line. Mansy businesses
q i employ geraing teory, the mathemarical stody of waiting fines (quemss),
» Related Exercise References el i 10 extimane the expected average waiting time customers will wait in liae.
0 il Ehe ) od number of customers i will be wastin ling nmd
Each Chapter Opener cites a par- 5 ::‘:;?‘“—"" R S
ticular exercise Wlthln the Chapter RTINS T T ves thal arg noedad Bo prnads 1Boir customers wilh
that is related to the chapter EE R I Excecise B9, page 322, yous will e » rutiomal unction te cilmaie the
Algebra expuried sverage Wiiting time cuvioemers will wa dependent on the

verage number of people that & bainess can werve ina given tlime period

opener topic. A3 Graph of Rationat

V Listing of Major Concepts

A list of major concepts in each
section is provided in the margin
of the first page of each section.

Quadratic Functions

wmmwm PASAAM B0 Tt SHC < Prepare for This Section
Wasierurm s Minirum of 4 i '*”"":m“"rmﬂ"'"ﬂ“" ANt erarcipie. The by Each section (after the first section)
Cuadratic Function on pagt A9, . .
Agphcatiors of uadetic Fuseions | PS1. Facior: 3¢ + 10x —  [PA] of a chapter opens with review
P52 Complete the square of ©° = Ex. YWrite the resulting trinomial as the exercises titled Prepare for This
et Section. These exercises give you a
P53 Find /=31 for fix) = 2¢" = 5p = 7, [2.7] 5
S o i chance to test your understanding
bes, Babeior e 35— = 0013] of prerequlslte.skllls and concepts
PS6. Supposc that b = — 164" = &dr + 5. Find two vabues of 1 for which & = 53 before proceedlng to the new tOplCS
= presented in the section.

vii
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viii  PREFACE

et ]

<4 Thoughtfully Designed Exercise Sets

i e e We have thoroughly reviewed each exercise set to
T A ensure a smooth progression from routine exercises

Aoph. 4 the mearoe endeodih
wivy ol i bghe mac-budl (b i

to exercises that are more challenging. The exercises
illustrate the many facets of topics discussed in the
text. The exercise sets emphasize skill building, skill
maintenance, conceptual understanding, and, as
appropriate, applications. Each chapter includes

a Chapter Review Exercise set and each chapter,
except Chapter P, includes a Cumulative Review
Exercise set.

where o 8 8 b of otk thar bove s e T
Lok mss skl sk b

s bt by L ohi
o e seconal. of ke 1. ey
A s

. i et 1 [l
Fevoner i (upsoncy
iy ey 250" Faplam

I Bt 67 dwndd B, vy thist the giwan Runciian iy
o ot or wven s regquted.

R Vil st Fial = T i e e,

L Virsfy et fak = e o e el Pncten,

47 mectoms taiy wrts Aot dom it lond o 098

P Contemporary Applications o T R T
Carefully developed mathematics is e e o

complemented by abundant, relevant,
and contemporary applications. Many
of these feature real data, tables, graphs,

and charts. Applications demonstrate the S S i
value of algebra and cover topics from a I = :
wide variety of disciplines. Besides provid- : B A v ke e e g
ing motivation to study mathematics, the : taaios ol malenr
applications will help you develop good 1 20
problem-solving skills. : ] 1

g T e s s ol

dm

Armeviers P H1 Tomm P
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PREFACE

By incorporating many interactive learning techniques, including the key features outlined
below, Algebra and Trigonometry uses the proven Aufmann Interactive Methods (AIM) to
help you understand concepts and obtain greater mathematical fluency. The AIM consists
of Annotated Examples followed by Try Exercises (and solutions) and a conceptual Ques-
tion/Answer follow-up. See the samples below:

Tocsuns & negatng 1

u i berght of the unm
the smomhoarder Lands when i

¥ Ty Bawrche &L puge 207

<4 Engaging Examples

Examples are designed to capture your
attention and help you master important
concepts.

< Annotated Examples
Step-by-step solutions are provided for most
numbered examples.

A Try Exercises
A reference to an exercise follows all worked examples. This exercise provides you with an
opportunity to test your understanding of concepts by working an exercise related to the

worked example.

» Solutions to Try
Exercises

Complete solutions to the
Try Exercises can be found
in the Solutions to the Try
Exercises appendix.

48.

hif) = —4.9¢ + 12.8¢
0=—49 + 12.8
0=n—49r + [2.8)

=128
49

r=0 or | =

Exercise Set 2.4, page 206

he soccer ball hits the ground when Ji(7) = 0.

B

I'he soccer ball hits the ground in approximately 2.6 seconds,

= Replace hif) with 0.

* Solve for 1.

2.6

k1 s symimectric wilh respect 1o the y

Answer » g, 11 & symmseiric wigh respect 6o 1he x-

]

i%iE

<4 Question/Answer

In each section, we have posed at least one
question that encourages you to pause and
think about the concepts presented in the
current discussion. To ensure that you do not
miss this important information, the answer is
provided as a footnote on the same page.
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X

PREFACE

[ Zere o a Farction

A value o in the domain of a function f for which fla) = 0 s called a

zero of [
EXCAMLES
* Let fix) = 2y — 4. When
fix)y=2x—4
fi2y=22) -4
=1
Because f(2) = 0, 2 isa zero of f,

x = 2, we have

<Immediate Examples of
Definitions and Concepts
Immediate examples of many defi-
nitions and concepts are provided
to enhance your understanding of
new topics.

» Margin Notes alert you

to a point requiring special
attention or are used to
provide study tips.

Hrle

Fior mpnibraar megresson calouty
LS, [ il ol ¥ i rednl shed
on a THRATT-83
Piurs grapheneg

nanen & ised 1
weedl the data i 4

L Find the regression equation using QuadReg in |J||."_55|:HTEERLE M.
For a TI-EATI-83 PuaT1-584 Phus calewlator, press[STAT|w 5[ENTER |
Scroll 1o Calculate and press [ENTER|

<« To Review Notes in the
margin will help you recognize

onrarw

- :"'.'J call line sep
Theorem

St paiis 102-103

The distance between the poimis P, v asd P4, vl in Frgure 2.5 8 the
kemgth of the hypotenuse of a right trianghe whose sidex are honzental amd verti-

meemls that measare |xs = vy and [vy = . respectively. Applying the

Pythagorean Theorem woe this triangle prodsces

o = oy = ] + by — il

the prerequisite skills needed
to understand new concepts.
These notes direct you to the

P Calculus Connection
Icons identify topics that will
be revisited in a subsequent
calculus course.

appropriate page or section for
review.

femeuus P Difference Quotient

The expression

fix

15 ¢albed the difference quatient of f 10 enables ws 1o sty the manner i which a
lanction changes in valug as the independent vaniable chunpes

+ iy — fix)

]
]

Eandedil v

Solve a Logarithmic Equation

Visuabize the Soluthan

properiy )

The graph off

Imidx + 8B) — Inf2x + 2

3 — I x

2

Solve: Ind3x + B) = Isfdv + 2} + Inix — 1}
Algebraic Solution
Il 3x + 8h = In(2y = 33 + Inix = 3}
I3z + &) = Infi2y + 20x ~ 2] i
I3y + &) = o2y = 2y = )
Ixd =t -2 -4
0= 2x S 12

A check will show thal 41 a

¥ Try Exevcize 40, page 13

sidution batl thay

3
5 15 mul a sobukion

has only one v-intercepd. Thus there is

oaly one real soluiion

<Visualize the Solution

When appropriate, both algebraic
and graphical solutions are provided
to help you visualize the mathemat-
ics of an example and to create a
link between the algebraic and visual
components of a solution.
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P Integrating Technology
Integrating Technology boxes
show how technology can be used
to illustrate concepts and solve
many mathematical problems.

g wlilites can be used 1o deww the graph of 1he mvere of o
fmmction without the wser having io (ind the imverse funcrion. For insssce,
Figare 411 shows the graph of fix) = 015" = 4 The graphs of fand §'
are both shirwn in Figune 4,12, along with the praphof 7 = v Motz that
e graphi of f ! i the reflection of the graph of Fwiih respect (o the graph
ol y = 5. Tha displiy shown in Figuse 4,12 was produced on a T1-EY

TE-ED PlunTI-34 Mus praphing cakeulstor by using the Dirmlm command,
which is in the TXREAW menu.

Fiary £17

< Exploring Concepts

with Technology

The optional Exploring Con-
cepts with Technology feature
appears after the last section
in each chapter and provides
you the opportunity to use a
calculator, a mobile device, or

e Dussckastic Bage

K P o s o e s a computer to solve computa-
— tionally difficult problems.

» Modeling

Modeling sections and
exercises rely on the use of a
graphing calculator, a mobile
device, or a computer.

These optional sections

and exercises introduce

the idea of a mathematical
model and help you see the
relevance of mathematical
concepts.

B MDA T PRI B LOnakrebs: Aoy i

rinada ¢ s

Wi
Tesparnars F(F)

PREFACE
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B
The Mid-Chapter Quizzes help

1. LUz compoation of fienctions to verly tha

3 xr'
you assess your understanding e G & Expand bs| |- Assnsmss © ame v gt el pramsbers
. . i and  pix) -
of the concepts studied earlier ; i , .
. arg irmverses ol sch olber T, Wrile logya' = Thogy s 4 logyi o aa s sanghe Joganthm
in the Chapter. The answers for . " with 2 woellicient af 1, Assume all variahlos are positive real
. . . = & AP O L s Lt WX pi & Aty Peslfk- Illlnlkl‘
all exercises in the Mid-Chapter I R e = R
Quizzes, along with a reference vionson the domain of £ B L the chanpe-of-buse formuls 1o cvalete log 411, Round
> 1 the nearest Ien-thousandih
to the section in which a par- I Bualuge Fla = ¢, fr £ = 24, Round o he Bt o s the Richncr scale magnitale of ans carthquske widh an
ticular concept was presented, intemmity of 7892511, Roursd o the neancst tenth

4. Write In v = 6 i o ponential foem MWL Hiow maty (s o greal b e Beensily of an carthgmke

are prOVided in the Answers to it mcaveies 7.9 om 1he Richier scale than the inigsty of
5. Graph fix] = kogidrs + 3 am carthquake that swasunes 5.1 on ihe Richer scalke? :
elected Exercises appendix.

< Chapter Test Preps

CHAPTER 4 TEST PREP The Chapter Test Preps summa-

The following test prep table summarizes essential conoepts in this chapter. The references given in the right-hand column rize the major COHCCptS discussed
list Examples and Exercises that can be used 1o test your understanding of a concept in each chapter. These Test Preps

help you prepare for a chapter
test. For each concept, there is a

4.1 lrrearse Farctions

B Graph the Imverse of a Function A function / has an imverse function o Sew Example 1, page 338, and then try

and only if it iz 2 one-Lo-one function. The graph of fand the praphof  Exercises | and 2. page 423, reference to a worked example
s amverse ' ane symimetnie with respect 1o the line given by v = . illustrating the COHCCpt and at

b Composition of IuTL'M Functions Froperty 11 /5 o onelo-one See Example 2, page 339, and then try least one exercise in the Chapter
ienctaon, then 7 1 the inverse Functson of £ and onky if Exercises 3 and 6. page 475, 9 o 0
[ faf 'K )= F[f '1 x)] = x forall ¥ in the domain of f ! and RCVICW EXCrClSC set relatlng to

(F e sy =f 'E ix ¥ [ aill e the domism of £ that Concept,

V Chapter Review Exercise Sets and Chapter Tests

The Chapter Review Exercise sets and the Chapter Tests at the end of each chapter are
designed to provide you with another opportunity to assess your understanding of the
concepts presented in a chapter. The answers for all exercises in the Chapter Review
Exercise sets and the Chapter Tests, along with a reference to the section in which the
concept was presented, are provided in the Answers to Selected Exercises appendix.

In Exarcisgs 1 and 2, deaw the graph of the inverse of the  In Exercises 25 to 36, sketch the graph of sach function.
given function. iy
A 1% fixk = (L5 ®% - (5]
7. fixy =3 W Nk = 4
29, fixp=3 3 o =20
M. fixh = lopex B Axh = logiaa
3L fixp = i:-'-p X B iy = Yog "
In Exercises 3 to 6, use composition of functions to deter- 1 e I i % -
v whither the given functions are inverss fungtions, U =i i
2

CHAPTER 4 TEST

1. Fand the inverse of fix) = 2x = 3. Graph fand 7" on the z
SR e - 4, Eapand log, —
mme coanlinale aus PRV

= 2 Y i e logl 1% 4 % Ik 2 ¢ g
2. Find ihe imverse ol JT) = = v " sehesc v thmetof. 5 5. Wrhielogilx + Xy g A 8 & single logamithm with
-y

acocilicrnt of |
Pala == 21, Stase tbe domain and the ragpe o f '
6, Use 1he change-of-luse Bwmald amd 6 calculsior b
3. & Write logdsy — 3 = ¢ inesposential form approaimass log, 12 Rounsd your resull 10 the neamnss e
thsusandih.

b. Write 3 = v in logarithmic form
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D New Features in This Eighth Edition!

» NEW Concept Check Exercises
Each exercise set starts with exercises that are de-
signed to test your understanding of new concepts.

PREFACE  Xiii

EXERCISE SET 4.5

Concept Check

1. Some exponential equations can be solved by using the
Equality of Exponents Theorem. What is the Equality of
Exponents Theorsm?

2. Mame two methods that can be used Lo estimate the solutions

graphing utility.

of an equation of the form fix) = glx). with the aid of a

Enrichereet Cuimrises
a5
T
et i Rakes the pendubins s complae o owing Trom the
g 0 thet bl e k|
e ynonfinaty of the inflection
Lasgsh P . ] ' ’ i rucal ab ifi:-
e i 101 | 1| e |2l | X9l A
- off Tt islheution ot of
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<4 NEW Enrichment Exercises
Each exercise set concludes with
an exercise or exercises designed
to extend the concepts presented
in the section or to provide
exercises that challenge your
problem-solving abilities.

P> NEW Interactive Demonstrations
Our new Interactive Demonstrations allow you to adjust param-
eters and immediately see the change produced by your adjust-
ment. These Interactive Demonstrations run on computers and on
mobile devices. Instructions for using each of the demonstrations
are provided.

You can access these Interactive Demonstrations by scanning
a QR code with a QR reader app or by using the Web address
listed below the QR code.

[

ﬂ

S the follovwing 08 code fo a0
WollsamAlpha o8 & kil Sivion

Exploring Concepts with Technology

Use Wolframdlpha to Determine Linear and Quadratic Regrestions
The onling computaional knowladge engine WollramAlpha, svailable sl
wwow, wolframalphiacom, can be used 1o decermine Bnear and guadratic
regression functions for a dain =21, WollmmAlpha was concerved by
British scientist Stephen Woliram and developed by Wolfram Research
WolframAlpha rens on compaters. lablets, and smartphones, although
enderimg the seocssary mpul data o0 3 smarphone i a todious proocss
T firid the lissir rogression Nanmcisos e the data sel

8w b 30 G 3 030 X (4 AL S, T
enter the Ellowing text into WollramAlpha's inpat fickd

B it (00, T, €2, 70 43, 31 44 45 (5 7R L]

Click on the equal sigm icon, at the far right of the inpat ek, 1o display
& kremwiedge engie. Tris meas T

s the limcar regression fumciion. A graph of the lincar regressacs funclion
aml & scanter ple of the data are also pronaded. as shown below

<A NEW An Alternative Technology
Approach via WolframAlpha
Several Integrating Technology features
and some Exploring Concepts with Tech-
nology features show how WolframAlpha
can be used to perform computations,
solve equations, graph functions, and
find regression functions. WolframAlpha,
which runs on computers and mobile
devices, often provides an alternative to a
graphing calculator. WolframAlpha can be
accessed by scanning a QR code or by us-
ing the address www.wolframalpha.com.
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D In addition to the new features, the following changes appear
in this eighth edition of Algebra and Trigonometry.

Chapter P

Chapter 1

Chapter 2

Chapter 3

Chapter 4

Preliminary Concepts

¢ A new chapter opener introduces some of the concepts in this chapter.

¢ P.1 New application exercises and Enrichment Exercises have been added.

P.2 One example has been revised and Enrichment Exercises have been added.
P.3 One example has been revised.

P.4 Enrichment Exercises have been added.

P.5 A continued fraction exercise has been added to the Enrichment Exercises.
P.6 Enrichment Exercises have been added.

Equations and Inequalities

e A new chapter opener introduces some of the concepts in this chapter.

¢ 1.1 New application exercises and Enrichment Exercises have been added.

¢ 1.2 Three examples have been updated and a new example has been added. Sev-
eral exercises have been revised and Enrichment Exercises have been added.

1.3 New application exercises and Enrichment Exercises have been added.

1.4 and 1.5 An Enrichment Exercise has been added.

Functions and Graphs

e 2.2 The introduction to piecewise-defined functions has been expanded and the
example has been revised. New exercises involving piecewise-defined functions
have been added.

¢ 2.3 A new example has been added and several exercises have been updated.

e 2.4 The business application example has been revised and application exercises
have been added.

e 2.5 Three new Interactive Demonstrations have been added. They illustrate trans-
lations, reflections, and compressing and stretching of graphs. Enrichment Exer-
cises have been added.

e 2.7 Two exercises have been updated and a new application exercise has been added.

¢ The Exploring Concepts with Technology feature has been revised to illustrate
how WolframAlpha can be used to find linear and quadratic regression functions.

Polynomial and Rational Functions

¢ A new chapter opener introduces some of the concepts in this chapter.

¢ 3.2 The Integrating Technology feature has been expanded to include instructions
on how to use WolframAlpha to graph, find extrema, and evaluate polynomial
functions. The cubic regression example has been updated and new application
exercises have been added.

¢ 3.3 and 3.4 One example has been revised.

¢ 3.5 An application exercise and an exercise that involves the parabolic asymptote
of a rational function have been added.

e The Exploring Concepts with Technology feature has been revised to illustrate how
WolframAlpha can be used to find zeros of a polynomial function and to find cubic
and quartic regression functions.

e Several exercises in the Review Exercises and the Chapter Test have been updated.

Exponential and Logarithmic Functions

e A new chapter opener introduces some of the concepts in this chapter.

e 4.2 A new Integrating Technology feature illustrates how to use WolframAlpha to
solve exponential equations. A new exercise that demonstrates the rapid growth of
an exponential function has been included in the Enrichment Exercises.

e 4.3 Several exercises have been revised and two application exercises have been added.
e 4.4 A new Integrating Technology feature illustrates how to use WolframAlpha
to evaluate logarithms with various bases. Several examples and exercises have

been updated.

e 4.6 Several population growth and compound interest exercises have been updated.
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e 4.7 Two examples and several exercises have been updated.

e The Exploring Concepts with Technology feature has been revised to illustrate
how WolframAlpha can be used to find exponential and logarithmic regression
functions.

e Several exercises in the Review Exercises and the Chapter Test have been updated.

Chapter 5 Trigonometric Functions

* A new chapter opener introduces some of the concepts in this chapter.

¢ 5.1 Two examples have been revised and a new application example has been
added. Application exercises involving arc length and angular speed have been
added.

¢ 5.2 A new example and several application exercises have been added.

¢ 5.3 A new example has been added and several changes have been made to the
exercise set.

e 5.4 The introduction to the wrapping function has been enhanced with a
graphical representation. An Interactive Demonstration that involves the wrap-
ping function has been added. Exercises that allow the student to graphically
estimate the value of the wrapping function, as well as new application exercises,
have been added.

e 5.5 Definition boxes that allow the student to easily find important concepts
have been added. The new definition boxes now include simple examples of the
definitions. Many examples have been revised so there is a consistent approach
to graphing trigonometric functions.

e 5.6 Definition boxes that allow the student to easily find important concepts
have been added. The new definition boxes now include simple examples of the
definitions. Many examples have been revised so there is a consistent approach
to graphing trigonometric functions. Application exercises have been added.

e 5.7 An Interactive Demonstration that involves the graphs of trigonometric
functions has been added. An exercise involving the phenomenon of beats and
other application exercises have been added.

¢ 5.8 New application exercises have been added.

Chapter 6  Trigonometric Identities, Inverse Functions, and Equations

e A new chapter opener introduces some of the concepts in this chapter.

¢ 6.3 A visual insight exercise that illustrates a half-angle identity has been added
to the Enrichment Exercises.

® 6.6 The example that uses a sine regression to model the illumination of the moon
has been updated. All sine regression application exercises have been updated.

e The Exploring Concepts with Technology feature has been revised to illustrate how
WolframAlpha can be used to play musical tones and beats.

e The sine regression application exercises in the Chapter Review and the Chapter
Test have been updated.

Chapter 7 Applications of Trigonometry
e 7.1 Additional introductory information concerning the ASA, AAS, and the
SSA cases has been added.
e 7.3 The dot product example has been revised.
e The Exploring Concepts with Technology feature has been revised to illustrate
how WolframAlpha can be used to perform vector operations and solve vector
application problems.

Chapter 8  Topics in Analytic Geometry

e A new chapter opener introduces some of the concepts in this chapter.

e 8.1 The Integrating Technology feature of this section has been expanded to
include instructions on how to use WolframAlpha to graph parabolas and to find
the focus and vertex of a parabola. A new Interactive Demonstration illustrates
the relationships between the standard form of the equation of a parabola and its
graph. A 3-D optical illusion exercise has been added to the Enrichment Exercises.
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Chapter 9

Chapter 10

Chapter 11

e 8.2 The new Interactive Demonstration illustrates the relationships between
the standard form of the equation of an ellipse and its graph. The Integrating
Technology feature has been expanded to include instructions on how to use
WolframAlpha to graph ellipses and to determine the foci, vertices, and center
of an ellipse. Several application exercises have been added.

e 8.3 The new Interactive Demonstration illustrates the relationships between the
standard form of the equation of a hyperbola and its graph. The Integrating
Technology feature has been expanded to include instructions on how to use
WolframAlpha to graph a hyperbola and to determine the foci, vertices, and
center of a hyperbola. Several application exercises have been added.

¢ 8.4 A new example involving the rotation-of-axes formulas has been added. A
new example illustrates how to use WolframAlpha to graph a conic.

e 8.5 Two new Integrating Technology features and two Enrichment Exercises have
been added.

e 8.6 The figue that illustrates the focus-directrix definitions of the conics has
been expanded to include an ellipse and a hyperbola.

¢ 8.7 Exercises that involve parametric equations in an xyz-coordinate system have
been added.

e The Exploring Concepts with Technology feature now provides instructions
on how to use our new Interactive Demonstration that involves conics and
polar equations.

e Application exercises have been added to the Review Exercises and to the
Chapter Test.

Systems of Equations and Inequalities

¢ 9.1 The Integrating Technology feature has been expanded to include instruc-
tions on how to use WolframAlpha to solve systems of linear equations. Appli-
cation exercises and Enrichment Exercises have been added.

¢ 9.2 Application exercises have been added.

¢ 9.3 The Integrating Technology feature has been expanded to include instruc-
tions on how to use WolframAlpha to solve nonlinear systems of equations.
Enrichment Exercises have been added.

e The new Exploring Concepts with Technology feature illustrates how to use
WolframAlpha to solve linear programming problems.

Matrices

¢ 10.1 The Echelon Form Procedure and the Gaussian Elimination example have
been revised. A new example and new exercises have been added.

¢ 10.2 A social network graph introduces the concept of adjacency matrices. A
social networks exercise has been added to the Enrichment Exercises.

¢ 10.3 The Integrating Technology feature has been expanded to include instruc-
tions on how to use WolframAlpha to find the inverse of a matrix.

¢ 10.4 Cramer’s Rule is now included in this section. Three examples have been
added.

e New exercises have been added to the Review Exercises and to the Chapter Test.

Sequences, Series, and Probability

* A new chapter opener introduces some of the concepts in this chapter.

11.1 New examples have been added.

11.2 A new example and new application exercises have been added.

11.5 A new example has been added.

11.6 Three examples have been revised and several application exercises have

been added.

e 11.7 Two examples have been revised and several application exercises have
been added.
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D Supplements

For the Instructor

Instructor Companion Website

Everything you need for your course in one place! This collection of book-specific
lecture and class tools is available online via www.cengage.com/login. Formerly
found on the PowerLecture DVD, access and download PowerPoint presentations,
images, and more.

Complete Solutions Manual for Aufmann/Nation’s Algebra and Trigonometry, 8e
ISBN: 978-1-285-45107-7

(Included on the Instructor Companion Website)

The complete solutions manual provides worked-out solutions to all of the
problems in the text.

Text-Specific DVDs for Aufmann/Nation’s Algebra and Trigonometry Series, 8e
ISBN: 978-1-285-45882-3

Available to adopting instructors, these DVDs, which cover all sections in the
text, are hosted by Dana Mosely and captioned for the hearing-impaired. Ideal
for promoting individual study and review, these comprehensive DVDs also
support students in online courses or may be checked out by a student who may
have missed a lecture. 12 DVDs contain over 40 hours of video.

Enhanced WebAssign®

www. webassign.net

Online Access Code ISBN: 978-1-285-85831-9

Printed Access Card ISBN: 978-1-285-85833-3

Exclusively from Cengage Learning, Enhanced WebAssign® offers an extensive
online program for Algebra and Trigonometry to encourage the practice that’s
so critical for concept mastery. The meticulously crafted pedagogy and exercises
in this text become even more effective in Enhanced WebAssign, supplemented
by multimedia tutorial support and immediate feedback as students complete
their assignments. Algorithmic problems allow you to assign unique versions

to each student. The Practice Another Version feature (activated at your
discretion) allows students to attempt the questions with new sets of values
until they feel confident enough to work the original problem. Students benefit
from a new Premium eBook with highlighting and search features; Personal
Study Plans (based on diagnostic quizzing) that identify chapter topics they still
need to master; and links to video solutions, interactive tutorials, and even live
online help.

Cognero

(Included on the Instructor Companion Website)

Cengage Learning Testing Powered by Cognero is a flexible, online system that
allows you to author, edit, and manage test bank content from multiple Cengage
Learning solutions; create multiple test versions in an instant; and deliver tests
from your LMS, your classroom, or wherever you want.

Solution Builder

www. cengage. comlsolutionbuilder

This online instructor database offers complete worked-out solutions to all exer-
cises in the text, allowing you to create customized, secure solutions printouts (in
PDF format) matched exactly to the problems you assign in class.

Syllabus Creator

(Included on the Instructor Companion Website)

Quickly and easily create your course syllabus with Syllabus Creator, which was
created by the authors.
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D Acknowledgments

For the Student

Study Guide with Student Solutions Manual for Aufmann/Nation’s Algebra and
Trigonometry, 8e

ISBN: 978-1-285-45112-1

The student solutions manual reinforces student understanding and aids in test
preparation with detailed explanations, worked-out examples, and practice prob-
lems. Lists key ideas to master and builds problem-solving skills. Includes worked
solutions to the odd-numbered problems in the text.

Enhanced WebAssign®

www. webassign.net

Online Access Code ISBN: 978-1-285-85831-9

Printed Access Card ISBN: 978-1-285-85833-3

Exclusively from Cengage Learning, Enhanced WebAssign® offers an extensive
online program for Algebra and Trigonometry to encourage the practice that’s

so critical for concept mastery. You’ll receive multimedia tutorial support as you
complete your assignments. You’ll also benefit from a new Premium eBook with
highlighting and search features; Personal Study Plans (based on diagnostic quiz-
zing) that identify chapter topics you still need to master; and links to video solu-
tions, interactive tutorials, and even live online help.

CengageBrain.com

Visit www. cengagebrain.com to access additional course materials and companion
resources. At the CengageBrain.com home page, search for the ISBN of your title
(from the back cover of your book) using the search box at the top of the page.
This will take you to the product page where free companion resources can be
found.

We would like to thank the wonderful team of editors, accuracy checkers,
proofreaders, and solutions manual authors. Special thanks to Cindy Harvey
and Lauri Semarne. Cindy Harvey was a very valuable asset during develop-
ment and production of the manuscript. Lauri Semarne was the accuracy
reviewer for both College Algebra and Algebra and Trigonometry, and wrote
the solutions for the Complete Solutions Manual and the Student Solutions
Manual for College Algebra and Algebra and Trigonometry. Lauri has im-
proved the accuracy of the texts and provided valuable suggestions for improv-
ing the texts.

We are grateful to the users of the previous edition for their helpful suggestions
on improving the text. Also, we sincerely appreciate the time, effort, and sugges-
tions of the reviewers of this edition:

Francis Bourgeois—Lone Star College

Jennifer Byall—Globe University

John Daley—Globe UniversitylMinnesota School of Business
Grant Fraser—California State University, Los Angeles
Gustave Milburn—Montgomery College

Jan Miller—Bay Mills Community College

Daniel Roddin— Minnesota School of Business

Kristina Sampson—Lone Star College

Mark Walker— University of Nebraska, Lincoln

Edward Watkins—Florida State College

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



CHAPTER Preliminary Concepts

P.1 The Real Sabermetrics

Number System . .
The film Moneyball was based on the book Moneyball: The Art of Winning
P.2 Inte_ger and an Unfair Game by Michael Lewis. It recounts the true story of how the
E;;f::; tNSumber Oakland Athletics baseball team used mathematics to select players for its
team. They used what has become known as sabermetrics, introduced by Bill
P.3 Polynomials James, to objectively evaluate a player’s performance using mathematics.

P.4 Factoring

Bill James defined sabermetrics as “the search for objective knowledge about base-

P.5 Rational ball.” Thus, sabermetrics attempts to answer objective questions about baseball,
Expressions such as “which player on the Red Sox contributed the most to the team’s offense?”

or “How many home runs will Miguel Cabrera hit next year?” It cannot deal with

P.6 Complex the subjective judgments which are also important to the game, such as “Who is
Numbers your favorite player?” or “That was a great game.”"

In sabermetrics, a SLOB is not a bad thing. Instead, a SLOB is one of the
measures of a player’s performance. SLOB stands for “slugging times on
base average.” A SLOB value of 0.3 is considered very good. For instance,
Lou Gehrig had a SLOB value of 0.283. Many of the sabermetric measures
are based on ratios such as the expressions given in Exercises 129 and 130 on
page 16.

"David J. Grabiner, “The Sabermetric Manifesto,” The Baseball Archive. Available online at http://
remarque.org/~grabiner/manifesto.txt
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2 CHAPTER P PRELIMINARY CONCEPTS

The Real Number System

Sets

Union and Intersection of Sets
Interval Notation

Absolute Value and Distance
Exponential Expressions

Order of Operations Agreement
Simplifying Variable Expressions

Math Matters

Archimedes (c. 287-212 B.C.E.)
was the first to calculate 7 with
any degree of precision. He was
able to show that

1
3 71 T<3 7
from which we get the approxi-
mation
1 22

37 = 7 =~ T
The use of the symbol 7 for
this quantity was introduced by
Leonhard Euler (1707-1783) in
1739, approximately 2000 years
after Archimedes.

D Sets

Human beings share the desire to organize and classify. Astronomers classify stars
by such characteristics as color, mass, size, temperature, and distance from Earth.
Mathematicians likewise place objects with similar properties in sets. A set is a col-
lection of objects. The objects are called elements of the set. Sets are denoted by
placing braces around the elements in the set.

The numbers that we use to count things, such as the number of books in a
library or the number of songs in a music collection, are called the natural numbers.

Natural numbers = {1, 2,3,4,5,6,...}

Each natural number greater than 1 is a prime number or a composite number. A prime

number is a natural number greater than 1 that is divisible (evenly) only by itself and 1.

For example, 2, 3, 5, 7, 11, and 13 are the first six prime numbers. A natural number,

other than 1, that is not a prime number is a composite number. The numbers 4, 6, 8,

and 9 are the first four composite numbers. Note that each of these numbers is divis-

ible by a number other than itself and 1. For instance, 8 is divisible by 1, 2, 4, and 8.
The whole numbers include zero and the natural numbers.

Whole numbers = {0, 1, 2, 3,4,5,6,...}

We also need numbers to measure temperature below zero or, in accounting,
when a company incurs a loss.

Integers = {..., —6, =5, —4,-3,-2,—-1,0,1,2,3,4,5,6,...}
The integers ..., —6, —5, —4, —3, —2, —1 are negative integers. The integers 1, 2,
3,4, 5,6, ...are positive integers (or natural numbers). The integer O is neither a

positive nor a negative integer.
Still other numbers are needed to designate part of a whole, such as a screw
that is three-fourths inch long.

Rational numbers = {2, where p and ¢ are integers and ¢ # 0}

39 7 . 7
The numbers FUEY and 1 are examples of rational numbers. Note that — = 7.
. . . . n .
Because any integer n can be written with a denominator of 1(n = 1), all integers
are rational numbers.
A rational number written as a fraction can be written as a decimal by dividing
the numerator by the denominator. As shown below, the result is either a terminating

decimal such as 0.45 or a repeating decimal such as 0.218181818 ..., where the
digits 18 are continually repeated. In this case, we frequently place a bar over the
repeating digits and write 0.2181818 ... = 0.218.
# This is a terminating M
20} 9.00 decimal. The remainder 55)12.00000
L()g % This is a repeating decimal.
9 — 440 Note that the remainders
% =045 —]00 10 and 45 are repeating.
—55 The remainder is never
m Z€ro.
—440
12 — 10
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Math Matters

Sophie Germain (1776-1831)
was born in Paris, France.
Because enrollment in the uni-
versity she wanted to attend
was available only to men,
Germain attended under the
name of Antoine-August Le
Blanc. Eventually her ruse was
discovered, but not before she
came to the attention of Pierre
Lagrange, one of the best
mathematicians of the time.

He encouraged her work and
became a mentor to her. A
certain type of prime number

is named after her, called a
Germain prime number. It is a
number p such that p and 2p + 1
are both prime. For instance,

11 is a Germain prime because
211+ 1 =23, and 11 and

23 are both prime numbers.
Germain primes are used in pub-
lic key cryptography, a method
used to send secure communica-
tions over the Internet.

Note

The order of the elements

of a set is not important. For
instance, the set of natural
numbers less than 6 given at the
right could have been written

{3, 5,2, 1, 4}. It is customary,
however, to list elements of a set
in numerical order.

P.1 THE REAL NUMBER SYSTEM 3

Numbers that are not rational numbers are called irrational numbers. In deci-
mal form, an irrational number has a decimal representation that never terminates
nor repeats. One of the best known irrational numbers is pi, denoted by the Greek
letter 77. An approximate value of 7 is 3.14592654. . . . Other examples of irratio-
nal numbers are 2.13113111311113. .. and the square root of any prime number
such as V11 = 3.31662479. ... The rational numbers and irrational numbers
taken together are the real numbers.

The relationships among the various sets of numbers are shown in Figure P.1.

Positive integers
(natural numbers)

7 1 103 \
Zero Integers Rational numbers Real numbers
0 — — 3 . — _
-201 7 0 -5 b 3.1212 —1.34 -5 % 3.1212 —1.34
7 0 =5
Negative integers Irrational numbers 1 103 —201
—
-201 -8 -5 —0.101101110... V7 = —0.101101110... N7 =
Figure P.1
EXAMPLE 1 Classify Real Numbers

Determine which of the following numbers are

a. integers b. rational numbers c. irrational numbers

d. real numbers e. prime numbers

-0.2, 0, 03,

f. composite numbers

0.71771777177771 ..., @, 6, 7, 41, 5l

Solution

a. Integers: 0, 6,7, 41, 51

Rational numbers: —0.2, 0, 0.3, 6, 7, 41, 51

Irrational numbers: 0.71771777177771 ..., =

Real numbers: —0.2, 0, 0.3,0.71771777177771 ..., 7, 6,7, 41, 51

Prime numbers: 7, 41

&

- 0 & 0

Composite numbers: 6, 51

D Try Exercise 8, page 14

Each member of a set is called an element of the set. For instance, if C = {2, 3, 5},
then the elements of C are 2, 3, and 5. The notation 2 € C is read “2 is an element
of C.” Set A is a subset of set B if every element of A is also an element of B, and we
write A C B. For instance, the set of negative integers {—1, —2, =3, —4,...} isa
subset of the set of integers. The set of positive integers {1, 2, 3, 4, ...} (the natural
numbers) is also a subset of the set of integers.

Question © Are the integers a subset of the rational numbers?

The empty set, or null set, is the set that contains no elements. The symbol J
is used to represent the empty set. The set of people who have run a 2-minute mile
is the empty set.

Answer ® Yes.

Unless otherwise noted, all content on this page is © Cengage Learning.
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Math Matters

A fuzzy set is one in which
each element is given a
"degree” of membership.
The concepts behind fuzzy
sets are used in a wide variety
of applications such as traffic
lights, washing machines, and
computer speech recognition
programs.

The set of natural numbers less than 6 is {1, 2, 3, 4, 5}. This is an example of a
finite set; all the elements of the set can be listed. The set of all natural numbers is
an example of an infinite set. There is no largest natural number, so all the elements
of the set of natural numbers cannot be listed.

Sets are often written using set-builder notation. Set-builder notation can be
used to describe almost any set, but it is especially useful when writing infinite sets.
For instance, the set

{2n|n € natural numbers}

is read as “the set of elements 2n such that # is a natural number.” By replacing
n with each of the natural numbers, we obtain the set of positive even integers:
{2,4,6,8,...}.

The set of real numbers greater than 2 is written

{x|x > 2, x € real numbers}

and is read “the set of x such that x is greater than 2 and x is an element of the
real numbers.”

Much of the work we do in this text uses the real numbers. With this in mind,
we will frequently write, for instance, {x|x > 2, x € real numbers} in a shortened
form as {x|x > 2}, where we assume that x is a real number.

EXAMPLE 2 Use Set-Builder Notation

List the four smallest elements in {#*|n € natural numbers}.

Solution

Because we want the four smallest elements, we choose the four smallest natu-
ral numbers. Thus n = 1, 2, 3, and 4. Therefore, the four smallest elements of
the set {n3|n € natural numbers} are 1, 8, 27, and 64.

D Try Exercise 12, page 14

D Union and Intersection of Sets

Just as operations such as addition and multiplication are performed on real num-
bers, operations are performed on sets. Two operations performed on sets are union
and intersection. The union of two sets 4 and B is the set of elements that belong
to A or to B, or to both 4 and B.

Definition of the Union of Two Sets

The union of two sets, written 4 U B, is the set of all elements that belong
to either A or B. In set-builder notation, this is written

AUB={x|xE€Adorx€E B}
EXAMPLE
Given A = {2,3,4,5} and B = {0, 1, 2, 3,4}, find 4 U B.

AUB=1{0,1,2,3,4,5} «Note that an element that belongs to
both sets is listed only once.

The intersection of the two sets 4 and B is the set of elements that belong
to both 4 and B.

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



| | | | | | L L
—5—4-3-2-1 0 1 2
Figure P.2
} L AY
' hY 4
-5-4-3-2-1 0 1 2
Figure P.3
I I I I L L
-5-4-3-2-1 0 1 2
Figure P.4

P.1 THE REAL NUMBER SYSTEM 5

Definition of the Intersection of Two Sets

The intersection of two sets, written 4 N B, is the set of all elements that
are common to both 4 and B. In set-builder notation, this is written

AN B={x|x€ Aand x € B}
EXAMPLE
Given A = {2,3,4,5} and B = {0, 1, 2, 3,4}, find 4 N B.

AN B=1{234} * The intersection of two sets contains the
elements common to both sets.

If the intersection of two sets is the empty set, the two sets are said to be
disjoint. For example, if 4 = {2, 3,4} and B = {7,8}, then 4 N B = J and 4
and B are disjoint sets.

EXAMPLE 3 Find the Union and Intersection of Sets

Find each intersection or union given 4 = {0, 2, 4, 6, 10, 12}, B = {0, 3, 6, 12,
15}, and C = {1,2,3,4,5,6,7}.

a. AU C b. BN C c. AN(BUCQO) d BUMANCO)
Solution
a. AUC=1{0,1,2,3,4,5,6,7,10, 12} * The elements that belong to 4 or C
b. BN C= {3, 6} * The elements that belong to Band C
¢. First, determine BU C = {0,1,2,3,4,5,6,7,12, 15}. Then
AN BUCQC =1{0,2,4,6,12} * The elements that belong to 4 and
(BU C)

= {2,4,6}. Then
4,6,12, 15} * The elements that belong to
Bor(A4nN<C)

d. First, determine 4 N C
BUMAANC) ={0,2,3,

D Try Exercise 22, page 14

D Interval Notation

The graph of {x|x > 2} is shown in Figure P.2. The set is the real numbers greater
than 2. The parenthesis at 2 indicates that 2 is not included in the set. Rather than
write this set of real numbers using set-builder notation, we can write the set in
interval notation as (2, ).

In general, the interval notation

(a, b) represents all real numbers between a and b, not including
a and b. This is an open interval. In set-builder notation,
we write {x|a < x < b}. The graph of (—4, 2) is shown in
Figure P.3.

[a, b] represents all real numbers between a and b, including a
and b. This is a closed interval. In set-builder notation,
we write {x|a = x = b}. The graph of [0, 4] is shown in
Figure P.4. The brackets at 0 and 4 indicate that those num-
bers are included in the graph.

Unless otherwise noted, all content on this page is © Cengage Learning.
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Caution

It is never correct to use a
bracket when using the infinity
symbol. For instance, [—, 3] is
not correct. Nor is [2, o] correct.
Neither negative infinity nor pos-
itive infinity is a real number and
therefore cannot be contained in
a closed interval.

- | | I | L
¢
-5-4-3-2-1 0 1 2 3 4 5
Figure P.8
L AY

Ay

5-4-3-2-10 1 2 3 4 5

Figure P.9

(a, b] represents all real numbers between a and b, not including
a but including b. This is a half-open interval. In set-builder
notation, we write {x|a < x = b}. The graph of (—1, 3] is
shown in Figure P.5.

[a, b) represents all real numbers between a and b, including a but

not including b. This is a half-open interval. In set-builder
notation, we write {x|a = x < b}. The graph of [—4, —1)
is shown in Figure P.6.
Subsets of the real numbers whose graphs extend forever in one or both direc-
tions can be represented by interval notation using the infinity symbol o or the
negative infinity symbol —o.

) (—o0,a) represents all real numbers
‘ less than a.

¢ (b, ) represents all real numbers greater

b than b.
1 (—o0,a] represents all real numbers less than
¢ or equal to a.

F [b, ) represents all real numbers greater

b

than or equal to b.
(‘) (=, )  represents all real numbers.

EXAMPLE 4 Graph a Set Given in Interval Notation

Graph (—o, 3]. Write the interval in set-builder notation.

Solution

The set is the real numbers less than or equal to 3. In set-builder notation, this
is the set {x|x = 3}. Draw a right bracket at 3, and darken the number line to
the left of 3, as shown in Figure P.7.

“5-4-3-2-1 0 1 2 3 4 5
Figure P.7
D Try Exercise 40, page 14

The set {x|x = —2} U {x|x > 3} is the set of real numbers that are either less
than or equal to —2 or greater than 3. We also could write this in interval notation
as (—o, —2] U (3, ). The graph of the set is shown in Figure P.§.

The set {x|x > —4} N {x|x < 1} is the set of real numbers that are greater
than —4 and less than 1. Note from Figure P.9 that this set is the interval (—4, 1),
which can be written in set-builder notation as {x|—4 < x < 1}.

EXAMPLE 5 Graph Intervals

Graph the following. Write a. and b. using interval notation. Write c. and d.
using set-builder notation.

a. {x|x=-1} U {x|]x=2}
¢ (=,0)UI[L 3]

b. {x|x2 -1} N {x|x<5}
d. [-1L,3]N(,)5)

Unless otherwise noted, all content on this page is © Cengage Learning.
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Solution

5-4-3-2-1 0 1 2 3 4

L L L L L
T . T A I

; ‘ ; ; ——— t S I = =
~5-4-3-2-1 0 1 2 3 4 5 {x|x <0} U {x|l =x=23}
d. The graphs of [—1, 3], in red, and (1, 5), in blue, are shown below.

(o, —1J U [2, )

[ o)

a.

[—1.5)

[N Y

Note that the intersection of the sets occurs where the graphs intersect.
Although 1 € [—1, 3], 1 & (1, 5). Therefore, 1 does not belong to the
intersection of the sets. On the other hand, 3 € [—1, 3] and 3 € (1, 5).
Therefore, 3 belongs to the intersection of the sets.

Thus we have the following.

: £ 3—— {x|l <x=3}

5-4-3-2-10 1 2 4 5

D Try Exercise 50, page 14

D Absolute Value and Distance

The real numbers can be represented geometrically by a coordinate axis called a
~—+—e—+e+—+——e—+—8——+e real number line. Figure P.10 shows a portion of a real number line. The number
associated with a point on a real number line is called the coordinate of the point.
Figure P.10 The point corresponding to zero is called the origin. Every real number corre-
sponds to a point on the number line, and every point on the number line corre-

sponds to a real number.
3 e 3y The absolute value of a real number a, denoted |/, is the distance between

[ S A S S S A S a and 0 on the number line. For instance, |3| = 3 and |—3| = 3 because both 3
Figure P11 and —3 are 3 units from zero. See Figure P.11.
In general, if @ = 0, then |a| = a; however, if @ < 0, then |a| = —a because —a
is positive when a < 0. This leads to the following definition.

(..

Note Definition of Absolute Value
The second part of the definition The absolute value of the real number «a is defined by
of absolute value states that
if a <0, then |a] = —a. For a ifa=0
instance, if a = —4, then la| = { "
lal = |~4] = ~(-4) = 4. —a ifa<0

EXAMPLE

5| =5 |4 =4 0] =0

EXAMPLE 6 Simplify an Absolute Value Expression
Simplify | x + 4| — |2x — 6] given that =3 = x = 2.

Solution
Recall that |a| = —a whena < 0 and |a| = a when a = 0.
(continued)
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| 7

-5-4-3-2-10 1 2 3 4 5

Figure P.12

Math Matters

The expression 10'% is called a
googol. The term was coined by
the 9-year-old nephew of the
American mathematician Edward
Kasner. Many calculators do

not provide for numbers of this
magnitude, but it is no serious
loss. To appreciate the magni-
tude of a googol, consider that
if all the atoms in the known
universe were counted, the
number would not even be close
to a googol. But if a googol is
too small for you, try 109°°9°",
which is called a googolplex. As
a final note, the name of the
Internet site Google.com is a
takeoff on the word googol.

When =3 = x=2,x +4 > 0and 2x — 6 < 0. Therefore, |x + 4| = x + 4
and

|2x — 6] = —(2x — 6). Thus

[x +4| —|2x — 6] =(x+4) — [-(2x — 6)]
=(x+4+(2x—06)
=3x—2

D Try Exercise 60, page 14

The definition of distance between two points on a real number line makes use
of absolute value.

Definition of the Distance Between Points on a Real Number Line

If a and b are the coordinates of two points on a real number line, the
distance between the graph of « and the graph of b, denoted by d(a, b), is
given by d(a, b) = |a — b|.

EXAMPLE

Find the distance between the point whose coordinate on the real number
line is —2 and the point whose coordinate is 5.

d(=2,5)=]-2-5]=|-7=7

Note in Figure P.12 that there are 7 units between —2 and 5. Also note that
the order of the coordinates in the formula does not matter.

ds,=2) =[5 = (=2 =17 =7

EXAMPLE 7 Use Absolute Value to Express the Distance
Between Two Points

Express the distance between ¢ and —3 on the number line using absolute
value notation.

Solution
dla, =3) = |a — (=3)| = |a + 3|

D Try Exercise 70, page 15

D Exponential Expressions

A compact method of writing 5+5+5-5 is 5% The expression 5* is written in
exponential notation. Similarly, we can write

2x 2x 2x <2X)3
3733 ¥ \3

Exponential notation can be used to express the product of any expression that is
used repeatedly as a factor.

Unless otherwise noted, all content on this page is © Cengage Learning.
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’
Definition of Natural Number Exponents

If b is any real number and # is a natural number, then

b is a factor n times

where b is the base and 7 is the exponent.

EXAMPLE

(3)3:3.3.3:27
4 4 4 4 o4

—5t=—(5-5-5-5)=—-625
(=5 = (=5)(=5)(=5)(~5) = 625

Pay close attention to the difference between —5* (the base is 5) and (—5)* (the base
is —5).

EXAMPLE 8 Evaluate an Exponential Expression

Evaluate.
_ 14
_ At 1\2
a. (—3%(—4) b. —
Solution
a. (—39(—4)>=—-(3-3-3-3)-(—4)(—4) = —-81-16=—129
—4* —(4-4-4-4) 256 _

-1

b. = =
(=9 (HEH(=H(-4) 256

D Try Exercise 76, page 15

D Order of Operations Agreement

. The approximate pressure p, in pounds per square inch, on a scuba diver x feet
below the water’s surface is given by

p =15+ 0.5x

The pressure on the diver at various depths is given below.

10 feet 15 + 0.5(10) = 15 + 5 = 20 pounds

20 feet 15 + 0.5(20) = 15 + 10 = 25 pounds
40 feet 15 + 0.5(40) = 15 + 20 = 35 pounds
70 feet 15 + 0.5(70) = 15 + 35 = 50 pounds

Note that the expression 15 + 0.5(70) has two operations, addition and mul-
tiplication. When an expression contains more than one operation, the opera-
tions must be performed in a specified order, as given by the Order of Operations
Agreement.
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10 CHAPTER P PRELIMINARY CONCEPTS

Recall

Subtraction can be rewritten as
addition of the opposite.
Therefore,

3 —4xy + 5x —y — 7

=3x% + (—4xy) + 5x + (—y) + (=7)
In this form, we can see that the
terms (addends) are 3x%, —4xy,
5x, —y, and —7.

The Order of Operations Agreement

If grouping symbols are present, evaluate by first performing the opera-
tions within the grouping symbols, innermost grouping symbols first, while
observing the order given in steps 1 to 3.

Step 1 Evaluate exponential expressions.
Step 2 Do multiplication and division as they occur from left to right.
Step 3 Do addition and subtraction as they occur from left to right.

EXAMPLE
5—-7023 -5)—16 +2°
=5—17(23 — 25) — 16 + 23 «Begin inside the parentheses and evaluate

5% =25,

=5-7-2) - 16 + 2} « Continue inside the parentheses and evaluate
23 —25=-2.

=5-7(-2)—16 + 8 * Evaluate 2° = 8.

=5—-(-14 -2 * Perform multiplication and division from left
to right.

=17 * Perform addition and subtraction from left
to right.

EXAMPLE 9 Use the Order of Operations Agreement

Evaluate: 3 - 52 — 6(—3% — 4%) = (—15)

Solution

3-52—6(—3*—4%) = (—15)
=3-52—6(—9 — 16) = (—15) -« Begin inside the parentheses.
=3-5—6(—25) + (—15) « Simplify —9 — 16.
=3-:25—06(—=25 +~ (=15 * Evaluate 5°.

=75+ 150 ~ (—=195) * Do mulipltication and division from left to right.
=75+ (—10)
=065 ¢ Do addition.

D Try Exercise 80, page 15

One of the ways in which the Order of Operations
Agreement is used is to evaluate variable expressions.
The addends of a variable expression are called
terms. The terms for the expression at the right are
3x%, —4xy, 5x, —y, and —7. Observe that the sign of
a term is the sign that immediately precedes it.

The terms 3x7%, —4xy, 5x, and —y are variable terms. The term —7 is a con-
stant term. Each variable term has a numerical coefficient and a variable part. The
numerical coefficient for the term 3x7 is 3; the numerical coefficient for the term
—4xy is —4; the numerical coefficient for the term 5x is 5; and the numerical coef-
ficient for the term —y is —1. When the numerical coefficient is 1 or —1 (as in x
and —x), the 1 is usually not written.

To evaluate a variable expression, replace the variables by their given values
and then use the Order of Operations Agreement to simplify the result.

32 —dxy + Sx —y— 17
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P.1 THE REAL NUMBER SYSTEM 11

EXAMPLE 10 Evaluate a Variable Expression

PRI
a. Evaluate —————whenx = 2and y = —3.
X"+ xy+y

b. Evaluate (x + 2y)> — 4zwhenx = 3,y = —2,and z = —4.

Solution
B - y3
a. 5
X2+ xpy + )?
23 — (=3)} 8 —(=27) 35

= _7:5
22 +2-3)+ (-3 4-6+9 7

b. (x + 2y)* — 4z

[B+2-2F —4(-4 =B+ (-4F — 44
(=1 = 4(—4)
1 — 4(—4)
1+16=17

D Try Exercise 90, page 15

D Simplifying Variable Expressions

Addition, multiplication, subtraction, and division are the operations of arithmetic.
Addition of the two real numbers ¢ and b is designated by a + b. If a + b = ¢, then
¢ 1s the sum and the real numbers a and b are called terms.

Multiplication of the real numbers ¢ and b is designated by ab or a- b. If
ab = c, then c is the product and the real numbers a and b are called factors of c.

The number —b is referred to as the additive inverse of 5. Subtraction of the
real numbers a and b is designated by ¢ — b and is defined as the sum of ¢ and the
additive inverse of b. That is,

a—b=a+ (—b)

If @ — b = ¢, then c is called the difference of a and b.

The multiplicative inverse or reciprocal of the nonzero number 5 is 1/b. The
division of @ and b, designated by @ + b with b # 0, is defined as the product of a
and the reciprocal of b. That is,

a+b= a(ll)) provided that b # 0

If a + b = ¢, then ¢ is called the quotient of « and b. u
The notation a + b is often represented by the fractional notation a/b or b

The real number « is the numerator, and the nonzero real number b is the denomi-
nator of the fraction.

Properties of Real Numbers

Let a, b, and ¢ be real numbers.

Addition Properties Multiplication Properties
Closure a + b is a unique real ab is a unique real number.
number.
Commutative a+b=>b+a ab = ba

(continued)
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12 CHAPTER P PRELIMINARY CONCEPTS

Note

Normally, we will not show, as
we did at the right, all the steps
involved in the simplification of a
variable expression. For instance,
we will just write (6x)2 = 12x,
3(4p + 5) = 12p + 15, and

3x% + 9x* = 12x°. It is important
to know, however, that every
step in the simplification process
depends on one of the properties
of real numbers.

Addition Properties Multiplication Properties

Associative (a+b)+c=a+(b+c) (ab)e = a(bc)

Identity There exists a unique real There exists a unique real
number 0 such that number 1 such that
a+0=0+a=a a-1=1-a=a.

Inverse For each real number a, For each nonzero real
there is a unique real number «, there is a
number —a such that unique real number 1/a

1 1
a+(—a)=(—a)+a=0. suchthata-—=—-a=1.

Distributive alb + ¢) = ab + ac

EXAMPLE 11 Identify Properties of Real Numbers

Identify the property of real numbers illustrated in each statement.

1
a. (2a)b = 2(ab) b. <5>11 is a real number.

c. 4x+3)=4x+ 12 d. (a +5b) +T7c=(5b+ a)+Tc

1
e. (2-2)a=1°a f.l-a=a

Solution
a. Associative property of multiplication

b. Closure property of multiplication
¢. Distributive property
d. Commutative property of addition
e. Inverse property of multiplication
f. Identity property of multiplication
D Try Exercise 102, page 15

We can identify which properties of real numbers have been used to rewrite
an expression by closely comparing the original and final expressions and noting
any changes. For instance, to simplify (6x)2, both the commutative property and
associative property of multiplication are used.

(6x)2 = 2(6x)
=(2-6)x
= 12x

» Commutative property of multiplication

* Associative property of multiplication

To simplify 3(4p + 5), use the distributive property.
3(4p + 5) = 34p) + 3(5)
12p + 15

* Distributive property

Terms that have the same variable part are called like terms. The distributive
property is also used to simplify an expression with like terms such as 3x> + 9x%.

3x2 4+ 9x% = (3 + 92
= 12x%

* Distributive property

Note from this example that like terms are combined by adding the coefficients of
the like terms.
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P.1 THE REAL NUMBER SYSTEM 13

Question © Are the terms 2x? and 3x like terms?

EXAMPLE 12 Simplify Variable Expressions
Simplify.

a. 5+ 3Q2x —6)

b. 4x — 2[7 — 5(2x — 3)]

Solution
a.5+32x—6)=5+6x— 18 « Use the distributive property.
=6x — 13 * Add the constant terms.
b. 4x — 2[7 — 5(2x — 3)]
=4x — 2[7 — 10x + 15] « Use the distributive property to
remove the inner parentheses.
=4x — 2[—10x + 22] * Simplify.
=4x + 20x — 44 ¢ Use the distributive property to
remove the brackets.
=24x — 44 * Simplify.

D Try Exercise 120, page 15

An equation is a statement of equality between two numbers or two expres-
sions. There are four basic properties of equality that relate to equations.

Properties of Equality

Let a, b, and ¢ be real numbers.
Reflexive a=a
Symmetric If a =0, thenb = a.
Transitive If a=band b = ¢, then a = c.

Substitution If a = b, then a may be replaced by b in any expres-
sion that involves a.

EXAMPLE 13 Identify Properties of Equality

Identify the property of equality illustrated in each statement.
a. If 3a + b = ¢, then ¢ = 3a + b.

b. 5(x + y) = 5(x + y)

c. Ifda —1=7band7h = 5¢ + 2,thenda — 1 = 5¢ + 2.
d. If a = 5Sand b(a + ¢) = 72, then b(5 + ¢) = 72.

Solution
a. Symmetric b. Reflexive ¢. Transitive d. Substitution

D Try Exercise 106, page 15

Answer ® No. The variable parts are not the same. The variable part of 2x?is x - x. The
variable part of 3x is x.
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EXERCISE SET P.1

Concept Check 23. (BUC)N(BUD) 24. (AN C)U (BN D)
1. Which of the following numbers are prime numbers?
i. 39 ii. 53 iii. 102 iv. 97

In Exercises 25 to 36, graph each set. Write sets given in
interval notation in set-builder notation, and write sets

2. Give an example of a rational number that is not an integer. given in set-builder notation in interval notation.

3. Ifd=1{-7-3,0,2,58and B={-3,-1,0,1,3,5,7}, 25 (=2,3) 26. [1, 5]
what numbers are common to both 4 and B?
27. [-5, 1] 28. (—3,3)
4. Use the numbers —12, —5, 0, 3, 6, and 9.
a. Which number has the greatest absolute value? 29. [2, ) 30. (==.4)
b. Which number has the least absolute value? 31, (x|3<x<5) 32, {x|x < —1}
5. If a < 0, is a* positive or negative? 33, {x|x= -2 34 (x| 1=x<5}
6. a. Name the endpoints of the interval [-2, 5). 35 (x|0=x=1 36. (x|-4<x=5
b. Is0 €[-2,5)?
« Is—2€[-2,5) In Exercises 37 to 52, graph each set.
d. Is5€[-2,5)? 37. (—«,0)U[2,4] 38. (—3,1)U (3,5
In Exercises 7 and 8, determine whether each number 39. (—4,0) N [-2,5] 40. (—,3]N (2,6)

is an integer, a rational number, an irrational number, a
prime number, or a real number.

a1. (1, ) U (=2, ») 42. (=4, %) U (0, =)
7. —%, 0, —44, 1, 3.14, 5.05005000500005 . . ., V81, 53 43. (1, %) N (=2, ») 44. (—4, ©) N (0, »)
8. % ; 31, —2%, 4235653907493, 51, 0.888 . . . 45, [-2.47N 4. 5] 46. (—=. 11N [, )

In Exercises 9 to 14, list the four smallest elements of each set.  47- (72,49 N (4. 5) 48. (==, )N (L, =)
9. {2x|x € positive integers} 10. {|x||x € integers} 49. {x|x< -3} U {x|l<x<2}

11. {y|y = 2x + 1, x € natural numbers} 50. {x|-3=x<0}U{x|x=2}

12. {y|y = x> — 1, x € integers} 51, {x|x < -3} U {x|x<2}

13. {z|z = | x|, x € integers} 52, {x|x < -3} N {x|x<2}

14. {z|z = |x| — x, x € negative integers} In Exercises 53 to 62, write each expression without

absolute value symbols.
In Exercises 15 to 24, perform the operations given that

A={-3,-2-101273}B=1{20,24,6)} 53. —|-5| 54, —|—4] 55. [3]-|—4|
C=1{0,1,23,4,56},and D ={-3, -1, 1, 3}.

56. 3] — |-7] 57. |7 + 10] 58. |7 — 10|
15. AUB 16. CU D

59. |x — 4|+ |x+ 5], gven0<x<1
17. AN C 18. CN D

60. |x+ 6]+ |x — 2|, given0 < x <2
19. BN D 20. BU (AN C)

61. |2x| —|x — 1], given 0 < x < 1
21. DN (BU Q) 22. ANBUMAN Q)

_ ) 62. |x+ 1]+ |x— 3], givenx >3
Indicates Try It Exercises
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In Exercises 63 to 74, use absolute value notation to
describe the given situation.

63. d(m,n) 64. d(p,8)

65. The distance between x and 3

66. The distance between a and —2

67. The distance between x and —2 is 4.

68. The distance between z and 5 is 1.

69. The distance between a and 4 is less than 5.
70. The distance between z and 5 is greater than 7.

71. The distance between x and —2 is greater than 4.

72. The distance between y and —3 is greater than 6.

73. The distance between x and 4 is greater than 0 and less than 1.

74. The distance between y and —3 is greater than 0 and less
than 0.5.

In Exercises 75 to 82, evaluate the expression.
3

(=3)*
78. —2-3*—(6-7)°

75. —5%(—4) 76. —

77. 4+ (3 — 8)

79. 28 + (=7 + 5)? 80. 3 — 53> — 5%

81. 7+ 2[3(-2)° — 4> = §]
82. 5— 43— 6(2-3%— 12 + 4)]

In Exercises 83 to 94, evaluate the variable expression for
x=3,y=-2,and z = —1.

83. —)° 84. —)° 85. 2xyz

86. —3xz 87. 88. 2’7’

89. xy — z(x — y)? 90. (z — 2y)* — 323

2 2 2.4
X7+ 2xy“z
91. J 92. %
x+y (y—2)
3y 2
93, 2 - = 94. (x — 22(x + 2)°
x oy

In Exercises 95 to 108, state the property of real numbers
or the property of equality that is used.

95. (ab?)c = a(b’c)
96. 2x—3y= -3y +2x

97. 4Q2a — b) = 8a — 4b

98.

99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.

110.

11.

112.

P.1 THE REAL NUMBER SYSTEM 15

6+(T+a)=6+(a+7)

(Bx)y = y(3x)

4ab + 0 = 4ab
1+ (4x) = 4x
T(a + b) ="T7(b + a)

X+1l=x+1
Ifa+b=2then2 =a + b.
If2x + 1 =yand y = 3x — 2, then 2x + 1 = 3x — 2.

If 4x + 2y = 7and x = 3, then 4(3) + 2y = 7.

1
4.—=1
4
ab + (—ab) = 0
Is division of real numbers an associative operation? Give a

reason for your answer.

Is subtraction of real numbers a commutative operation?
Give a reason for your answer.

Which of the properties of real numbers are satisfied by the
integers?

Which of the properties of real numbers are satisfied by the
rational numbers?

In Exercises 113 to 122, simplify the variable expression.

113.

114.

115.

116.

117.

118.

119.

120.

121.

122.

2+ 32x - 5)

4+ 204 - 3)

5 — 3(4x — 2y)

7 — 2(5n — 8m)

3(2a — 4b) — 4(a — 3b)

5(4r — 76) — 2(10r + 30)
5a — 2[3 — 2(4a + 3)]

6 + 3[2x — 4(3x — 2)]

%w+m—%w—$

2 3
—Z@2x+3)+>0x —
S@x 43+ 0x =)

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



16

123.

124.

125.

126.

127.

128.

CHAPTER P PRELIMINARY CONCEPTS

Area of a Triangle The area of a triangle is given by

1
Area = —bh
rea =

where b is the base of the triangle and 7 is its height. Find the
area of a triangle whose base is 3 inches and whose height is
4 inches.

Volume of a Box The volume of a

rectangular box is given by '

Volume = lwh

where / is the length, w is the width, and
h is the height of the box. Find the
volume of a classroom that has a length of 40 feet, a
width of 30 feet, and a height of 12 feet.

Heart Rate The heart rate, in beats per minute, of a certain
runner during a cool-down period can be approximated by

53
4t + 1

Heart rate = 65 +

where ¢ is the number of minutes after the start of cool-
down. Find the runner’s heart rate after 10 minutes. Round
to the nearest natural number.

Body Mass Index According to the National Institutes
of Health, body mass index (BMI) is a measure of body
fat based on height and weight that applies to both adult men
and women, with values between 18.5 and 24.9 considered

. 705
healthy. BMI is calculated as BMI = ZW,

person’s weight in pounds and /2 is the person’s height in inches.
Find the BMI for a person who weighs 160 pounds and is
5 feet 10 inches tall. Round to the nearest natural number.

where w is the

Physics The height, in feet, of a ball ¢ seconds after it is
thrown upward is given by

Height = —16¢% + 807 + 4

Find the height of the ball 2 seconds after it has been thrown
upward.

Chemistry Salt is being added to water in such a way that
the concentration of salt, in grams per liter, is given by

. 50¢ . .
concentration = PET where 7 is the time in minutes after

the introduction of the salt. Find the concentration of salt
after 24 minutes.

Unless otherwise noted, all content on this page is © Cengage Learning.

129. Sabermetrics Slugging percentage (SLG) is one of the
measurements of a baseball player’s performance. It is

. . singles + 2-2B +3-3B+ 4-4B
given by the ratio 2B , Where

singles is the number of singles, 2B is the number of doubles,
3B is the number of triples, and 4B is the number of home
runs hit by a player. The abbreviation 4B is the number of at
bats the player had. In 2011, Miguel Cabrera had 197 singles,
48 doubles, 0 triples, 30 home runs, and 572 at bats. Find his
SLG. Round to the nearest thousandth.

130. Sabermetrics Pythagorean expectation is a formula that tries
to determine how many games a team “should have” won
during a season. It is based on the number of runs scored
by a team in one season and the number of runs allowed by
the team for the season. Pythagorean expectation is given by

(runs scored)?

the ratio . Multiplying this
(runs scored)? + (runs allowed)? pying

ratio by the number of games played in a season (162) gives
the number of games the team “should have” won. In 2011,
the Boston Red Sox won 90 games, scored 875 runs, and
allowed 757 runs. According to the Pythagorean expectation,
how many games should the Red Sox have won? Round to
the nearest whole number.

Enrichment Exercises

In Exercises 131 and 132, let A and B be any two sets.
131. If A N B = B, what can be said about B?

132. If A U B = B, what can be said about 4?
In Exercises 133 to 136, let A be any set. Perform the
given operation.

133. 4 U 4
134. AN A4
135. AU Y
136. ANY

137. If a and b are the coordinates of two points on a number
line, give an example of a point whose coordinates are

between a and b.

138. Define an operation denoted by @ and given by
a@® b = da* + b Does @ satisfy the commutative prop-
erty? Does P satisfy the associative property?

139. A deleted delta neighborhood of a number a on a number
line is the set of all points x that are within & (the Greek
letter delta) units of a but not including a. Write the deleted
delta neighborhood of a using absolute value notation.
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P.2 INTEGER AND RATIONAL NUMBER EXPONENTS 17

Integer and Rational Number Exponents

Lize e s PREPARE FOR THIS SECTION

SC|e.nt|f|c Notation _ Prepare for this section by completing the following exercises. The answers can be
Rational Exponents and Radicals found on page A1.

Simplifying Radical Expressions PS1.  Simplify: 22+ 2 [P.1]
3
E[

PS3. Simplify: (2°)* [P.1]

Ps4. Simplify: 3.14(10%) [P.1]

PS5. True or false: 3*- 32 = 9°[P.1]

PS6. True or false: (3 + 4)> = 3% + 4% [P.1]

PS2. Simplify: P.1]

D Integer Exponents

b is a factor n times

Recall that if 7 is a natural number, then 5" = bbb+ -+ b. We can extend the
definition of exponent to all integers. We begin with the case of zero as an exponent.

~
Definition of b°

For any nonzero real number b, ° = 1.

EXAMPLE

Note 0
=1 <3> =1 -7 = -1 @+1)=1
Note that =7 = —(7%) = —1.

Now we extend the definition to include negative integers.

.
Definition of b™"
1 1
If b # 0 and # is a natural number, then b™" = I and b b".
EXAMPLE
11 1 52 7 _ 7
372 = — = — — =43=64 ==
32 9 4—3 7—1 52 25
- v

EXAMPLE 1 Evaluate an Exponential Expression

Evaluate.

a. (—2%)(=3)
(4
(=27

C. _7T0

(continued)
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18 CHAPTER P PRELIMINARY CONCEPTS

Solution
a. (—2%(=3) = —(2-2-2-2)(-3)(-3) = —(16)(9) = — 144
=97 _(DEDEDE)(=D) =320

(=27 (—4)(—4)(—4) —64 2
c. 7=—-7)=-1

D Try Exercise 24, page 28

When working with exponential expressions containing variables, we must ensure
that a value of the variable does not result in an undefined expression. Take, for

. . 1 o . . _
instance, x 2 = —. Because division by zero is not allowed, for the expression x 2,

X
we must assume that x # 0. Therefore, to avoid problems with undefined expres-
sions, we will use the following restriction agreement.

Restriction Agreement

. . . a
The expressions 0°, 0" (where # is a negative integer), and — are all

undefined expressions. Therefore, all values of variables in this text are
restricted to avoid any one of these expressions.

EXAMPLE
NUNS
4,x¢0,y # 0,and z # 4.

In the expression

(@—1)°

In the expression ———
P b+2

,a# land b # —2.

Exponential expressions containing variables are simplified using the following
properties of exponents.

Properties of Exponents

If m, n, and p are integers and « and b are real numbers, then

Product  b"-b" = p"""

bm
Quotient o b, b+0
Power b»™" =p"

(ambn)p = q"Pp"P

a™\’ a™
G

EXAMPLE
da-ad=d"13 =48 » Add the exponents of the like bases.
Recall that a = a'.

(2 = x* T332 = x%)822 < Add the exponents of the like bases.
a'b @ .

e N R ) g * Subtract the exponents of the like
215 4

ab b bases.
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P.2 INTEGER AND RATIONAL NUMBER EXPONENTS 19

W) = u"5yS = S!S

» Multiply the exponents.

<2xS>3 B 21'3x5'3 B 23x15 B 8X15
5y

Question ® Can the exponential expression x>y

If the result is approximately 2.42 X

will produce 4096.
\

- 51-3y4-3 - 53y12 - 125y12

If the result is 4096, then the calculator evaluated (2°)*. To ensure that you
calculate the value you intend, we strongly urge you to use parentheses. For
instance, entering 2°(3/4) will produce 2.42 X 10** and entering (2/3)AY

* Multiply the exponents.

3 be simplified using the properties of exponents?

Integrating Technology \

Exponential expressions such as a” can be confusing. The generally accepted
meaning of «” is a®). However, some graphing calculators do not evaluate
exponential expressions in this way. Enter 243AY in a graphing calculator.

10%, then the calculator evaluated 269,

S

To simplify an expression involving exponents, write the expression in a
form in which each base occurs at most once and no powers of powers or negative

exponents occur.

EXAMPLE 2 Simplify Exponential
Simplify.
a. (5xH)(—4x>°) b BxFyz Y

Solution
a. (5x%p)(—4xy’) = [S(—4)x* !

Expressions
—12x% (4p2q )2
C. —~ . S
18x%)° 6pq*

» Multiply the coefficients. Multiply the vari-
ables by adding the exponents of the like
bases.

= —20x° y6
b. (3)62)12_4)3 = 31'3x2'3y 1-3,=4-3 « Use the power property of exponents.
27x%
= 3312 = _]2)
—12x% 2 -12 2
_ ey £ 5-2.1-6 o Qi o E e
18x2y6 = 3x y Simplify TS Divide the
variables by subtracting the exponents
of the like bases.
_ 25 s
_ _2,\'3
3y°
d 41’24 2 _ 2172_1‘11_4 - _ qu_3 “2 . Use the quotient property of
" \6pg* 3 3 exponents.
_ 21(_2)1’1(_2)51_3(_2) _ 2_2P_2q6 * Use the power property of
31(=2) 372 exponents.
9¢° . .
= 17 » Write the answer in simplest
/4

D Try Exercise 50, page 29

Answer ® No. The bases are not the same.

form.

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



20 CHAPTER P PRELIMINARY CONCEPTS

Math Matters D Scientific Notation

W Approximately 3.1 X1 0° The exponent theorems provide a compact method of writing very large or very small
orchid seeds weigh 1 ounce. numbers. The method is called scientific notation. A number written in scientific
™ Computer scientists measure notation has the form a - 10", where 7 is an integer and 1 = a < 10. The following

an operation in nanoseconds.
1 nanosecond = 1 X 107°
second

B |f a spaceship traveled at
25,000 mph, it would require

procedure is used to change a number from its decimal form to scientific notation.

For numbers greater than 10, move the decimal point to the position to the
right of the first digit. The exponent n will equal the number of places the decimal
point has been moved. For example,

approximately 2.7 x 10° years 7.430.000 = 7.43 X 10°
to travel from one end of the 17
universe to the other. 6 places

For numbers less than 1, move the decimal point to the right of the first nonzero
digit. The exponent n will be negative, and its absolute value will equal the number
of places the decimal point has been moved. For example,

0.00000078 = 7.8 X 107’
|

7 places

To change a number from scientific notation to its decimal form, reverse the
procedure. That is, if the exponent is positive, move the decimal point to the right
the same number of places as the exponent. For example,

3.5 X 10° = 350,000
L1
5 places
If the exponent is negative, move the decimal point to the left the same number of
places as the absolute value of the exponent. For example,

2.51 X 10~% = 0.0000000251
(R
8 places

Most calculators display very large and very small numbers in scientific
notation. The number 450,000 is displayed as |2.025E 11| This means
450,000 = 2.025 x 10"

EXAMPLE 3 Simplify an Expression Using Scientific Notation

One of the purposes of the Apollo 15 mission was to place a lunar Laser Ranging
RetroReflector (LRRR) on the moon. The purpose of the LRRR is to precisely
measure the distance from Earth to the moon. A laser beam is sent from a station
on Earth to the LRRR, which then reflects the laser beam back to Earth.

Assuming the laser beam travels at 3.0 X 10® meters per second and the
distance to the moon is 3.8 X 10® meters, find the round-trip time for the laser
beam to reach the moon and the reflected beam to return to Earth. Round to
the nearest hundredth of a second.

Solution
To find the time, divide the distance to the moon by the speed of the laser beam.
Then multiply that result by 2 to obtain the round-trip time.

8 X 10% 3.
_ 38708 =3 05 = 1267 X 10° = 1.267 X 1 = 1.267
3.0 x10° 3.0

We multiply 1.267 by 2 and see that the round-trip time for the laser beam is
approximately 2.53 seconds.

D Try Exercise 58, page 29
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D Rational Exponents and Radicals

To this point, the expression 4" has been defined for real number b and integers 7.
Now we wish to extend the definition of exponents to include rational numbers
so that expressions such as 2'/? will be meaningful. Not just any definition will
do. We want a definition of rational exponents for which the properties of integer
exponents are true. The following example shows the direction we can take to
accomplish our goal.

If the product property for exponential expressions is to hold for rational
exponents, then for rational numbers p and ¢, b’b? = bh”*4. For example,

912. 92 mustequal 97*712=9! =9

Thus 9'/? must be a square root of 9. That is, 9'/% = 3.
The example suggests that 5/ can be defined in terms of roots according to
the following definition.

Definition of b'/"

If n is an even positive integer and b = 0, then '/ is the nonnegative real
number such that (""" = b.

If 7 is an odd positive integer, then 5'/" is the real number such that (b'/")" = b.

EXAMPLE

« 252 = 5 because 5 = 25.

o (—64)'° = —4 because (—4)° = —64.
+ 16"? = 4 because 4% = 16.

. —1672 = —(16'%) = —4.

« (—16)"?is not a real number.

¢ (=32)"" = -2 because (—2)° = —32.

If n is an even positive integer and b < 0, then b/ is a complex number. Complex
numbers are discussed in Section P.6.

To define expressions such as 8%, we will extend our definition of exponents
even further. Because we want the power property (b”)? = b9 to be true for ratio-
nal exponents also, we must have (b'/"y" = p™/". With this in mind, we make the
following definition.

Definition of b™/"

For all positive integers m and n such that m/n is in simplest form, and for
all real numbers b for which 4"/ is a real number,

bm/n — (bl/n)m — (bm)l/n

Because b"/" is defined as (b'/")" and as (b™)/", we can evaluate expressions
such as 8*° in more than one way. For example, because 8"/ is a real number, 8*/°
can be evaluated in either of the following ways.

84/3 — (81/3)4 — 24 — 16
843 = (847 = 4096' = 16
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22 CHAPTER P PRELIMINARY CONCEPTS

Of the two methods, the 5”/" = (b'/")" method is usually easier to apply, provided
you can evaluate b'/".

EXAMPLE 4 Evaluate a Number with a Rational Exponent

Simplify. s
a. 6473 b. 3273 c. (16)

81
Solution

a. 6477 = (64'°) = 4 = 16
- s |
b. 327 = (3257 =2 t=5e

1
8
16\ 4 81\ 81\747? 3} 27
e () =(¢) -10e) 1-G) -7

D Try Exercise 62, page 29

The following exponent properties were stated earlier, but they are restated
here to remind you that they have now been extended to apply to rational
exponents.

Properties of Rational Exponents

If p, ¢, and r represent rational numbers and a and b are positive real num-

bers, then
Product bP - pl = prta
. b? -
Quotient 5 =b
Power (bp)q = pPi (apb‘l)" = gl"pt

() -2 et
bq bq" bP

Recall that an exponential expression is in simplest form when no powers of
powers or negative exponents occur and each base occurs at most once.

EXAMPLE 5 Simplify Exponential Expressions

Simplify.

(a3/4b1/2)2
a. (2x1/3y3/5)2 (9x3y3/2)1/2

° (a2/3b3/4)3

Solution

a. (2x" 3y3/ %)% (9x° y3/ N2 = (22 y6/ %) (92X 2y3/ 4 « Use the power property.
— (4x2/3y6/5) (3x3/2y3/4)

243 6,3 449 2415
= 12x372)574 = 12x67sp0 ™« Add the exponents on

— ]2xl3/6y39/2() like bases.
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Math Matters

The formula for kinetic energy
(energy of motion) that is used
in Einstein‘’s Theory of Relativity
involves a radical,

1
K.E = mc?[ ———

where m is the mass of the object
at rest, v is the speed of the
object, and c is the speed of light.

P.2 INTEGER AND RATIONAL NUMBER EXPONENTS 23

(a3/4b1/2)2 - &b
. (a2/3b3/4)3 = a2b9/4 * Use the power property.
= @ i * Subtract the exponents on like bases.
= a%7%b37% = a71/2b75/4
B 1
a2/t

D Try Exercise 68, page 29

D Simplifying Radical Expressions

Radicals, expressed by the notation \/b, are also used to denote roots. The number b
is the radicand, and the positive integer # is the index of the radical.

Definition of /b

If n is a positive integer and b is a real number such that 5/ is a real
n
number, then Vb = b'/".

If the index n equals 2, then the radical V/b is written as simply Vb, and it is
referred to as the principal square root of b, or simply the square root of 5.

The symbol Vb is reserved to represent the nonnegative square root of b.
To represent the negative square root of b, write —V/b. For example, V25 = 5,
whereas — V25 = —5.

Definition of (\Vb)™
For all positive integers n, all integers m, and all real numbers b such that

/b is a real number, (Vb)Y = V/b" = """

When V/b is a real number, the equations

n n
bm/n — W and bm/n — (\/E)m

can be used to write exponential expressions such as " in radical form. Use the
denominator # as the index of the radical and the numerator m as the power of the
radicand or as the power of the radical. For example,

(5xy)2/ S=¢ \/ 5xy)’ = v 25x%)?  « Use the denominator 3 as the index of the radical
and the numerator 2 as the power of the radical.

The equations

prm=/b"  and b= (Vb)"

also can be used to write radical expressions in exponential form. For example,

V(2ab)’ = (2ab)*?

* Use the index 2 as the denominator of the power and the
exponent 3 as the numerator of the power.
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ﬂnévmw‘

Absolute Value
See pages 7-8.

Copyright 2013 Cengage Learning. All Rights Reserved.

The definition of (V/5)" often can be used to evaluate radical expressions. For
instance,

(%)4 — 84/3 — (81/3)4 — 24 =16

Care must be exercised when simplifying even roots (square roots, fourth roots,
sixth roots, and so on) of variable expressions. Consider Vx> when x = 5 and
when x = —5.

Case 1 If x = 5, then Vx> = V52 = V25 = 5 = x.
Case 2 If x = —5, then V= V(=57 =V25=5=—x.
These two cases suggest that
5_ ) ox ifx=0
\/; {—x, ifx <0

Recalling the definition of absolute value, we can write this more compactly as
Va2 =[xl

Simplifying odd roots of a variable expression does not require using the abso-
lute value symbol. Consider V/x3 when x = 5 and when x = —5.

Case 1 If x = 5, then VX' = V5 = V125 =5 = x.
Case 2 1If x = —5, then V=V (=57 =V—-125= -5 = x.
Thus \}/; = X.

Although we have illustrated this principle only for square roots and cube
roots, the same reasoning can be applied to other cases. The general result is given
below.

Definition of \/b"

If n is an even natural number and b is a real number, then

n /ibn — |b|
If n is an odd natural number and b is a real number, then
Vb = b

EXAMPLE

V16z* = 2|z| V/32a° = 2a

Because radicals are defined in terms of rational powers, the properties of radi-
cals are similar to those of exponential expressions.

Properties of Radicals

If m and n are natural numbers and ¢ and b are positive real numbers, then

Product Va- Vb= \ab

Quotient \,,/5 =74
Vb b

Index W =Va
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A radical is in simplest form if it meets all of the following criteria:

1. The radicand contains only powers less than the index. (\/; does not satisfy
this requirement because 5, the exponent, is greater than 2, the index.)

2. The index of the radical is as small as possible. (W does not satisfy this
requirement because Vb =¥ = X1/ = Vx.)

3. The denominator has been rationalized. That is, no radicals occur in the
denominator. (1/V/2 does not satisfy this requirement.)

4. No fractions occur under the radical sign. (V/ 2/x> does not satisfy this
requirement.)

Radical expressions are simplified by using the properties of radicals. Here are
some examples.

EXAMPLE 6 Simplify Radical Expressions

Simplify.
a. V4A8xy? b, Vi1exh® e V32xHt
Solution

a. \/48)67)/2 = \/(24 - 3)x"y? = \/(22x3y)2 - 3x < Factor and group factors that
can be written as a power of the

index, 2.

= V(22 V3x * Use the product property of
radicals.

= 4|x%y| Vix « Recall that for n even, V3" = |B].

b. V162x*° = V (2 - 3%xH° * Factor and group factors that can be
written as a power of the index.
= V(@023

= (3xy2)3 -6 * Use the product property of radicals.
= 3x)° v 6x « Recall that for n odd, /5" = b.

c. V3253 = \‘y25x3y4 =V (2*%*% - (2x%)  + Factor and group factors that can

be written as a power of the index.

=V 24y4 -V 2x° * Use the product property of radicals.
= 2|y| V 2x3 « Recall that for n even, V/b" = |b].

D Try Exercise 84, page 29

Like radicals have the same radicand and the same index. For instance,
3V 5x)? and —4V 5xy?

are like radicals. Addition and subtraction of like radicals are accomplished by
using the distributive property. For example,

4V3ix —9V3x =4 - 9)V3x = —5V3x
WP +4aV 2 - V2= +4-1)V)?2 = 5V)?
The sum 2V3 + 6V/5 cannot be simplified further because the radicands are not

the same. The sum 3V x + 5V/x cannot be simplified because the indices are not the
same.

Sometimes it is possible to simplify radical expressions that do not appear to
be like radicals by simplifying each radical expression.
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EXAMPLE 7 Combine Radical Expressions
Simplify: 5xV16x* — V128x7
Solution
SxV16x* — V128
= 5y V244 — V2T * Factor.
= SXW -V 2x — W “\/2x - Group factors that can be written as a

power of the index.

= 5x(2x \/ 2x) — 2%x%- V/2x * Use the product property of radicals.
= 10x>V/2x — 4x>V2x « Simplify.
= 6x>V/2x

D Try Exercise 92, page 29

Multiplication of radical expressions is accomplished by using the distributive
property. For instance,

V5(V20 — 3V15) = V5(V20) — V35(3V15) -« Use the distributive property.

= V100 — 3V75 * Multiply the radicals.
=10-3-5V3 * Simplify.
=10 - 15V3

Finding the product of more complicated radical expressions may require
repeated use of the distributive property.

EXAMPLE 8 Multiply Radical Expressions

Perform the indicated operation.
a. (5V6 — H(3V6 + 2)
b. 3— Vx—74x=7

Solution

a. (5V6 —7N(3V6 + 2)
= 5V6(3V6 + 2) — 73V6 + 2) * Use the distributive property.
= (156 + 10V6) — (21V6 + 14) « Use the distributive property.
=90 + 10V6 — 21V6 — 14 « Simplify.
=76 — 11V6

b. 3 - Vx —7)

=3 -Vx—-73-Vx-—-17
=9—-3Vx—-7-3Vx =7+ (Vx — 7)* +Use the distributive property.

=9-6Vx—T+Kx—-17 «(Vx — 7> = x — 7, since
=17.
=2-6Vx—T+x N

D Try Exercise 102, page 29

To rationalize the denominator of a fraction means to write the fraction in
an equivalent form that does not involve any radicals in the denominator. This
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is accomplished by multiplying the numerator and denominator of the radical
expression by an expression that will cause the radicand in the denominator to be
a perfect root of the index.

S5 5 ﬂ _ 5V3 _ 5V3 « Recall that V/3 means /3. Multiply
3 V3 3 /32 T3 numerator and denominator by V3 so

that the radicand is a perfect root of
the index of the radical.

2 Y72 /72 2N/49 * Multiply numerator and denominator
T NT 3 2 =3 7 = 7 by /72 so that the radicand is a per-

fect root of the index of the radical.

5 5 VA B 5V 3 5 ¢/ *Multiply numerator and denominator

W = \4/; * \4/; = W = 2 by ¥\ so that the radicand is a per-

fect root of the index of the radical.

EXAMPLE 9 Rationalize the Denominator

Rationalize the denominator.

a i 3 0
" Va 327
Solution

5

Va Va V& V& ooa

3 V3 V3B
32y

b o = = o
"N 32y 42y  4V2y V2y o 8y

3/ 2 3/ 2 3/ 2
a

w

\S)

D Try Exercise 112, page 29

To rationalize the denominator of a fractional expression such as
S S
Vm + Vn

we use the conjugate of Vm + Vn, which is Vim — Vn. The product of these
conjugate pairs does not involve a radical.

(Vm + Vn)(Vm — Vn)=m —n

EXAMPLE 10 Rationalize the Denominator

Rationalize the denominator.
. 3+2V5
1 —-4V5
2+ 4Vx

p, — VX
35V

>0

Solution

. 3+2V5 _3+2V5 1+4V5
T1-4V5 1 —4V5 1 +4VS

* Multiply numerator and
denominator by the conjugate of the

denominator.
_3(1 + 4V5) + 2V5(1 + 4V5)

12 — (4V5)°

(continued )
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34+ 12V5+2V5+ 85
B 1-16-5
43+ 14V5
=79

43 + 14V5

9

* Simplify.

2+4Vx _2+4Vx 34 5Vx
3-5Vx 3-5Vx 3+5Vx

* Multiply numerator and
denominator by the conjugate
of the denominator.

23+ 5Vx) + 4Vx(3 + 5V)
- 3? - (5Vx)?

6 + 10Vx + 12Vx + 20x
- 9 — 25x

6+ 22Vx + 20x
9 — 25x
D Try Exercise 116, page 29

EXERCISE SET P.2

Concept Check 21. 972 22, 3274

In Exercises 1 to 8, evaluate each expression.

1. -5 2. (—5)° In Exercises 23 to 52, write the exponential expression in
0 simplest form.
2 0
3. <§) 4. —6 53 =
23, 24. —
6 3 2 3
5. 472 6. 37* 0
1 { 25, -2 26. -
7. — 8. — 4
2—5 3*3
27. 2x* 28. 3y
In Exercises 9 to 12, write the number in scientific notation. 29 5 30 3
6 s
9. 2,011,000,000,000 10. 49,100,000,000 - *
31, () 32, (w)(uPy)
11. 0.000000000562 12. 0.000000402
33. (—2ab*)(—3a°h°) 34. (9x)2)(—2x%°)
In Exercises 13 to 16, change the number from scientific N s o . s
notation to decimal notation. 35. (4 (XY ) 36. (—6x))(Tx 7y )
4 3
13. 3.14 X 107 14. 403 X 10° 37. & 35, 12
8d" 16x*
15. —2.3x 107° 16. 6.14 x 1078
12x%* 5yt 3
39. 40.
. . 18x°)? 10v*
In Exercises 17 to 22, evaluate each exponential
expression.
2 32 m, 0 s, —Ha”
17. 4 18. —16 Y L =324%
— 6423 4/3
19. 64 20. 125 43. (_2m3n2)(_3mn2)2 44. (2a3b2)3(_4a4b2)

Indicates Try It Exercises
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45. (x H)(xp)
3a2b3 2
47.
(6a4b4)

(_4x2y3)2
Qxy?y

49.

46. (x— lyZ)—3(x2y—4)—3

(2ab2c3 ) 3
48.

Sab?

(_ 3a2b3)2

50.
(—2ab*?

a2h \2 X3y 2
51. (5 52. [~
ab Xy

In Exercises 53 to 60, perform the indicated operation and
write the answer in scientific notation.

53. (3 X 10'%)(9 X 107 54. (8.9 X 107°)(3.4 X 1079

9x 1073
6 % 10°

2.5 % 108

55.
5% 10"

(3.2 X 107'1(2.7 x 10"
1.2 %1073

(6.9 X 10¥)(8.2 x 10713
4.1 x 107

(4.0 X 107%)(8.4 X 10%)
T (3.0 X 107%)(1.4 x 10'%)

(7.2 X 105(3.9 x 1077)
(2.6 X 10719(1.8 x 1078

In Exercises 61 to 76, evaluate each exponential expression.

61 (i)m 62 <E)3/2
" \9 " \25
oN &)
63. (¢ 64. | 5

65. (4a°b'/*)(2a'Pp¥?) 66. (6a°°b"/*)(—3a' bY*)
67. (=3x73)(@x'7* 68. (—5x"3)(—4x'7?)
69. (81x%y'H)"/* 70. (2757

16z 6a”/?
71. YA 72. W

2/3,1/2 1/6,,1/3 Xl/3y5/6

73. (2x y )(3x y ) 74. W

9 3/4b lle/f) 1/4
75. az/3 2 76. z/4y1/2

3a”°b 16x°"y

In Exercises 77 to 86, simplify each radical expression.

77. V45 78. V75
79. V24 80. V/135
81. V—135 82. V250
83. \V24x%)° 84. \V18x%°
85. V164%)’ 86. \/S4mn’

P.2 INTEGER AND RATIONAL NUMBER EXPONENTS 29

In Exercises 87 to 94, simplify each radical and then com-
bine like radicals.

87. 2V32 — 398 88. 5V/32 + 2V/108
89. —8V/48 + 2V/243 90. 2V/40 — 3V/135
91. 4V/32)* + 3pV108y 92, —3xV54x* + 2V 16x7
93. xV/8x* — 4yVedx®y 94. 4\d’bh — i*Nab

In Exercises 95 to 104, find the indicated product and
express each result in simplest form.

95. (V3 + 3)(V5 + 4)

96. (V7 + 2)(V7 —5)

97. (V2 —3) (V2 +3)

98. 2V7 + 3)(2V7 — 3)

99. (3Vz — 2)4Vz + 3)

100. 4Va — Vb)(3Va + 2Vb)
101. (Vx +2)

102. (3V5y — 4)

103. (Vx — 3 + 2)°

104. (V2x + 1 — 3)?

In Exercises 105 to 126, simplify each expression by

rationalizing the denominator. Write the result in simplest
form. Assume x > 0 and y > 0.

105, > 106. >

V2 V3

5 7

100, 10, >

V2 V2]

. 2 112, 2

L8y ) \/44y

13— 114 2
"3+ 4 T NV5 -2
15— 16, —
T2V5 42 T 3V2 -5
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117.

119.

121.

123.

125.

127.

128.

129.

130.

131.

132.

CHAPTER P PRELIMINARY CONCEPTS

3+2V5 118 6 —3V2
5—-3V5 T 5-\V2
6V3 — 11 120 2V7 + 8
a3 -7 T 12VT -6
2 4+ Vx 122 4 —2Vx
3 —2Vx 543V
x— V5 124 x +3V7
x +2V3 T x4+ 2V7
3 126, — >
V5 + Vx Vy - V3

J Weight of an Orchid Seed An orchid seed weighs

approximately 3.2 X 1073 ounce. If a package of seeds
contains 1 ounce of orchid seeds, how many seeds are in the
package?

Biology The weight of one E. coli bacterium is approximately
670 femtograms, where 1 femtogram = 1 X 107 gram.
If one E. coli bacterium can divide into two bacteria every
20 minutes, then after 24 hours there would be (assuming all
bacteria survived) approximately 4.7 X 10%! bacteria. What is
the weight, in grams, of these bacteria?

J Doppler Effect Astronomers can approximate the dis-
tance to a galaxy by measuring its red shift, which is a
shift in the wavelength of light due to the velocity of the gal-
axy. This is similar to the way the sound of a siren coming
toward you seems to have a higher pitch than the sound of
the siren moving away from you. A formula for red shift is
)\r - /\r .
———, where A, and A are wavelengths of a certain frequency
of light. Calculate the red shift for a galaxy for which
A, = 5.13 X 107" meter and A, = 5.06 X 10”7 meter.

Laser Wavelength The wavelength of a certain helium-neon
laser is 800 nanometers. (1 nanometer is 1 X 10~? meter.) The
frequency, in cycles per second, of this wave is

i i wavelength’
What is the frequency of this laser?

J Astronomy The Sun is approximately 1.44 x 10'!

meters from Earth. If light travels 3 X 10® meters per
second, how many minutes does it take light from the sun to
reach Earth?

J Astronomical Unit Earth’s mean distance from the Sun

is9.3 X 107 miles. This distance is called the astronomical

unit (AU). Jupiter is 5.2 AU from the Sun. Find the distance
in miles from Jupiter to the Sun.

Unless otherwise noted, all content on this page is © Cengage Learning.

133.

134.

135.

136.

Jupiter
52 AU = ?mi

Earth
1 AU = 9.3 X 10" mi

Medicine Body surface area (BSA) is a measure of the
surface area of an adult human. A calculation of this num-
ber is important in prescribing medications for patients.
One formula given by E. A. Gehan and S. L. George is
BSA = 0.02354%39%% . 4031456 " where BSA is measured in
meter?, /1 is the height of a person in centimeters, and w is the
weight of a person in kilograms. Find the BSA of a person
who is 178 c¢m tall and weighs 73 kg. Round to the nearest
hundredth.

Drug Potency The amount 4 (in milligrams) of digoxin,
a drug taken by cardiac patients, remaining in the blood
t hours after a patient takes a 2-milligram dose is given by
A= 2(10*00078[).

a. How much digoxin remains in the blood of a patient
4 hours after taking a 2-milligram dose?

b. Suppose that a patient takes a 2-milligram dose of
digoxin at 1:00 p.M. and another 2-milligram dose at
5:00 p.M. How much digoxin remains in the patient’s
blood at 6:00 p.m.?

Oceanography The percent P of light that will pass to a
depth d, in meters, at a certain place in the ocean is given by
P = 10>~ Find, to the nearest percent, the amount of
light that will pass to a depth of a. 10 meters and b. 25 meters
below the surface of the ocean.

Learning Theory In a psychology experiment, students were
given a nine-digit number to memorize. The percent P of stu-
dents who remembered the number # minutes after it was read
to them can be given by P = 90 — 3/%3. What percent of the
students remembered the number after 1 hour?

Enrichment Exercises

In Exercises 137 to 140, rationalize the numerator, a tech-
nique that is occasionally used in calculus. For

Exercises 137 and 138, begin by writing the expression
with a 1 in the denominator.

137.

139.

Vil +4 —n 138. Vi +3n—n

V4 +h—2 140 VO +h—-3
h ’ h

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



P.3 POLYNOMIALS 31

SECTION P.3 Polynomials

Operations on Polynomials
Applications of Polynomials

fTo REVle’“
Terms
See page 10.

Note

The sign of a term is the sign
that precedes the term.

PREPARE FOR THIS SECTION

Prepare for this section by completing the following exercises. The answers can be
found on page A2.

PS1. Simplify: —3(2a — 4b) [P.1]

PS2. Simplify: 5 — 2(2x — 7) [P.1]

PS3. Simplify: 2x> + 3x — 5 + x> — 6x — 1 [P.1]

PS4. Simplify: 4x* — 6x — 1 — 5x? + x [P.1]

PS5. True or false: 4 — 3x — 2x? = 2x? — 3x + 4 [P.1]

3
12+15 12 +15

PS6. True or false: 4

= 18[P.1]

D Operations on Polynomials

A monomial is a constant, a variable, or the product of a constant and one or more
variables, with the variables having only nonnegative integer exponents.

-8 z Ty —12a°hc?
A number A variable The product of a constant The product of a constant
and one variable and several variables

The expression 3x 2 is not a monomial because it is the product of a constant and
a variable with a negative integer exponent.

The constant multiplying the variables is called the numerical coefficient or
coefficient. For 7y, the coefficient is 7; for —12a%bc?, the coefficient is —12. The
coefficient of zis 1 because z = 1 - z. Similarly, the coefficient of —xis —1 because
—x=—-1-x

The degree of a monomial is the sum of the exponents of the variables. The
degree of a nonzero constant is 0. The constant 0 has no degree.

Ty —12a%bc? -8
Degree is 1 because y = y'. Degreeis2 + 1 + 3 = 6. Degree is 0.

A polynomial is the sum of a finite number of monomials. Each monomial is
called a term of the polynomial. The degree of a polynomial is the greatest of the
degrees of the terms. See Table P.1.

Table P.1 Terms and Degree of a Polynomial

Polynomial Terms Degree
S5xf —6x* + 5x2 —7x — 8 5x4, —6x3, 5x%, —7x, —8 4
—3xy? — 8xy + 6x —3xy°, —8xy, 6x 3

Terms that have exactly the same variables raised to the same powers are called
like terms. For example, 14x? and —x are like terms. 7x?y and Syx? are like terms;
the order of the variables is not important. The terms 6xy” and 6x?y are not like
terms; the exponents on the variables are different.

A polynomial is said to be in simplest form if all its like terms have been
combined. For example, the simplified form of 4x* + 3x + 5x — x?is 3x* + 8x.
A binomial is a simplified polynomial with two terms; 3x* — 7, 2xy — »?, and
x + 1 are binomials. A trinomial is a simplified polynomial with three terms;
3x% + 6x — 1, 2x* — 3xpy + 7y% and x + y + 2 are trinomials. A nonzero con-
stant, such as 5, is a constant polynomial.
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Definition of the Standard Form of a Polynomial

The standard form of a polynomial of degree » in the variable x is
a X"+ a,_ x4 X+ ax + a

where a, # 0 and n is a nonnegative integer. The coefficient a, is the leading
coefficient, and ¢, is the constant term.

EXAMPLE
Polynomial Standard Form Leading Coefficient
6x — 7 + 2x° 2x3 4+ 6x — 7 2
4z — 2z +32-9 224+ 422 +32-9 -2
R A el el I i) Al A | 1
- y

EXAMPLE 1 Identify Terms Related to a Polynomial

Write the polynomial 6x° — x + 5 — 2x* in standard form. Identify the degree,
terms, constant term, leading coefficient, and coefficients of the polynomial.

Solution

A polynomial is in standard form when the terms are written in decreas-
ing powers of the variable. The standard form of the polynomial is

—2x* + 6x* — x + 5. In this form, the degree is 4; the terms are —2x4 6x3,
—Xx, and 5; the constant term is 5. The leading coefficient is —2; the coeffi-
cients are —2, 6, —1, and 5.

D Try Exercise 16, page 36

To add polynomials, add the coefficients of the like terms.

EXAMPLE 2 Add Polynomials

Add: 3x* —2x2 — 6) + (4x* — 6x — 7)

Solution

(B3x* = 2x* — 6) + (4x* — 6x — 7)
= 3x% + (=2x% + 4x%) + (—6x) + [(—6) + (=7)]
=3+ 2x2 — 6x — 13

D Try Exercise 28, page 36

The additive inverse of the polynomial 3x — 7 is

—Bx—7) = —3x+7

Question ® What is the additive inverse of 3x> — 8x + 7?

Answer ¢ The additive inverse is —3x> + 8x — 7.
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To subtract a polynomial, we add its additive inverse. For example,

2x=5-0Bx—-"7=2x—-5+(3x+17)
2x + (=3x)] + [(—5) + 7]
= —x+2

The distributive property is used to multiply polynomials. For instance,
(2x% = 5x + 3)Bx + 4) = 2x7 — 5x + 3)(3x) + (2x? — 5x + 3)4
= (6x° — 15x% + 9x) + (8x? — 20x + 12)
=6x7 = 7x* — llx + 12

Although we could always multiply polynomials using the preceding procedure,
we frequently use a vertical format. Here is the same product as shown previously
using that format.

2xr— S5x+ 3

3x+ 4
8x% — 20x + 12 = (2x% — 5x + 3)4
6x> — 15x* + 9x = (2x — 5x + 3)(3x)

6x> — 7% — 1lx + 12

EXAMPLE 3 Multiply Polynomials

Multiply: 2x — 5)(x* — 4x + 2)

Solution
Note in the following solution how like terms are placed in columns.
x3 — 4x+ 2
2x — 5
— 5x° +20x — 10
2x* — 8x% + 4x

2x* — 5x% — 8x% + 24x — 10

D Try Exercise 42, page 37

If the terms of the binomials (¢ + b) and (¢ + d) are labeled as shown below,
then the product of the two binomials can be computed mentally by the FOIL method.

Last

First
F First Outer Inner Last

(a + b)) - (¢ + d)y=ac + ad + bc + bd
[ LlnnerJ

Outer

In the following illustration, we find the product of (7x — 2) and (5x + 4) by

the FOIL method.
First Outer Inner Last
(7Tx = 2)(5x + 4) = (7Tx)(5x) + (Tx)4) + (=2)(5x) + (—=2)(4)
= 35X + 28x -— 10x — 8
35x% + 18x — 8
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EXAMPLE 4 Multiply Binomials

Multiply.

a. (dx +50Bx—17)

b. 2x — 3y)(4x — 5y)

Solution

a. (4x +5)(Bx —7) = (4x)(3x) — (4x)7 + 53x) — 5(7)

= 12x? — 28x + 15x — 35
= 12x* — 13x — 35

b. (2x = 3y)dx — 5py) = (2x)(4x) — (2x)(5y) — (3y)(4x) + (3y)(5y)
= 8x? — 10xy — 12xy + 15)°
= 8x? — 22xy + 15)°

D Try Exercise 54, page 37

Certain products occur so frequently in algebra that they deserve special atten-
tion. See Table P.2.

Table P.2 special Product Formulas

Special Form Formula(s)
(Sum)(Difference) (x + y)(x —y)=x>—)?
(Binomial)2 (_x + y)2 = x2 + 2xy + y2

(x =y =x"=2xp + )

The variables x and y in these special product formulas can be replaced by
other algebraic expressions, as shown in Example 5.

EXAMPLE 5 Use the Special Product Formulas
Find each special product.
a. (7x + 10)(7x — 10) b. (2y° + 11z2)°

Solution
a. (7x + 10)(7x — 10) = (7x)*> — (10)> = 49x> — 100

b. 2y + 112)% = (293 + 2[yH(112)] + (112)* = 4p* + 449’z + 12127

Try Exercise 60, page 37

Many application problems require you to evaluate polynomials. To evaluate
a polynomial, substitute the given value or values for the variable or variables and
then perform the indicated operations using the Order of Operations Agreement.

EXAMPLE 6 Evaluate a Polynomial

Evaluate the polynomial 2x* — 6x% + 7 for x = —4.

Solution
2x3 — 6x2 + 7
2(—4) — 6(—4)* + 7 =2(—64) — 6(16) + 7 + Substitute —4 for x.

Evaluate the powers.
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=—128 —96 + 7 ¢ Perform the multiplications.
= =217 * Perform the additions and
subtractions.

D Try Exercise 70, page 37

D Applications of Polynomials

EXAMPLE 7 Solve an Application

A diagonal of a polygon is a line segment from one vertex to any other nonad-

? ;; 7 jacent vertex. The diagonals of a regular hexagon (one whose sides are equal)

are shown at the left. The number of distinct diagonals of a polygon is given

1 3 . . .
by 5”2 — where 7 1s the number of sides of the polygon. Just as an artist

or musician may view a painting or composition as elegant, mathematicians
view regular polygons that can be constructed with a straightedge and com-
pass as elegant. In 1796, Carl Friedrich Gauss, one of the greatest mathemati-
cians who ever lived, proved that it was possible to draw a regular 17-sided
polygon with just a straightedge and compass. How many distinct diagonals
are in a 17-gon?

Solution
1 3
PLY

1 3 1 3
5(17)2 - 5(17) = 5(289) - 5(17) =119 < Substitute 17 for n. Then simplify.

There are 119 diagonals in a 17-gon.

D Try Exercise 80, page 37

Math Matters

The procedure used by the com- EXAMPLE 8 Solve an Application
puter to determine whether a

number is prime or composite A scientist determines that the average time in seconds that it takes a par-
is @ polynomial time algorithm, ticular computer to determine whether an n-digit natural number is prime or
because the time required can composite is given by

be estimated using a polynomial. )
The procedure used to factor a 0.002n~ + 0.0027 + 0.009, 20 =n =40

number is an exponential time The average time in seconds that it takes the computer to factor an n-digit
algorithm. In the field of com- number is given by

putational complexity, it is
important to distinguish between 0.00032(1.7)", 20 =n =40
polynomial time algorithms and

exponential time algorithms. Estimate the average time it takes the computer to

Example 8 illustrates that the a. determine whether a 30-digit number is prime or composite
polynomial time algorithm can be o
run in about 2 seconds, whereas b. factor a 30-digit number

L . (continued)
the exponential time algorithm

requires about 44 minutes!
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